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7. Focus (6,0); directrix x =—6 8. Focus (0,-3); directrix y = 3
Vertex (0,0); focus (3,0) 10. Vertex (0,0); focus (-2,0)
11. Vertex (0,0) passing through (2,3) and axis is along x-axis.
12. Vertex (0,0), passing through (5,2) and symmetric with respect to y-axis.
11. 5 Ellipse

P, P,
Definition 4 An ellipse is the set of all pointsin P, ‘ N~

a plane, the sum of whose distances from two .

fixed points in the plane is a constant. V’ \

The two fixed points are called the foci (plural
of ‘focus’) of the ellipse (Fig11.20).

The constant which is the sum of
the distances of a point on the ellipse from the P.F,+ P F,=P.F,+ P,F,=P,F, + P,F,
two fixed points is always greater than the Fig 11.20

distance between the two fixed points.

The mid point of the line segment joining the foci is called the centre of the
ellipse. The line segment through the foci of the ellipse is called the major axis and the
line segment through the centre and perpendicular to the major axis is called the minor
axis. The end points of the major axis are called the vertices of the ellipse(Fig 11.21).
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We denote the length of the major axis by 2a, the length of the minor axis by 2b
and the distance between the foci by 2¢. Thus, the length of the semi major axis is a
and semi-minor axis is b (Fig11.22).
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11.5.1 Relationship between semi-major /b2+ 2 /b2+ c2

axis, semi-minor axis and the distance of Q a—c
the focus from the centre of the ellipse
(Fig 11.23). b

Take a point P at one end of the major axis. R
Sum of the distances of the point P to the
fociis F P+FP=FO+OP+FpP
(Since, F P =F O + OP)
=c+a+a-c=2a Fig 11.23

Take a point Q at one end of the minor axis.
Sum of the distances from the point Q to the foci is

FQ+FQ = \/bz +c + \/bz +c¢7 = b7 + ¢

Since both P and Q lies on the ellipse.

By the definition of ellipse, we have

2.0b* + ¢ = 2aie., a=,/b* + ¢*

or a*=b+c2,ie., c=.a® - b*

11.5.2 Special cases of an ellipse In the equation
¢* = a*> — b? obtained above, if we keep a fixed and
vary ¢ from O to a, the resulting ellipses will vary in

shape. b
Case (i) When ¢ = 0, both foci merge together with =T 4
the centre of the ellipse and a® = b?, i.e., a = b, and so e
the ellipse becomes circle (Figl11.24). Thus, circle is a
special case of an ellipse which is dealt in Section 11.3. Fie 1124
1 N
Case (ii) When ¢ = a, then b = 0. The ellipse reduces 8
to the line segment F F, joining the two foci (Fig11.25). a R a R
11.5.3 Eccentricity F, Fig 11.25 F,

Definition 5 The eccentricity of an ellipse is the ratio of the distances from the centre
of the ellipse to one of the foci and to one of the vertices of the ellipse (eccentricity is

c
denoted by e) i.e., e=—.
a
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Then since the focus is at a distance of ¢ from the centre, in terms of the eccentricity
the focus is at a distance of ae from the centre.

11.5.4 Standard equations of an ellipse The equation of an ellipse is simplest if the

centre of the ellipse is at the origin and the foci are x
(0,a)
Y
N
0,0)¢
¢ P (x, y) (
A B 5x NEXO) (T 0
Fl(_c‘) 0) o Fz(ca 0)
»(07_0)
D
) A\ 4 , 0 a)
—a
Lo \%
2 2
(a) bZ a2
Fig 11.26 (b)

on the x-axis or y-axis. The two such possible orientations are shown in Fig 11.26.
We will derive the equation for the ellipse shown above in Fig 11.26 (a) with foci
on the x-axis. Y

Let F, and F, be the foci and O be the mid- qN
Cl Py

point of the line segment F F,. Let O be the origin
and the line from O through F, be the positive K‘ 7“
x-axis and that through F as the negative x-axis. (A / B sx

Let, the line through O perpendicular to the = \F.(~¢,0) O]  F,(c, 0) i
x-axis be the y-axis. Let the coordinates of F, be

(= ¢, 0)and F, be (c, 0) (Fig 11.27). D
Let P(x, y) be any point on the ellipse such v

that the sum of the distances from P to the two oy |

foci be 2a so given a2 + p:
PF, + PF, = 2a. (D

Using the distance formula, we have Fig 11.27

\/()c+c)2 +y: + \/(x—c)2+y2 = 2a

ie., i (x+¢) + y2 = 2a— \(x—c¢)" + y2
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250 MATHEMATICS

Squaring both sides, we get

(x+oP+y'=4a—4a \J(x—c)* + ¥ + (x—=c)* + )’

which on simplification gives

Jx—eo)P +y* = a—Ex
a

Squaring again and simplifying, we get

2
X y
-5 1t 5 > =1

Q
Q

|
o

2 2

. X y
1.e., — t =
a b

Hence any point on the ellipse satisfies

=1 (Since ¢® = a*> - b?)

2
X
e % =1. .. (2)

Conversely, let P (x, y) satisfy the equation (2) with 0 < ¢ < a. Then

2
¥ = b2 1—?

Therefore, PF, = /(x—l—c)z +y?

2 2
\/(x+ o)+ b’ [—a - a j
2.2
\/(x"‘c)z"‘(az—cz)[a azx ] (since b* = a* — ¢?)

2
cx c
[a+—j =a+—x

a a

C
Similarly PF, _ a- ; X
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¢ c
Hence PF, +PF, = a+—x+a—-—x=2a - (3)
a a
2 2

. e X Y - . o
So, any point that satisfies — + ? = 1, satisfies the geometric condition and so
a

P(x, y) lies on the ellipse.
Hence from (2) and (3), we proved that the equation of an ellipse with centre of
the origin and major axis along the x-axis is
xZ yZ
PR
Discussion From the equation of the ellipse obtained above, it follows that for every
point P (x, y) on the ellipse, we have

2 2

X -1 y

a’ b’
Therefore, the ellipse lies between the lines x = — a and x = a and touches these lines.

Similarly, the ellipse lies between the lines y = — b and y = b and touches these
lines.

<1, ie, x*< ad,s0-a< x< a.

2 2

X
Similarly, we can derive the equation of the ellipse in Fig 11.26 (b) as b—2+y—2 =1,
a

These two equations are known as standard equations of the ellipses.

The standard equations of ellipses have centre at the origin and the

major and minor axis are coordinate axes. However, the study of the ellipses with
centre at any other point, and any line through the centre as major and the minor
axes passing through the centre and perpendicular to major axis are beyond the
scope here.

From the standard equations of the ellipses (Fig11.26), we have the following
observations:

1. Ellipse is symmetric with respect to both the coordinate axes since if (x, y) is a
point on the ellipse, then (- x, y), (x, —y) and (- x, —y) are also points on the ellipse.

2. The foci always lie on the major axis. The major axis can be determined by
finding the intercepts on the axes of symmetry. That is, major axis is along the x-axis
if the coefficient of x> has the larger denominator and it is along the y-axis if the
coefficient of y* has the larger denominator.
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11.5.5 Latus rectum Y

Definition 6 Latus rectum of an ellipse is a C A
line segment perpendicular to the major axis
through any of the foci and whose end points ¢ >X

lie on the ellipse (Fig 11.28). F,
To find the length of the latus rectum a
2 2
i —+==1
of the ellipse 2 Latus rectund v
Let the length of AF, be L. Fig 11.28

Then the coordinates of A are (¢, [),i.e.,
(ae, 1)
2 2
Since A lies on the ellipse z + el 1, we have

2 2
WQ+L

=1
a’ b?

=>F=b(1-¢€)

2_c2 _612—192 _1 b?
But €T 3T 2 T T 7
a a a
b* b’
Therefore P=—.,ie,l=—
a a

Since the ellipse is symmetric with respect to y-axis (of course, it is symmetric w.r.t.

2

both the coordinate axes), AF, = F B and so length of the latus rectum is —.
a

Example 9 Find the coordinates of the foci, the vertices, the length of major axis, the
minor axis, the eccentricity and the latus rectum of the ellipse

2 2
X .
Solution Since denominator of 25 is larger than the denominator of y? , the major
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2 2
axis is along the x-axis. Comparing the given equation with — + b_z =1, we get
a

a=5and b =3. Also

c=ya’-b*=/25-9=4

Therefore, the coordinates of the foci are (— 4,0) and (4,0), vertices are (— 5, 0) and
(5, 0). Length of the major axis is 10 units length of the minor axis 25 is 6 units and the
2b* 18

4
eccentricity is 5 and latus rectum is ——=— .

a 5

Example 10 Find the coordinates of the foci, the vertices, the lengths of major and
minor axes and the eccentricity of the ellipse 9x? + 4y?= 36.

Solution The given equation of the ellipse can be written in standard form as

x2 y2
—+—=1
4 9
y2 x2
Since the denominator of Y is larger than the denominator of Vi the major axis is

along the y-axis. Comparing the given equation with the standard equation

x* oy’
—+=5=1,wehaveb=2and a = 3.
a

Also & = a2_b2 = [9_4:\/5

S

and e=—=—

Hence the foci are (0, ﬁ ) and (0, —J§ ), vertices are (0,3) and (0, —3), length of the
major axis is 6 units, the length of the minor axis is 4 units and the eccentricity of the

5
ellipse is —.
pSels 73

Example 11 Find the equation of the ellipse whose vertices are (+ 13, 0) and foci are
(x5,0).
Solution Since the vertices are on x-axis, the equation will be of the form

2
r

> =1, where a is the semi-major axis.

2
X
_2+

N
S
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Given that a =13,c=15.
Therefore, from the relation ¢ = a®> — b?, we get

25 =169 -b%,ie.,b=12

2 2

. Lo X Yy
H th t f the ell —+—=1,
ence the equation of the ellipse 1s 169 142

Example 12 Find the equation of the ellipse, whose length of the major axis is 20 and
foci are (0, £ 5).

Solution Since the foci are on y-axis, the major axis is along the y-axis. So, equation

o 2y
of the ellipse is of the form ? + ? =1,
Given that
a = semi-major axis = 2—20 =10
and the relation ¢’ = a* - b* gives

52=10*-b* ie., b*=75
Therefore, the equation of the ellipse is
x2 2
— 4 y_ =1
75 100
Example 13 Find the equation of the ellipse, with major axis along the x-axis and
passing through the points (4, 3) and (— 1,4).

2 2
Solution The standard form of the ellipse is x_2 + y—2 = 1. Since the points (4, 3)
b

and (-1, 4) lie on the ellipse, we have

16 9

1 16
and — t— =1 ...(2)

b
. . . , 247 , 247

Solving equations (1) and (2), we find that a =T and b =F .

Hence the required equation is
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x2 y2 1
ToarN T 247 T de., T + 15y = 247.
(7) 15
|EXERCISE 11.3

In each of the Exercises 1 to 9, find the coordinates of the foci, the vertices, the length
of major axis, the minor axis, the eccentricity and the length of the latus rectum of the
ellipse.

x2 2 x2 2 x2 2
.2+l 2, L4l o 3, L4l o
36 16 425 169
2 2 2 2 2 2
4, 4 o 5. Z 42X o 6. — + 2 -1
25 100 49 36 100 400
7. 36 + 4y = 144 8. 162+y2=16 9. 42 +9y> =36

In each of the following Exercises 10 to 20, find the equation for the ellipse that satisfies
the given conditions:

10. Vertices (£ 5, 0), foci (=4, 0)

11. Vertices (0, £ 13), foci (0, £5)

12. Vertices (£ 6, 0), foci (x4, 0)

13. Ends of major axis (+ 3, 0), ends of minor axis (0, = 2)

14. Ends of major axis (0, iﬁ), ends of minor axis (+ 1, 0)

15. Length of major axis 26, foci (£ 5, 0)

16. Length of minor axis 16, foci (0, = 6).

17. Foci(£3,0),a=4

18. b =3, c=4, centre at the origin; foci on the x axis.

19. Centre at (0,0), major axis on the y-axis and passes through the points (3, 2) and
(1,6).

20. Major axis on the x-axis and passes through the points (4,3) and (6,2).

11.6 Hyperbola

Definition 7 A hyperbola is the set of all points in a plane, the difference of whose
distances from two fixed points in the plane is a constant.
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