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cot x cot 2x — cot 2x cot 3x —cot 3xcot x = 1

4tan x (1— tanzx)

1-6tan’x + tan*x

tan 4x = 24. cos 4x =1 — 8sin® x cos® x

cos 6x =32 cos® x —48cos* x + 18 cos® x — 1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are called trigonometric
equations. In this Section, we shall find the solutions of such equations. We have
already learnt that the values of sinx and cosx repeat after an interval of 27 and the
values of tan x repeat after an interval of 7. The solutions of a trigonometric equation
for which 0 < x < 2w are called principal solutions. The expression involving integer
‘n’ which gives all solutions of a trigonometric equation is called the general solution.
We shall use ‘Z’ to denote the set of integers.

The following examples will be helpful in solving trigonometric equations:

NE

Example 18 Find the principal solutions of the equation sin x = 7

) 3 .o2m b1 . T
Solution We know that, Sln% = % and sSIn ? = sSm (ﬂ _E] =sm— =

Therefore, principal solutions are x = 3 and —.

RE}
3 27
T 21
3
1

Example 19 Find the principal solutions of the equation tanx = — ﬁ

Solution We know that, tan% = L Thus, tan (n —%]: - tanE =——

and

Thus

Therefore, principal solutions are 3 and —.

1

NE) 6 3

T T 1
tan| 2n—— [=—tan—=——

NG

tans_n—tanﬁ—_i
6 6 3
St 11n

6
We will now find the general solutions of trigonometric equations. We have already
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seen that:
sinx =0 gives x=n7, where n € Z

cosx =0 gives x=(2n + l)g , where n € Z.
We shall now prove the following results:
Theorem 1 For any real numbers x and y,
sin x = sin y implies x = nt + (—1)" y, where n € Z
Proof  If sin x = sin y, then

xX+y X—Yy

sinx—siny=0 or 2cos sin 5 =0
L Xty Lo XTY
which gives cos =0 or sin =0
X+y n -
Therefore T =2n+ 1)5 or =nx, where n € Z
ie. x=2n+1)n—y orx=2nw+y, where neZ
Hence x=Q2n+ Hn+ (=1)**"yorx=2nw +(-1)"y, where n € Z.

Combining these two results, we get
x=nn+ (-1)"y, where n € Z.

Theorem 2 For any real numbers x and y, cos x = cos y, implies x= 2n%T * y,
where n € Z

Proof If cos x = cos y, then

xX+y X—=Yy

cosx—cosy=0 1e., -2 sin sin =0

* Y 2 2

X+ xX—
Thus sin > Y =0 or sin Y =0

X—y

Therefore =nm or =nm, where n € Z
ie. x=2nm—7y orx=2nw+y, where n € Z
Hence x=2nmty, where n € Z

T
Theorem 3 Prove that if x and y are not odd mulitple of 5 then

tan x = tan y implies x =nm + y, where n € Z
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Proof If tanx=tany, then tanx—tany=0

Sinx cosy—cosx siny

or
COSX COSYy
which gives sin(x—y)=0 (Why?)
Therefore X—y=nmie,x=nn+Yy, wherene Z
3
Example 20 Find the solution of sinx =— g

3 .o n . 4n
Solution We have sinx =_7: —Slngzsm n+5 =sm?

. 4n
Hence sin x = s1n? , which gives

2 4m
x=nn+(-1) S where n € Z.

4n . 3
3 is one such value of x for which sin x = —g. One may take any

3
other value of x for which sinx = — 7 The solutions obtained will be the same

although these may apparently look different.

Example 21 Solve cosx = —.

Solution We have, cos x =

(SR )

T
=Ccos—
3
T
Therefore X =2nn ig , where n € Z.

Example 22 Solve tan 2x = — cot[x +§J

Solution We have, tan 2x:—cot[x+£] = tan [g+x+§]
3
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Sn
or taan = tan x+?
Sn
Therefore 2x=nm+x+ ? , where neZ
Ry
or x:nn+?, where ne Z.

Example 23 Solve sin 2x — sin 4x + sin 6x = 0.

Solution The equation can be written as
sin6x + sin2x —sindx = 0

or 2sindxcos2x—sindx =0
ie. sindx(2cos2x—1) =0

) 1
Therefore sindx=0 or cos2x= 5]

) T
ie. sindx =0 or cos2x= cosg

T
Hence 4x=nn or 2x= ZmIiE , where neZ
nm T

ie. x=7 or x =mtig,where neZ.

Example 24 Solve 2 cos?x + 3 sinx =0
Solution The equation can be written as

2(1—sin2 x)+3sinx =0

or 2sin® x—3sinx—2 =0
or (2sinx +1) (sinx—2) =0
. 1 .
Hence sin x = 3 or sinx=2
But sin x = 2 is not possible (Why?)
Therefi i L sin Tn
erefore sinx= —7 = =
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78 MATHEMATICS
Hence, the solution is given by

a1
x=nn+(-1) ?,wherene Z.

| EXERCISE 3.4
Find the principal and general solutions of the following equations:
1. tanx =43 2. secx=2
3. cotx=-43 4. cosecx=-2
Find the general solution for each of the following equations:
5. cos4dx=cos2x 6. cos3x+cosx—cos2x=0
7. sin2x+cosx=0 8. sec® 2x = 1- tan 2x

9. sinx+sin3x+sin5x=0

Miscellaneous Examples

Example 25 If sin x = g cosy= —%, where x and y both lie in second quadrant,
find the value of sin (x + y).
Solution We know that
sin (x + y) = sin x cos y + cos x sin y .. (D)
Now coszle—sinzx=1—i=E
25 25
4

Therefore cos x = i‘g.

Since x lies in second quadrant, cos x is negative.

4
Hence cosx=——

5
N 112 1 2 1 ﬂ_g
ow siny = 1 — cos®y = ~ 169 _ 169
| N 5
i.e. smy—_13.

5
Since y lies in second quadrant, hence sin y is positive. Therefore, sin y = 1—3 Substituting

the values of sin x, sin y, cos x and cos y in (1), we get
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