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Example 9 Find the value of cos (=1710°).

Solution We know that values of cos x repeats after an interval of 27 or 360°.
Therefore, cos (—1710°) =cos (=1710° + 5 x360°)
=cos (-1710° + 1800°) = cos 90° = 0.

|EXERCISE 3.2 |

Find the values of other five trigonometric functions in Exercises 1 to 5.

1

1. cosx=-— 5 x lies in third quadrant.

3

2. sinx= g x lies in second quadrant.

3
3. cotx= —,x lies in third quadrant.

4
13
4. secx= ? x lies in fourth quadrant.
5
5. tanx=-— E x lies in second quadrant.
Find the values of the trigonometric functions in Exercises 6 to 10.
6. sin765° 7. cosec (— 1410°)
8. tan 2 9. sin( ¥,
- tan 3 . sin (— 3

157
10. cot (- T)

3.4 Trigonometric Functions of Sum and Difference of Two Angles

In this Section, we shall derive expressions for trigonometric functions of the sum and
difference of two numbers (angles) and related expressions. The basic results in this
connection are called trigonometric identities. We have seen that

1. sin(-x) =-sinx
2. cos (—x)=cosx

We shall now prove some more results:
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64 MATHEMATICS

3. cos(x+y)=cosxcosy—sinxsiny

Consider the unit circle with centre at the origin. Letx be the angle P,OP and y be
the angle P,OP,. Then (x + y) is the angle P,OP,. Also let (- y) be the angle P,OP..
Therefore, P, P,, P, and P, will have the coordinates P (cos x, sin x),
P, [cos (x + ), sin (x + y)], P, [cos (- y), sin (- y)] and P, (1, 0) (Fig 3.14).

Y
N

P, (cos x, sin x)

— <

P,[cos(x + y), sin(x + y)]|

P, [cos(-y), sin(—y)] ~——]

Fig 3.14

Consider the triangles P OP, and P,OP,. They are congruent (Why?). Therefore,
P P, and P,P, are equal. By using distance formula, we get

P P2 ={[cosx—cos(-y] + [sin x - sin(-y]?
= (cos x — cos y)* + (sin x + sin y)?
= cos*> x + cos’ y — 2 cos x cos y + sin’x + sin’*y + 2sin x sin y
=2 -2 (cos x cos y — sin x sin y) (Why?)
Also, P,P? =[1-cos (x+y)]*+[0-sin (x + y)]’
=1-2cos (x +y) +cos? (x +y) + sin® (x + y)

=2-2cos(x+Yy)
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Since P P, =PpP, we have P1P32 = P2P42.
Therefore, 2 —2 (cos x cos y —sin x sin y) =2 — 2 cos (x + ).
Hence cos (x + y) = cos x cos y — sin x sin y

4. cos (x —y)=-cosx cosy + sin x sin y
Replacing y by — y in identity 3, we get
cos (x + (—y)) = cos x cos (—y) — sin x sin (— y)
or cos(x—y)=cosxcosy+sinxsiny

n
5. cos (E—x) = sin x

T
If we replace x by B and y by x in Identity (4), we get

Tc Tc . Tc . .
cos (——X)=co0s —— CcOS X+ sin — sin x = sin Xx.
2 2 2
.oom
6. s1n(5—x)=c0sx

Using the Identity 5, we have

_om T _(m_,
s1n(5—x):cos 5 |2 = COS X.

7. sin (x +y) =sinx cosy + cos x sin y
We know that

sin (x +y) = cos (%—()Hy)j = Cos ((g—x)—YJ

7-[ . n .
= cos (E—X) cos y + sin (E—X) sin y

= sin x cos y + cos x sin y
8. sin(x—y)=sinx cosy —cosx siny
If we replace y by —y, in the Identity 7, we get the result.

9. By taking suitable values of x and y in the identities 3, 4, 7 and 8, we get the

following results:

T . . m
cos (E+x) =—sinx sin (E+x) = COS X
cos (T—x) =-cosx sin (T — x) = sinx
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66 MATHEMATICS
cos (T +x) =—cosx sin (T + x) =-sinx
cos (2T - x) = cos x sin 2% — x) = — sin x

Similar results for tan x, cot x, sec x and cosec x can be obtained from the results of sin
x and cos x.

b
10. If none of the angles x, y and (x + y) is an odd multiple of 3 then

tan x +tan y

tan (x +y) = I-tanx tany

|
Since none of the x, y and (x + y) is an odd multiple of 3 it follows that cos x,
cos y and cos (x + y) are non-zero. Now

sin(x+y) sinxcosy-+cosxsiny

tan (x +y) = = 3 .
cos(x+y) cosxcosy—sinxsiny

Dividing numerator and denominator by cos x cos y, we have

sSin xcos y . Cos xsin y

COSXCOSy COSXCOSY

tan (x +) = COsXCOsy  sinxsiny
COSXCOSY COSXCOS Y
tan x+tany
= I—tanxtany
tan x —tan y
11. tan (x —y)=

1+tan x tan y
If we replace y by — y in Identity 10, we get
tan (x — y) = tan [x + (- y)]

tan x+tan(—y) tan x—tan y

I-tanxtan(—y) I+tanxtany
12. If none of the angles x, y and (x + y) is a multiple of T, then

cotxcoty—1

cot (x +y) = coty+cotx
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Since, none of the x, y and (x + y) is multiple of &, we find that sin x sin y and
sin (x + y) are non-zero. Now,

cos(x+y) cosxcosy—sinxsiny

cot (x+y)= — : :
sin (x+y) sinxcos y+cos xsin y

Dividing numerator and denominator by sin x sin y, we have

cotxcoty—1
cot(x+y)=—""—
coty+cotx

cotxcoty+1

13. cot (x —y)= if none of angles x, y and x—y is a multiple of 7t

coty —cotx

If we replace y by —y in identity 12, we get the result

. 1-tan® x
14. cos2x =cosx —sin?x=2cos?x-1=1-2sin>x= ——5—
1+tan” x

We know that

cos (x + y) =cos x cos y—sin x sin y
Replacing y by x, we get
cos 2x = cos’x — sin’x
=cos’x — (1 —cos?’x) =2 cos*x — 1
Again, cos 2x = cos? x — sin*x
=1-sin’x—sin>x=1-2sin’x.
cos® x—sin*x
We have cos2x=cos’x—sin’x = —5 5
cos” x+sin ~ x

Dividing numerator and denominator by cos? x, we get

1—tan® x T . .
cos 2x = ———>, X#nn+— where nis an integer
I+tan” x 2
2tan x

b
15. sin 2x = 2 sinx cos x = X#NT +5, where n is an integer

1+tan’® x
We have
sin (x + y) = sin x cos y + cos x sin y
Replacing y by x, we get sin 2x = 2 sin x cos x.
2sin xcos x

Again sin2x="57 . 2 _
g cos® x+sin’ x
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Dividing each term by cos? x, we get

2tan x

sin 2x =
1+tan® x

2tan x

b
=75  if 2 +— i i
16. tan 2x 1—tan’x if 2x#nn 2,where n is an integer

We know that

tanx +tany
tan (x +y) = 1 —tanxtany

) 2 tanx
Replacing y by x , we get tan2x =

1—tan’ x
17. sin 3x =3 sinx -4 sinx
We have,
sin 3x = sin (2x + x)
=sin 2x cOS X + cos 2x sin x
=2 sin x cos x cos x + (1 — 2sin®x) sin x
=2sinx (1 —sin?x) + sin x — 2 sinx
=2sinx—2sin*x + sin x — 2 sin’x
=3sinx—4sin’x
18. cos 3x=4 cos’x —3 cos x
We have,
cos 3x = cos (2x +x)
=08 2x oS x — sin 2x sin x
= (2cos*x — 1) cos x — 2sin x cOS X Sin X
=(2cos’x — 1) cos x — 2cos x (1 — cos?x)
=2c0s*x — cos x — 2cos x + 2 cos* x
=4cos*x — 3cos x.

3tanx —tan® x
1-3tan’ x

We have tan 3x =tan (2x + x)

n
19. tan3x= if 3x# nmt—, where n is an integer

2tan x

_ tan2x+tan x _ lI—tan® x

T l—tan2xtanx I—M
1—tan® x

+ tan x
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_ 2tan x + tan x — tan>x _ 3tan x — tan>x

1-tan’x—2tan’x  1-3tan’x
. xX+y xX=y
20. (i) cosx + cosy = 2cos s
. + . X=
(i) cos x — cos y =— 2sin Y sin2=?
. X+ x-
i) sin x + sin y = 2sin —~2 cos T
xX+y ., x-
(iv) sinx —siny = 2cos Y sinX =Y
We know that
cos (x +y) =C0s X cos y — sin x sin y . (D)
and cos (x —y) = coS x cos y + sin x sin y .. (2)
Adding and subtracting (1) and (2), we get
cos (x +y) + cos(x —y) = 2 cos x cosy .. 3)
and cos(x+y)—cos(x—y)=—2sinxsiny . (@)
Further  sin (x + y) = sin x cos y + cos x sin y ... (5)
and sin (x —y) = sin x cos y — cos x sin y ... (6)
Adding and subtracting (5) and (6), we get
sin (x +y) + sin (x —y) =2 sin x cos y .. (7
sin (x + y) — sin (x —y) = 2cos x sin y ... (8)

Let x + y = 0 and x — y = ¢. Therefore

oo 22 i 252
2 2

Substituting the values of x and y in (3), (4), (7) and (8), we get

(7

cos 0 —cos ¢ =— 2 sin (e+¢jsin(e_¢j
2 2

sin @ +sin ¢ =2 sin (OJrT(I) jCOS (G—T(I)j

[«)

0+¢
cos 0 + cos ¢ = 2 cos >
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sin  — sin ¢ =2 cos [eJrTq)jSin (9_;(1))

Since 6 and ¢ can take any real values, we can replace 0 by x and ¢ by y.
Thus, we get

+y xX—y CoXx+y . x—Yy
Cos ; COS X —CcOos y =— 2 sin sin——

X
COS X + cos y =2 cos

x4+ xX—=y x+y

Yy . . X—y
cos ; sinx —siny =2 cos

sin——,
2

sin x + sin y =2 sin

Remarlk As a part of identities given in 20, we can prove the following results:

21. (i) 2cosxcosy=cos (x +y)+cos (x —y)
(ii) 2sinxsiny =cos (x +y) —cos (x —y)
(iii) 2 sinx cosy =sin (x +y) + sin (x — y)
(iv) 2 cos x siny =sin (x +y) — sin (x — y).

Example 10 Prove that
3sinEsecE—4sin5—ncotE:1
6 3 4
Solution We have

L.HS 3sin£sec£—4sinﬂcotE
T 6 3 4

3124‘n_£134‘£
=3x 5 x2-4sin 6 |x1=3—4sin

1
=3-4x 5= 1 =R.HS.
Example 11 Find the value of sin 15°.

Solution  We have
sin 15° = sin (45° - 30°)
= sin 45° cos 30° — cos 45° sin 30°

LR BN
V22 22 22
137

Example 12 Find the value of tan T
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Solution We have
137 . AN
tan 5 = tan D = tan D 16

tan -~ —tan ~ I-—=
4 6 — \/§ \/§_1=2_\/§

T T
1+tan—tan — 1+
4 6

Example 13 Prove that

sin(x+y) tanx+tany

sin(x—y) tanx—tany "
Solution We have

_sin(x+y) sinxcos y+cosxsiny

LHS. = y . ;
sin(x—y) sinxcosy—cosxsiny

Dividing the numerator and denominator by cos x cos y, we get

sin(x+y) tanx+tany

sin(x—y) tanx—tany "
Example 14 Show that
tan 3 x tan 2 x tan x = tan 3x —tan 2 x — tan x
Solution We know that 3x = 2x + x

Therefore, tan 3x = tan (2x + x)

tan 2 x+tan x
or tan3x=———
1—tan 2 xtan x
or tan 3x — tan 3x tan 2x tan x = tan 2x + tan x
or tan 3x — tan 2x — tan x = tan 3x tan 2x tan x
or tan 3x tan 2x tan x = tan 3x — tan 2x — tan x.

Example 15 Prove that
o o
cos [Z+xj+cos (Z—x):/z COS X

Solution Using the Identity 20(i), we have
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L.H.S.

T T
CoS|—+Xx [+COS| ——X

|
o}
@)
=}
2]
[@)
=}
2]

T 1
=2COSZ cosx=2x$ cos x = /7 cos x = R.H.S.

cos 7x+cos 5x _

Example 16 Prove that =cot x

sin 7x — sin 5x

Solution Using the Identities 20 (i) and 20 (iv), we get

Tx+5x Tx—5x
\ ) CcOS X

Tx+5x sin T7x=5x ~ sinx
2 2

2cos

L.H.S. = =cotx = R.H.S.

2cos

sin5x—2sin3x+sinx
=tanx

Example 17 Prove that =
COS5x—Cos x

Solution We have

sin5Sx—2sin3x+sinx _ sinSx+sinx— 2sin3x

LHS. =
cosS5x—cosx cosS5x—cosx
_ 2sin3x cos2x—2sin3x B sin3x (cos2x—1)
—2sin3xsin 2x sin 3xsin 2x

s 2
_I-cos2x  2sin"x

: = = tanx = R.H.S.
sin 2x 2sin Xxcos x
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Prove that:

1.

112 n 2 T 2 T
sin® — + cos” — —tan® —
6 3 4

T 5m o
cot’ =+cosec—+3tan’ = =6
6 6 6

3.
5. Find the value of:
(1) sin 75°
Prove the following:
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| EXERCISE 3.3 |
= l 2 2 in2 E 2 E CcOS
3 . S 6 + cosec 6

(i1) tan 15°

cos E—x cos r_ —sin E—x sin y =sin(x+y)
6. 1 1 y 1 1 y y

10.

11.

12.
14.
15.

16.

18.

20.

tan

tan

NI RN

_x)

Cos

+x 2
)_ [1+tanxj

1—tan x

cos (T+x) cos(—x)

2 ®_3
302

4. 2sin’ 3_7t+ 2cos? E+ 2sec? T_ 10
4 4 3

377[+x)cos Q2n+x) [cot (%—x)+cot (2n+x)} =1

sin (n + 1)x sin (n + 2)x + cos (n + 1)x cos (n + 2)x = cos x

37 37
coOS|—+x |—coS | ——x | =
4 4

sin® 6x — sin”*4x = sin 2x sin 10x

sin2 x + 2 sin 4x + sin 6x = 4 cos? x sin 4x

—\/Esinx

cot 4x (sin 5x + sin 3x) = cot x (sin 5x — sin 3x)

cos9x —cosSx . sin2x .
sinl7x—sin3x  coslOx ’
sinx —siny X—y
—— = tan 19.
COSX +COoSsy

sin x — sin 3x .
——— =2sinx 21.

-2
Sim x—COS X
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sinSx + sin3x

=tan4x
cosSx + cos3x

sin x + sin3x
— = tan2x
cosSx + cos3x

cosdx + cos3x+ cos2x

sin4x + sin3x + sin 2x

2
= cot™x

co o8
sin (T—x) cos (2+xj

13. cos? 2x — cos? 6x = sin 4x sin 8x

= cot3x
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22.

23.

25.

MATHEMATICS

cot x cot 2x — cot 2x cot 3x —cot 3xcot x = 1

4tan x (1— tanzx)

1-6tan’x + tan*x

tan 4x = 24. cos 4x =1 — 8sin® x cos® x

cos 6x =32 cos® x —48cos* x + 18 cos® x — 1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are called trigonometric
equations. In this Section, we shall find the solutions of such equations. We have
already learnt that the values of sinx and cosx repeat after an interval of 27 and the
values of tan x repeat after an interval of 7. The solutions of a trigonometric equation
for which 0 < x < 2w are called principal solutions. The expression involving integer
‘n’ which gives all solutions of a trigonometric equation is called the general solution.
We shall use ‘Z’ to denote the set of integers.

The following examples will be helpful in solving trigonometric equations:

NE

Example 18 Find the principal solutions of the equation sin x = 7

) 3 .o2m b1 . T
Solution We know that, Sln% = % and sSIn ? = sSm (ﬂ _E] =sm— =

Therefore, principal solutions are x = 3 and —.

RE}
3 27
T 21
3
1

Example 19 Find the principal solutions of the equation tanx = — ﬁ

Solution We know that, tan% = L Thus, tan (n —%]: - tanE =——

and

Thus

Therefore, principal solutions are 3 and —.

1

NE) 6 3

T T 1
tan| 2n—— [=—tan—=——

NG

tans_n—tanﬁ—_i
6 6 3
St 11n

6
We will now find the general solutions of trigonometric equations. We have already
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