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11.6 Plane
A plane is determined uniquely if any one of the following is known:

(1) the normal to the plane and its distance from the origin is given, i.e., equation of
a plane in normal form.

(i) it passes through a point and is perpendicular to a given direction.
(iii) it passes through three given non collinear points.
Now we shall find vector and Cartesian equations of the planes.
11.6.1 Equation of a plane in normal form

Consider a plane whose perpendicular distance from the origin is d (d # 0). Fig 11.10.

If ON is the normal from the origin to the plane, and 7 is the unit normal vector

along ON . Then ON =d 7 . Let P be any z

point on the plane. Therefore, NP is

perpendicular to ON .

Therefore, NP-ON =0 .. (D P(x,0,2)

Let 7 be the position vector of the point P, 7

then NP= 7 — d /i (as ON+NP=0P) d ~N

Therefore, (1) becomes (0] Y
(F=dn)-dn =0 X
I\ R Fig 11.10

or (F=dn)-n=0 (d=#0)

or Fn—dn-n=0

ie., Fon=d (asn-n=1) )

This is the vector form of the equation of the plane.
Cartesian form

Equation (2) gives the vector equation of a plane, where 7 is the unit vector normal to
the plane. Let P(x, y, z) be any point on the plane. Then

OP =rF=xi+yj+zk
Let [, m, n be the direction cosines of 7. Then

A=li+mj+nk
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Therefore, (2) gives

(xf+y}'+zl€)~(lf+m}'+nl€):d
ie., Ix+my+nz=d ... 3)
This is the cartesian equation of the plane in the normal form.

| Note |Equation (3) shows thatif 7-(ai +b j + ¢ k) = d is the vector equation

of a plane, then ax + by + cz = d is the Cartesian equation of the plane, where a, b
and c are the direction ratios of the normal to the plane.

6
Example 13 Find the vector equation of the plane which is at a distance of E
from the origin and its normal vector from the origin is 2i — 3} + 4k . Also find its

cartesian form.

Solution Let ji = 27 —3 j + 4 k . Then

i 20-3]+4k _20-3]+4k

lal — J4+9+16 J29

Hence, the required equation of the plane is

n=

F~(2 f+_3}‘+4 IQJ—6
V20 297 29 ) W29

Example 14 Find the direction cosines of the unit vector perpendicular to the plane

Fo(61-3]-2 k+1=0 passing through the origin.
Solution The given equation can be written as
F(—6i+3j+2k)=1 (D)

Now 1-67 +3]+2kl= J36+9+4=7
Therefore, dividing both sides of (1) by 7, we get

F~(—E¢+§]‘+gl€j= 1

7 7 7 7
which is the equation of the plane in the form r-n=4d.
. A 6 o 3 ~ 2 ~o . .
This shows that n= — 71 + P + = k is a unit vector perpendicular to the
plane through the origin. Hence, the direction cosines of 5 are -6 , 3 , Z
777
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Example 15 Find the distance of the plane 2x — 3y + 4z — 6 = 0 from the origin.

Solution Since the direction ratios of the normal to the plane are 2, -3, 4; the direction
cosines of it are

2 _3 4 2 3 4
Hence, dividing the equation 2x -3y +4z—6=01i.e., 2x— 3y + 4z =6 throughout by

V29, we get

2 -3 4 6
— Xt — Yyt —z=—
V20T V29 T V29T V29

This is of the form [x + my + nz = d, where d is the distance of the plane from the

6
origin. So, the distance of the plane from the origin is NEh

Example 16 Find the coordinates of the foot of the perpendicular drawn from the
origin to the plane 2x — 3y + 47 -6 =0.

Solution Let the coordinates of the foot of the perpendicular P from the origin to the
planeis (x, y,, z,) (Fig I1.11).

Zz

Then, the direction ratios of the line OP are 4
X Vs 4y

Writing the equation of the plane in the normal POy, 2)
form, we have

2 o 3 y+ 4 o 6 o
J207 V297 29 T V29 \VAERa!
h 2 3 4 the direction X

where, ) ) are the direction

_ V29 29 29
cosines of the OP. Fig 11.11

Since d.c.’s and direction ratios of a line are proportional, we have

ol R, B S B
> T3 T4 K
V29 V29 V29
2k -3k 4k

i. . = 7, = =
1.€ xl \/E yl \/E 1 29
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6
Substituting these in the equation of the plane, we get k = E .

Hence, the foot of the perpendicular is (2, _—18, E)

29 29 29
If d is the distance from the origin and /, m, n are the direction cosines of
the normal to the plane through the origin, then the foot of the perpendicular is
(ld, md, nd).

11.6.2 Equation of a plane perpendicular to a z

given vector and passing through a given point
In the space, there can be many planes that are
perpendicular to the given vector, but through a given
point P(xl, Y zl), only one such plane exists (see
Fig 11.12).

Let a plane pass through a point A with position

P(x, y, z,)
0 Y

) P X Fig 11.12
vector a and perpendicular to the vector N .

Let 7 be the position vector of any point P(x, y, z) in the plane. (Fig 11.13).
Then the point P lies in the plane if and only if 4

N
AP is perpendicular to N.ie., AP.N= 0. But
AP=7~a . Therefore, (7 —d)-N=0 (1) <

This is the vector equation of the plane.

Cartesian form o

Let the given point Abe (x,,y,, z,), Pbe (x, y, 2)

Fig 11.13

and direction ratios of N are A, B and C. Then,

d:x1f+Y1}+Z11€, F=xi+yj+zk and N=A{+Bj+Ck

Now (F—d)-N=0
So [ (x=x)i+(y=2) j+(z=2)k | (AT +B j+Ch)=0
ie. A@-x)+By-y)+C-z)=0

Example 17 Find the vector and cartesian equations of the plane which passes through
the point (5, 2, —4) and perpendicular to the line with direction ratios 2, 3, — 1.
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Solution We have the position vector of point (5, 2, — 4) as a=5i +2}‘—4I€ and the
normal vector N perpendicular to the plane as N=27+3j—k
Therefore, the vector equation of the plane is given by (7 —El),N =0
or [F=(51+2]—4k)]-(2i+3]—-k)=0 e (D)
Transforming (1) into Cartesian form, we have

[(x=5)i+(y=2) j+(z+4H)k]- (2 +3j-k)=0
or 2(x=5)+3(y-2)-1(z+4)=0

ie. 2x+3y-2z=20
which is the cartesian equation of the plane.

11.6.3 Equation of a plane passing through three non collinear points

LetR, S and T be three non collinear points on the plane with position vectors a , b and
crespectively (Fig 11.14).

Fig 11.14

The vectors RS and RT are in the given plane. Therefore, the vector RS xRT

is perpendicular to the plane containing points R, S and T. Let 7 be the position vector
of any point P in the plane. Therefore, the equation of the plane passing through R and

perpendicular to the vector RS xRT is
(7—d)-(RSXRT) = 0

or (F-a).[(b-a)x(-a)] =0 (D
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This is the equation of the plane in vector form passing through three noncollinear
points.

Why was it necessary to say that the three points A

had to be non collinear? If the three points were on the same
line, then there will be many planes that will contain them
(Fig 11.15).

These planes will resemble the pages of a book where the
line containing the points R, S and T are members in the binding
of the book.

Cartesian form Fig 11.15
Let (x,, y,, 2,), (x5, ¥, Z,) and (x;, y,, z,) be the coordinates of the points R, S and T
respectively. Let (x, y, z) be the coordinates of any point P on the plane with position
vector 7. Then
ﬁ; =(x_x1)i + (y_yl)_; + (Z_Zl) ],C\
R_S. = (XZ_XI){ + (yZ_yl)} + (ZZ_ZI) ]2
RT = —x) i+, =y) ] +(@-2) k
Substituting these values in equation (1) of the vector form and expressing it in the
form of a determinant, we have
X - xl y _yl z —Zl
X=Xy Y=Y 2,-%4|=0
X3=X1 V3=V 24374
which is the equation of the plane in Cartesian form passing through three non collinear
points (x,, y,, 2,), (x,, ¥,. 2,) and (x;, y,, 25).
Example 18 Find the vector equations of the plane passing through the points
R(2,5,-3),S(-2,-3,5) and T(5, 3,- 3).
Solution Let G=2{+5] -3k, b=—2{-3]+5k, ¢=5i+3 -3k
Then the vector equation of the plane passing through g, b and ¢and is
given by
(7—ad)-(RSXRT) =0  (Why?)
or (F—ad)-[(b-a)x(E-ad)] =0

ie. [F—(2i+5]-3k)]-[(-4i -8 j+8k)x (31 =2 )] =0
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11.6.4 Intercept form of the equation of a plane

In this section, we shall deduce the equation of a plane in terms of the intercepts made
by the plane on the coordinate axes. Let the equation of the plane be

Ax+By+Cz+D=0 (D#0) .. (1)
Let the plane make intercepts a, b, c on x, y and z axes, respectively (Fig 11.16).

Hence, the plane meets x, y and z-axes at (a, 0, 0), Z
0, b,0), (0,0, ), respectively.

-D R (0,0,0)
Therefore Aa+D=0orA= o
Bb+D=0orB -b Y
FRERORE, Q (0.5,0)
-D P (a,0,0)
Cc+D=00orC= —
c X \
Substituting these values in the equation (1) of the Fig 11.16
plane and simplifying, we get
SR e
a b c

which is the required equation of the plane in the intercept form.

Example 19 Find the equation of the plane with intercepts 2, 3 and 4 on the x, y and
Z-axis respectively.

Solution Let the equation of the plane be

Xy z
—t-+— =1 .. (D)
a b c
Here a=2,b=3,c=4.
Substituting the values of a, b and ¢ in (1), we get the required equation of the

plane as %+§+§=1 or 6x +4y +3z=12.

11.6.5 Plane passing through the intersection
of two given planes

Let ®, and 7, be two planes with equations

r-n, =d, and 7 -n, =d, respectively. The position m, -

vector of any point on the line of intersection must

satisfy both the equations (Fig 11.17). Fig 11.17
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If 7 is the position vector of a point on the line, then

{-f =d and 7.7, =d,

Therefore, for all real values of A, we have
(A +M,) = d,+Ad,
Since 7 is arbitrary, it satisfies for any point on the line.
Hence, the equation 7 - (71, +Aii,)=d, +\d, represents a plane 7, which is such

thatif any vector 7 satisfies both the equations 7, and ,, it also satisfies the equation
T, i.e., any plane passing through the intersection of the planes

F-ny = dand 7 -n,=d,
has the equation Fo(i,+Mi,)=d + M, (1)
Cartesian form
In Cartesian system, let
i, = Ai+B, j+C k
i, = A, i+B, j+C, k

xit+yj+zk

St
Il

and

Then (1) becomes

x(A+ M) +y B, + AB) +z(C, + AC) =d, + Ad,
or Ax+By+Cz-d)+ MAx+B,y+C,z-d)=0 .. (2
which is the required Cartesian form of the equation of the plane passing through the
intersection of the given planes for each value of A.

Example 20 Find the vector equation of the plane passing through the intersection of

the planes 7- (f+}'+l€):6 and 7 - (2{+3}'+4l€):—5, and the point (1, 1, 1).

Solution Here, ﬁlzf+j+]€ and 7, = 2f+3}'+4l€;
and d =6andd,=-5

Hence, using the relation 7 - (7, +A#i,)=d, +Ad, , we get

S|

T+ j+k+0Q1I+3]+4k)] = 6-5A

or JA420) T +1430) j+(1+40)k] = 6-5h . (D

S|

where, A is some real number.
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Taking F=xi+yj+zk,we get
(xi+y J+zk)[1420) 7 +1+30) j+(+40)k]=6—-5)
or (1+2A)x+ (1 +30) y+ (1 +4L) z=6—-5A
or x+y+z-6)+A 2x+3y+4z+5=0 .. (2)
Given that the plane passes through the point (1,1,1), it must satisfy (2), i.e.
1+1+1-6)+A2+3+4+5)=0

_3
T 14
Putting the values of A in (1), we get

or A

7 (1+é iA+(1+2 }+(1+é Ploe-B3
7 14 7 14
or r Ef+§q+EA —Q
7718 14
or 7207 +23 j+26k) =69
which is the required vector equation of the plane.
11.7 Coplanarity of Two Lines
Let the given lines be
F o= a+Ab, (D)
and F = d,+ub, ()

The line (1) passes through the point, say A, with position vector g, and is parallel
to 51 . The line (2) passes through the point, say B with position vector g, and is parallel
to b, .

Thus, AB = a,—a,
The given lines are coplanar if and only if AB is perpendicular to 51 sz .
ie. AB.(b;x by) =0or (G- a) (bxb,) =0

Cartesian form
Let (x;, y,, z,) and (x,, y,, z,) be the coordinates of the points A and B respectively.
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Leta, bl, ¢, and a,, bz, c, be the direction ratios of 51 and 52, respectively. Then

E:(xz _x1){+(y2 _y1).;+(zz _Z1)]2
l;l =a,i+b j+c k and Z;z =a,i+b, }+c212
The given lines are coplanar if and only if AB- (l;l ><l;2 ) =0. In the cartesian form,
it can be expressed as
NH=X =N LT
aq, b, q =0 e (4)
a, b, )
Example 21 Show that the lines
x+3 _ y-1 _ z—5 and x+1 _ y=2 _ z—5
-3 1 5 -1 2
Solution Here,x =-3,y,=1,z,=5,a,=-3,b,=1,¢,=5

are coplanar.

x,=-1,y,=2,z,=5,a,=-1,b,=2,¢,=5
Now, consider the determinant
X=X Vo= 274 210
a, b, q |=I-3 1 5|=0
a, b, C, -1 25
Therefore, lines are coplanar.
11.8 Angle between Two Planes

Definition 2 The angle between two planes is defined as the angle between their
normals (Fig 11.18 (a)). Observe that if 0 is an angle between the two planes, then so
is 180 — 0 (Fig 11.18 (b)). We shall take the acute angle as the angles between
two planes.

angle between the normals
Planel & =[90 - (90 -6)] ,
n,

<
/ 9;/90-0"1 /9 ‘ﬂg‘

Plane 2 180-0

the angle between
the planes
(b)
(@
Fig 11.18
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