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12. Findthe angle between the planeswhose vector equationsare
F(2i+2j-3k)y=5and 7.(37 -3 +5k)=2
13. In the following cases, determine whether the given planes are parallel or
perpendicular, andin casethey are neither, find the angles betweenthem.
(@) 7x+5y+6z+30=0 and 3x-y-10z+4=0
(b) 2x+y+3z-2=0 andx-2y+5=0
(c) 2x-2y+4z+5=0 and 3x-3y+6z—-1=0
(d 2x-y+3z-1=0 and 2x-y+3z+3=0
() 4x+8y+z-8=0 andy+z-4=0

14. Inthe followingcases, find the distance of each of the given points from the
corresponding given plane.

Point Plane
(a) (0,0,0) 3x—4y+12z=3
(b) (3,-2,1) 2x—-y+2z+3=0
(c) (2,3,-5) x+2y—2z=9
(d (-6,0,0) 2x—3y+6z-2=0

Miscellaneous Examples
Example 26 A linemakes angles o, B3,y and dwiththediagonals of a cube, prove that

4
cos’ o + €c0S* B +cos’y +C0S° 3 = 3

Solution Acubeisarectangular parallelopipedhavingequal length, breadth and height.
Let OADBFEGC be the cube with each side of length « units. (Fig11.21)

The four diagonals are OE, AF, BG and CD. ' ;7(
T he direction cosinesofthediagonal OEwhich
isthe line joining two points O andE are (.0, “)F(o, a, a)
@,0,a0)G
a—0 a0 a0 E(a,a,0)
Jaz _|_az _|712 ’Jaz _bz _|_az ’Ja2_|712 _bz

—>Y
o B, a, 0)
1 1 1 X A(a, 0, 0) D(“& a, 0)

e, = FE

37437 43 Fig 11.21
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L. . . . -1 1 1 1
Similarly, the direction cosines of AF, BG andCD are =, —, ——=;, —,
y 3' 3 3B

2L gL L 2L respectively
V33 T A3 BE '

Let 7, m,n be the direction cosines of thegiven line which makesandles o, B, v, 8
with OE, AF, BG CD, resectively. Then

1 1
cosa = % (I+m+n);cosP = ﬁ(—l+m+n);
1 1
cosy = ﬁ(l—m+n);0088: $(1+m—n) (Why?)

Squaring and adding, we get
cos’a + €c0s? B + cos?y + coS? &

1

=3 [+ m+n )+ (Clamenf ] + (= m+nf+ (+m-n)]
1 4

=§[4(lz+m2+n2)]=§ (@asP+m?*+n?=1)

Example 27 Findtheequation of the plane that contains the point (1,-1, 2) andis
perpendicular to each of the planes 2x+ 3y—2z=5and x + 2y— 3z=8.

Solution The equationoftheplane containingthe given pointis
A(x-1)+B(y+1)+C(z-2)=0 .. (1)
Applying the condition of perpendicularly to the planegiven in (1) withtheplanes
2x +3y—2z=5and x + 2y— 3z =8, we have
2A+3B-2C=0andA+2B-3C=0
Solving these equations, we find A = — 5C and B = 4C. Hence, the recuired
equationis
-5C(x-1)+4C(y+1)+C(z-2)=0
ie. Sx—4y—-z=7
Example 28 Findthe distance between the pointP (6, 5,9) andthe plane determined
by the pointsA(3,-1, 2),B(5,2,4)andC(- 1,-1, 6).
Solution LetA, B, Cbethethree pointsintheplane. Disthefoot of the perpendicular
drawn from a point P to the plane. PDisthe requireddistance to be determined, which

isthe projectionof AP on AB XAC.
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Hence, PD =the dot product of AP with the unit vector along AB XAC.

So AP =37467+7k
PGk

and AB XAC = | 2 3 2/ =127 -16] +12k
4 0 4
3i-47+3k

Unitvectoralong AB XAC Nel
34
i-47+3k

A A ~ 3
(3i+6 j+7k).
J ) \/a

_ 3434
17
Alternatively, find the equation of the plane passing through A, BandC andthen
computethedistance of the point P from the plane.

Example 29 Showthat thelines

Hence PD

x—a+d y-a z-a-d

a—20 o o+ 0o

x—-b+c -b z-b-c
and =2 = are coplanar.

B—v B B+y

Solution

Here x, = a—-d x, = b-c
y,=a y2=b
zl=a+d Zz=b+c
a =o-3 a,=B-vy
b1=oc b2=[3
c,=a+d c,=B+y

Nowconsider thedeterminant
Xo—=Xy Yo—W Zp—Z7 b—c—a+d b-a b+c—a-d
a b a |- o -0 o o+ 9d
a b, Co B-y B B+y
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Addingthird column tothe first column, we get
b—a b-a b+c—-a-d
2| o o o+ 0 =0

B B B+y
Since the first and second columns are identical. Hence, the given two linesare
coplanar.

Example 30 Find the coordinates of the point where the line through the points
A (3,4,1)and B(5, 1, 6) crossesthe XY-plane.

Solution Thevector equation of theline throughthepoints A and Bis
F =34 +k+A[6G-3) +(1-4)]+(6-1)Fk]
ie. F=3i+4j+k+1(21-37+5k) . (1)
Let P be the point where the line AB crosses the XY-plane. Then the position
vector ofthe point Pisoftheform xi +y J.
Thispoint mugt satisfythe equation (1). (Why ?)

ie. Xxi+y = @+20)7 +(4=30) 7+ (L+51)k
Equating the likecoefficients of , jand i ,wehave
x=3+2A
y=4-3A
0=1+5A
Solvingthe above equations, we get
1 23
— and y=—
x Y=<

) ) ) 13 23
Hence, the coordinates of the required point are (? r Oj.

Miscellaneous Exercise on Chapter 11

1. Showthat the linejoiningthe origin to thepoint (2, 1, 1)is perpendicular tothe
line determined by the points(3, 5,-1), (4,3, -1).

2. If ll, m,n, and lz, myn, arethe direction cosines of two mutually perpendicular
lines, showthat the direction cosines of theline perpendicularto both ofthese

are myn, “my ., ngly “hy b, Lm, 71, m
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10.

11.

12.

16.

17.
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Find the angle between the lines whose direction ratios are «, b, ¢ and
b-c,c—a,a-b.
Findthe equation ofa lineparallel to x-axis andpassing through the origin.

If the coordinates ofthe points A B, C, D be(1, 2, 3),(4,5,7), (-4, 3,- 6)and
(2,9, 2) respectively, then find the angle between the lines ABand CD.

Ifthelines =2 - ¥=2_273 jg x1_»-1_=2-6
-3 2k 2 3k 1 -5

findthe value of .

Findthe vector equation ofthe line passing through (1, 2, 3)and perpendicularto

areperpendicular,

theplane 7.(i+2j-5k)+9=0.

Findthe equation of theplanepassingthrough (a, b, c) and parallel tothe plane
7o 1 ) =

Findthe shortest distancebetween lines 7=67 +2 j +2 k+ L (i —2 j + 2 k)

and 7 =—4i - k+pn@i-27-2k).
Findthe coordinatesof the point where the line through (5, 1, 6) and (3, 4,1)
crosesthe YZ-plane.

Findthe coordinates of the point where the line through (5, 1, 6) and(3, 4, 1)
crosesthe ZX-plane.

Find the coordinates of the point where the line through (3, - 4, - 5) and
(2, -3, 1) crosses theplane 2x+ y+z=7.

Findthe equation of the plane passing throughthepoint (-1, 3,2) andperpendicular
to each of theplanesx + 2y + 3z=5and 3x+ 3y +z=0.

If the points (1, 1, p) and (- 3, 0, 1) be equidistant from the plane
7+3i 4 j—t2k) 11379, then find the valwe of p.

Findthe equation of the plane passing through the line of intersection of the
planes 7.(7 + j + k)=1and 7-(27+ 3 j — k) + 4 =0 and parallel to x-axis.
IfO be the originandthecoordinatesofP be(1,2,— 3), then findthe equation of
theplane passing through P and perpendicular to OP.

Findthe equation ofthe plane which containsthe lineof intersection of the planes
F-(f+2j+3k)-4=0,7-(27+ ] - k) +5=0andwhich is perpendicular to the
plane 7.(57 +3 j—6k) +8=0.
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Findthe distance ofthepoint (-1,-5, — 10) from the point of intersection of the
line 7=2i—j+2k+1(3i+4j+2k)andtheplane 7-(7 — j + k) =5.
Findthe vector equation of the line passingthrough (1, 2, 3) andparallel to the
planes 7-(7 — j+2k)=5and 7-(37 + j+ k) =6.

Findthe vector equation of the line passingthrough the point (1, 2,- 4) and
perpendicularto the two lines:

x-8 y+19 z-10 x—15 y-29 z—5.

and = =
3 -16 7 3 8 -5
Prove that if aplane hasthe interceptsa, b, candisatadisance of p unitsfrom
the origin, then iz -‘riz +i2 :iz.
a- b° ¢ p

Choose the correct answer in Exercies22 and 23.

22.

23.

Distance between the two planes: 2x+ 3y+4z=4and 4x+ 6y + 8z=12is

(A) 2 uwnits (B) 4 uwnits (C) 8units (D) % units

The planes: 2x— y+4z=5and5x— 2.5y + 10z= 6 are

(A) Pemendicular (B) Parallel
(C) intersect y-axis (D) passesthrough (0,0,;j
Summary

Direction cosines ofa line are the cosines of the angles made by theline
with the positivedirectionsof the coordinate axes.

If [, m, nare the direction cosines of aline, then 2+ m?+ n®=1.
Direction cosines of aline joiningtwo pointsP(x,,y,, z) and Q(x,, y,, z,) are
Xo "X Vo T % 74

PQ ' PQ ' PQ
where PQ = .\/(xz —x)2 4+ (y,— )P+ (22 —Zl)2
Direction ratios of a line are the numberswhich are proportionalto the
direction cosinesof aline.

If /, m, narethe direction cosinesanda, b, carethe direction ratios of aline
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then

; a b c
= , m = 1 n=

\/az+bz+c2 \/az+bz+c2 Ja2+b2+c2
Skewlines are lines in space which are neither parallel nor intersecting.
They lie in different planes.

Angle between skew lines is the angle between two intersecting lines
drawn fromany point (preferably throughthe origin) parallel to each ofthe
skew lines.

If Zl,ml,nland l,m,n,are thedirection cosines of two lines; and 0 isthe
acute angle between the two lines; then

cosO = |LL,+mm,+nn,)|
If a,b,c, and a,b, c,are the direction ratios of two lines and 0 is the
acute angle between the two lines; then

aa,+b b, +¢c
\/af+ b+ cf \/a§+ bi + &

\ector equationof alinethat passes through the given point whoseposition

cosO =

vector is a and parallel toa given vector p is # = G + A b .
Equation of alinethrougha point (x,,y,,z,) andhaving direction cosines/,m,n is
AT N 24
) m n
T he vectorequation of alinewhich passes through two points whos position

vectorsare G and b is 7 =d + A (b — ).

Cartesian equation of aline that passesthrough two points (x, y,, z)and
SNV 252

Xop=X% =N Z,— 7

If 0 is the acute angle between 7 =g, +1b, and 7 =da, + Lb,, then

(x, ¥, 2,) is

b, -b.
cosf=|—-2
| By | | b, |
If x_xlzy_yl:Z_Zlandx_XZ=y_y2=Z_ZZ
L my n, L m, n,

arethe equations oftwo lines, then the acute angle between thetwo linesis
given by cos© =/ [ +m m,+nn)|
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Shortest distance between two skewlines isthe line segment perpendicular
toboth thelines.
Shortest distance between 7 = %, and 7 =, b, is
(b xb,)-(a, —ay)
| By % b, |

Shortest distance between the lines: 21— = Y =% _ Z7% 4oy
a, by €1

T VT Z T is
a, b, €

@G b, C2
\/(blcz ~ bzcl)2 +(aa, - czal)z +(ab, - a2b1)2

Distance between parallel lines 7 = /% and 7 =z, H.b s

b x(d, - G)
15|

In the vector form, equation of a plane which is at a distance d from the
origin, and 7 isthe unit vector normal to the plane through the origin is
Fei=d.

Equationof a plane whichisat a distance of dfromthe origin andthe direction
cosines of the normal to the plane as/, m, nislx+ my+ nz=d.

The equation of a plane through a point whose position vector is a and

perpendicularto the vector N is (7-ad).N=0.

Equationof aplane perpendicular to a given line with direction ratiosA, B, C

and passing through a given point (x, y,, z)) is
AXx-x)+B@r-y)+C(z-z)=0

Equation of aplane passingthrough three non collinear points (x,, v, z,),
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(x, v, z,) and (x,, y,, z,) is

X=X VY= z-12
Ym% Vo™ T Ao

X3 =X Va— N Zz— 2
\kctor equation of a plane that containsthreenon collinear pointshaving
positionvectors a, b and ¢ is (7—-a) .[(5—&) x(¢-a)]=0

Equation of aplane that cuts thecoordinates axesat (a, 0, 0), (0, 5, 0)and
(0,0,¢)is

£+X+£=1
a b c

\kctor equation of a plane that passes through the intersection of
planes7 -7, =d, and 7 -n, =d, is 7 -(n, + Ani,) =d;, + Ad,, where Aisany
nonzerocongant.

Cartesian equation of a plane that passes through the intersection of two
gven planesA x+B y+C z+D =0and A x+B y+C z+D,=0

is(A,x+B y+Cz+D)+MA,x+B,y+C z+D,)=0.
Twolines 7 = G +Ab and 7 = @, + p b, are coplanar if
(d, = @)- (b x b,) =0
In the cartesianform above lines passingthroughthe points A(x,, y,,z ) and
B (x,,7,2,)
By =2 =01 Zp= 4
y yZ Z ZZ al bl cl

- are coplanar if =0.
@ b, C2

b, G,

In the vector form,if 6 istheangle betweenthe two planes, 7 -7, =d;, and

[}

| 7

Theangle ¢ between the lin

1, |
|17, |

7=a+\bandthe plane 777 = d is

¥-n,=d,, then 6 =cos™

D St
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no= énA

o117

¢ The angle 0 between the planesAx +By +Cz+D, =0 and
A,x+B,y+C, z+D,=0 isgiven by

A A, +B; B, +C, C,
VAL + B + G A3 +B}+CS

cosO =

¢ Thedisance of a point whose position vector is a fromtheplane 7-n=d is
|d —a-n|
¢ Thedistance from apoint (x, y,, z) tothe plane Ax+ By + Cz+ D=01is
Ax +By, +Cz; + D
J A% +B?+C?

—_— e ——



