Exemplar Problems
Determinants

-

22. Prove that is divisible by a + b + ¢ and find the quotient.

Solution:

2
bec—a
ca—b?
2
ab—c

2
ca—b
ab—¢?
2
bc—a

",
ab—c
be —a’

2
ca—bh




7.

bc—a® ca-b* ab-c’
A=lca-b> ab—c® bc-a’
ab-c? bc-a® ca-b*
Now IApplyingC,—iC.—Czand G- G -G
bc-a’-ca+b® ca-b'-ab+c’ ab-c?
A=|ca-b*-ab+c* ab-c?-bc+a® be-a’
ab-c*-bc+a® bc-a*-ca+b® ca-b’
(b-a)a+b+c) (c-bXa+b+c) ab-c?
=l(c-bXa+b+c) (a-eNa+b+c) bc—a’
(@a-cla+b+c) (b—aNa+b+c) ca—b

Next,
[Taking (a + b + ¢) common from C, and C, each]

2

b-a c-b ab-c
A=(a+b+c)2c—b —¢c bc-d*
Fheii a-c b-a ca-b*
[Applying R, = R, + R, + R;]
0 0 ab+bc+ca—-(a’+b’+c*)
.f.\:(a+b+.c)2c—b a-c bc - a’
Eisis la=c b-a ca - b’

[Expanding along R, ]
A=(a+b+c)lab+bc+ca—(a + b +D)(c-bNb-a)-(a-c)’]
=(a+ b+ ab+bc+ca-a - b -c?)x
(bcmac—bz+ab—az—c2+2ac)
=(@a+b+c)(a+b+c)(@+ b +c*-ab-be—ca))
Therefore, given determinant is divisible by (a + b + ¢) and quotient is
(a+b+ fa')(r.'2 + b+ c* - ab - be - ca)’




bc—a® ca-b* ab-c?
A=lca-b* ab—c* bc-a’

ab-c* be-a® ca-b

Now, IApplying C,—-C-Cad(C, - G -G)

ab-c*—bc+a

Next,

bc-a’-ca+b’ ca-b*-ab+c’
A=|ca-b*-ab+c* ab-c*-bec+a’
2 be-a*-ca+b’
(b—ala+b+c) (c=bNa+b+c)
={c-bXa+b+c) {a-c}[d+b+c)
(a—cla+b+c) (b—a)a+b+c)

ab - ¢?

be — a*

ca - b’

ab - c?

bc — a*

2
ca-b

[Taking (a + b + ¢) common from C, and C, each]

b-a

A=(a+b+c)|c—b

Then, =g
[Applying R, = R, + R, + R;]
0

A=(a+b+c)lc-b

a-—c¢

Lastly,
[Expanding along R, ]

c=b
a-c
b-a
0
a-c
b-a

2

ab-c
bc - a’
ca — b*

ab + be + ca - (a’ + b* + %)

bc - a*

ca — b?

A=(a+b+c)lab+ bc+ca-(a*+ b +H)[(c-b)b-a)-(a-c)]
=(a+b+0)(ab+bc+ca-a - b -cH)x

(bc~ac—b2+ab—az—c2+2ac)

=(@a+b+c)(a+b+c)(@+ b +c*-ab-be—ca))
Therefore, given determinant is divisible by (a + b + ¢) and quotient is
(a+b+c)a*+ b+ —ab - be - ca)’




