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( DETERMINANTS )

o All Mathematical truths are relative and conditional. — C.P. STEINMETZ <

4.1 Introduction

In the previous chapter, we have studied about matrices
and algebra of matrices. We have also learnt that a system
of algebraic equations can be expressed in the form of
matrices. This means, a system of linear equations like

ax+b y=c,

a,x+b,y=c,

a b ||x q .
can be represented as < . Now, this

a, b, LYy )

system of equations has a unique solution or not, is
determined by the number a, b, — a, b,. (Recall that if

P.S. Laplace

a, b .
—L=—L or,a, b,—a,b, # 0, then the system of linear
a, b, (1749-1827)

equations has a unique solution). The number a, b, —a_ b
q q 1 92T %Y

: . . o . . . a, b
which determines uniqueness of solution is associated with the matrix A =[ ! bl }
a b
and is called the determinant of A or det A. Determinants have wide applications in
Engineering, Science, Economics, Social Science, etc.

In this chapter, we shall study determinants up to order three only with real entries.
Also, we will study various properties of determinants, minors, cofactors and applications
of determinants in finding the area of a triangle, adjoint and inverse of a square matrix,
consistency and inconsistency of system of linear equations and solution of linear
equations in two or three variables using inverse of a matrix.

4.2 Determinant

To every square matrix A = [a,-,-] of order n, we can associate a number (real or
complex) called determinant of the square matrix A, where a,= (@, )™ element of A.
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104 MATHEMATICS

This may be thought of as a function which associates each square matrix with a
unique number (real or complex). If M is the set of square matrices, K is the set of
numbers (real or complex) and f: M — K is defined by f(A) = k, where A € M and
k e K, then f(A) is called the determinant of A. It is also denoted by | Al or det A or A.

=det (A)

a b a
IfA= , then determinant of A is written as | Al =
c d c d

Remarks

(1) For matrix A, |Al1is read as determinant of A and not modulus of A.
(i) Only square matrices have determinants.

4.2.1 Determinant of a matrix of order one

Let A = [a] be the matrix of order 1, then determinant of A is defined to be equal to a

4.2.2 Determinant of a matrix of order two

ay Ay .
Let A= be a matrix of order 2 x 2,
ay dyp
then the determinant of A is defined as:
all‘ . a12
_ — A — 5 _
det (A)=1Al=A= g =a,a,—a,d,

2 4
Example 1 Evaluate 1 ol
Solution We have | 2‘ =22)-4(-1)=4+4=28.

x+1
Example 2 Evaluate

x—1 X
Solution We have

X x+1
‘1 =x()-@x+DGEx-1 =x*-F-D=x>-x*+1=1

4.2.3 Determinant of a matrix of order 3 x 3

Determinant of a matrix of order three can be determined by expressing it in terms of
second order determinants. This is known as expansion of a determinant along
a row (or a column). There are six ways of expanding a determinant of order
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DETERMINANTS 105

3 corresponding to each of three rows (R, R, and R,) and three columns (C, C, and
C,) giving the same value as shown below.

Consider the determinant of square matrix A = [aij]3 3

yy Gy Qg3
i.e., [Al=|ay ay ay

a;) Ay Ay
Expansion along first Row (R)

Multiply first element a,, of R, by (=1)" * [(=1)mofsuffxesina; ] and with the
second order determinant obtained by deleting the elements of first row (R) and first
column (C) of [Alasa, liesinR and C,

) ay Ay
ie., D'*ta,

ayp Az

Multiply 2nd element a , of R, by (=1)"'*? [(—1)%mcfsufxesina;, ] and the second
order determinant obtained by deleting elements of first row (R,) and 2nd column (C,)
of | Al as a, lies in R, and C2,

a dy

ie., D'**a,

as; Az

Multiply third element a,, of R, by (=1)"'*? [(=1)*mefsufxesinas] and the second
order determinant obtained by deleting elements of first row (R)) and third column (C,)
of | Al as a, lies in R, and C3,

ay dyp

3 1+3
ie., =D'*’a, 4y as,

Now the expansion of determinant of A, that is, | A | written as sum of all three
terms obtained in steps 1, 2 and 3 above is given by

Ay Ay +( 1)1+2 ay; dpy
detA=IAl=(-D)'*"a, - V)
Q3 A3z as;  dsz
a a
1+3 21 U
+ D ay
a3 Az
or IAl'= aj, (azz Uy — Ay dyy) — 4y, (a21 Ay, — Gy a23)

tag, (a21 a;, — 4y 4y,
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106 MATHEMATICS

=all a22 a33 - all a32 a23 - a12 a21 a33 + a12 a3l a23 + a13 a21 a32

—a, a, a, .. (1)

| @ Note |We shall apply all four steps together.

Expansion along second row (R))
a;;  dp Ay
[Al= |z Q3 Qy
d3; a3 Az

Expanding along R , we get

a a a a
2+1 12 413 2+2 1 3
IAl= D" ay + (=D ay
Qs  di3 Qs ds3
a a
2+3 11 12
+(=1) sy
a3 ds

=4y (a12 as; — Ay a13) ta, (au as; — dyy a13)
— dy (au asy, — as ap,
TAl=- Ay Gy Ay + Gy A3y A3+ Gy, Ay Gy — Gy, Ay Ay — Ayy Gy Ay,
+a,a, a,
=04, Ay Ay — Gy Gyy Gy — Ay Gy Ayy + Ay Gy Ay + Q5 4y, Ay,
—a, a, a, .. (2)
Expansion along first Column (C))

[Al=|ay ay ay

By expanding along C,, we get

a a a a
141 |G o3 241 | %2 A3
IAl=a; =D +ay (=D
Qs 33 Q3 A3
a a
341|412 A3
+ a3 (1)
Qyy Ay

=4, (azz Uy — Ay a32) —ay (alz Uy — gy a32) +ay (alz Ay — g azz)
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DETERMINANTS 107

|A| = all a22 a33 - all a23 a32 - a21 a12 a33 + a21 a13 a32 + a3l a12 a23
=y Ay Ay
= all a22 a33 - all a23 a32 - a12 a21 a33 + a12 a23 a3l + a13 a21 a32
-a, a, a, .. 3)
Clearly, values of Alin (1), (2) and (3) are equal. It is left as an exercise to the

reader to verify that the values of IAl by expanding along R,, C, and C, are equal to the
value of | Al obtained in (1), (2) or (3).

Hence, expanding a determinant along any row or column gives same value.

Remarks

(1) Foreasier calculations, we shall expand the determinant along that row or column
which contains maximum number of zeros.

(i) While expanding, instead of multiplying by (-=1)'*/, we can multiply by +1 or —1
according as (i + ) is even or odd.

2 2 11
(i) LetA= {4 O} and B = {2 O} . Then, it is easy to verify that A = 2B. Also

IAl=0-8=-8and IBI=0-2=-2.

Observe that, |Al = 4(-2) = 22IBl or |Al = 2"IB|, where n = 2 is the order of
square matrices A and B.

In general, if A = kB where A and B are square matrices of order n, then | Al = k"
IBIl, wheren=1,2,3

1 2 4
Example 3 Evaluate the determinant A= |-1 3 0],
4 1 0

Solution Note that in the third column, two entries are zero. So expanding along third
column (C,), we get

-1 3 1 2 1 2
A= 4 -0

4 1 4 1 1 3
=4(1-12)-0+0 =-52

+O‘

0 sin 0 —coS Ot

Example 4 Evaluate A = | —sin o 0 sin
coso —sin P 0
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108 MATHEMATICS

Solution Expanding along R, we get

0 sin B

—sin

_ —sin o sin —sin o 0
A=0 —sin o — cos O

cos o cosa —sinf
=0-sin o (0 — sin B cos o) — cos a (sin o sin B — 0)

=sin o sin B cos o0 — cos o sin o sin B =0

3 2
Example 5 Find values of x for which = .
x 1 4 1
. 3 x 3 2
Solution We have =
x 1 4 1
i.e. 3-x*=3-38
ie. x>=28
Hence x== 2\/5
|[EXERCISE 4.1
Evaluate the determinants in Exercises 1 and 2.
2 4
-5 -1
cos® —sin 6 X —x#1 ox-1
sin® cos© (i x+1 x+1
1 2
3. If A= 4 2 , then show that | 2A =4 1A |
(1 0 1
4. If A=]0 1 2|, thenshowthatl3AI=271A1l
10 0 4
5. Evaluate the determinants
3 -1 2 3 -4 5
@ |0 0 -1 @ |1 1 =2
3 -5 0 2 3 1
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DETERMINANTS 109

0 2 2 -1 2
(i) -1 0 -3 Gv) |0 2 -1
-2 3 0 3 -5 0
1 1 2
6. IfA=[2 1 3| findlAl
5 4 -9
7. Find values of x, if
12 4 |2x 4 12 lx 3
Dls 1|76 x (”)45‘_2x 5‘
8. If ro2 =‘6 , then x is equal to
18 x| |18
(A) 6 B) £6 ) -6 D) 0

4.3 Properties of Determinants

In the previous section, we have learnt how to expand the determinants. In this section,
we will study some properties of determinants which simplifies its evaluation by obtaining
maximum number of zeros in a row or a column. These properties are true for

determinants of any order. However, we shall restrict ourselves upto determinants of
order 3 only.

Property 1 The value of the determinant remains unchanged if its rows and columns
are interchanged.

a a4, a
Verification Let A= |b b, by
G 6 G

Expanding along first row, we get

by b b b

G G (S

b b,
G G

=a, (b,c,-b,c)—a, (b, c,~b,c)+a, (b c,-b,c)
By interchanging the rows and columns of A, we get the determinant

A=

2 +a,

a b ¢
A=|a b o
a; by ¢
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110 MATHEMATICS

Expanding A along first column, we get
A=a (b,c,~c,b)~a, (b c,—b,c)+a, (b c,—-b,c)
Hence A=A,

Remark It follows from above property that if A is a square matrix, then
det (A) = det (A”), where A" = transpose of A.

If R, = ith row and C, = ith column, then for interchange of row and
columns, we will symbolically write C, <> R,

Let us verify the above property by example.

2 -3 5
Example 6 Verify Property 1 forA={6 0 4
1 5 -7
Solution Expanding the determinant along first row, we have
A—2‘0 4_(_3)6 4+56 O‘
R 1 -7 15

=20-20)+3(-42-4)+530-0)
=-40-138 +150=-128
By interchanging rows and columns, we get

2 6 1
A = -3 0 5 (Expanding along first column)
5 4 7
0 5 6 1 6 1
= -(3) +5 ‘
4 7 4 7 05

=20-20)+3(-42-4)+530-0)
=-40-138 +150=-28

Clearly A=A

Hence, Property 1 is verified.

Property 2 If any two rows (or columns) of a determinant are interchanged, then sign
of determinant changes.

a, a, a,
Verification Let A= |b, b, b;
¢ G G
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DETERMINANTS 111

Expanding along first row, we get
A=a (b,c,-b,c)~a,(b,c;,-b,c)+a,(bc,-b,c)

Interchanging first and third rows, the new determinant obtained is given by

G 6 G
A1 =|b b, b
a a, a

Expanding along third row, we get

A=a (c,b,-b,c)~a,(c, by—c,b)+a,(b,c, —b c)
=-la, (b,c,-b,c,)~a, (b, c,-b,c)+a, (b c,-b,c)]

Clearly A =-

Similarly, we can verify the result by interchanging any two columns.

columns by C, <> Cj.

We can denote the interchange of rows by R, <> R, and interchange of

2 -3 5
Example 7 Verify Property 2 for A= |6 0 4/,
1 5 -7
2 -3 5
SolutionA= |6 0 4| =_28 (See Example 6)
1 5 -7

Interchanging rows R, and R, i.e., R, <> R,, we have

2 -3 5
Al -1 5 -7
6 0 4

Expanding the determinant A, along first row, we have
5 -7 =7 15
A =2 +5
! 0 4 4 6 0

=220-0)+34+42)+5(0-30)
=40+ 138 -150=28

(3)1
e
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112 MATHEMATICS

Clearly A=-A
Hence, Property 2 is verified.

Property 3 If any two rows (or columns) of a determinant are identical (all corresponding
elements are same), then value of determinant is zero.

Proof If we interchange the identical rows (or columns) of the determinant A, then A
does not change. However, by Property 2, it follows that A has changed its sign

Therefore A=—-A
or A=0

Let us verify the above property by an example.

3 23
Example 8 Evaluate A= |2 2 3
323

Solution Expanding along first row, we get
A=3(6-6-206-9+34-6)
=0-2(-3)+3(-2)=6-6=0
Here R, and R, are identical.

Property 4 If each element of a row (or a column) of a determinant is multiplied by a
constant k, then its value gets multiplied by k.

a b ¢
Verification Let A= |4, D, ¢,
a; by ¢

and A, be the determinant obtained by multiplying the elements of the first row by k.
Then
ka, kb kc
A=|% b, ¢
a; by o
Expanding along first row, we get
A =ka(b,c,-b,c)~kb (a,c,~c,a)+kc (a, b,—b,a,)
=kla, (b,c,~b,c)~-b (a,c,-c,a)+c (a,b,—b,a)l
=k A

2021-22



DETERMINANTS 113

ka, kb k¢ a b ¢
Hence a, b, ¢ |=kl|a, b, ¢
a; by a by

Remarks

(i) By this property, we can take out any common factor from any one row or any
one column of a given determinant.

(i) If corresponding elements of any two rows (or columns) of a determinant are
proportional (in the same ratio), then its value is zero. For example

a, a, a,

A=| b b, by |=0(rows R, and R, are proportional)

ka, ka, ka,
102 18 36

Example 9 Evaluate | 1 3 4
17 3 6

102 18 36| [6(17) 6(3) 6(6) 17 3 6
Solution Note that | 1 3 4(=]1 3 4 |=6|1 3 4|=0
17 3 6 17 3 6 17 3 6

(Using Properties 3 and 4)

Property 5 If some or all elements of a row or column of a determinant are expressed
as sum of two (or more) terms, then the determinant can be expressed as sum of two
(or more) determinants.

a+A a,+A, a;+ A, a a, ay| A A, A
For example, b, b, by | =|b by by|+|b b, b
G ) G G 6 G G 6 G

a+A a,+A, a;+A,
Verification L.HS. = | b b, b,

G (%) %]
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