DIFFERENTIAL EQUATIONS 407

17. Which of the following is a homogeneous differential equation?
(A) Ax+6y+5)dy—By+2x+4)dx=0
(B) (xy) dx — (x* +y)) dy =0
©) P+2y)dx+2xydy=0
(D) ydx + (& —xy—y)dy=0
9.5.3 Linear differential equations
A differential equation of the from

dy
—+Py =
2 B Q

where, P and Q are constants or functions of x only, is known as a first order linear
differential equation. Some examples of the first order linear differential equation are

y .
—+y =
dx Yy =sinx

dy (1
_+ — - X
dx (x )y ¢

dy [y (_1
dx | xlogx | «x
Another form of first order linear differential equation is

ﬂ+Plx =Q
dy

1

where, P, and Q, are constants or functions of y only. Some examples of this type of
differential equation are

x+x
—+x=cosy
d

dx —2x
_t = yze -y
dy
To solve the first order linear differential equation of the type
d
24Py =Q (D)
dx

Multiply both sides of the equation by a function of x say g (x) to get

d
g0 o +P.(g(0) y=Q.g () . (2)
X
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Choose g (x) in such a way that R.H.S. becomes a derivative of y . g (x).

. & d
Le. g() - +P.gl)y=""1[.8 Wl
d_y P —_ Q ’
or gl -+ Pgl)y=g) - +yg X
= P.g(x) =g (x)
g (x)
or =—
g (x)
Integrating both sides with respect to x, we get
IP dx J‘g (X)
g x)
or IP-dx =log (g (x))
or g = P

On multiplying the equation (1) by g(x) = eI b ,the L.H.S. becomes the derivative

of some function of x and y. This function g(x) = eI P4 s called Integrating Factor
(LLE.) of the given differential equation.

Substituting the value of g (x) in equation (2), we get

eIde Q_'_PeJdey _ Q.ejl’dx
X

o dx( jpdxj

Integrating both sides with respect to x, we get
yoedPe = j(Q.eJP“*)dx

or y= efjpdx._[[Q.e Ipdx) dx+C

which is the general solution of the differential equation.

Qe Ide
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Steps involved to solve first order linear differential equation:

d
(i) Write the given differential equation in the form d—iJr Py=Q where P, Q are

constants or functions of x only.
(i) Find the Integrating Factor (LF) = ¢J*% .
(iii) Write the solution of the given differential equation as

y (LF) = [(Q*LF)dx+C

dx
In case, the first order linear differential equation is in the form d_y+ Px=Q ,

where, P, and Q, are constants or functions of y only. Then LF = , Bdy and the

solution of the differential equation is given by
x.(LF) = [(Q xLF)dy+C

Example 19 Find the general solution of the differential equation ?_ y =COoSX-
X

Solution Given differential equation is of the form
dy
e +Py=Q, whereP=-1 and Q = cosx
X
_[—1 dx= e,x

Therefore I.LE=¢
Multiplying both sides of equation by L.F, we get

()
e ——e 'y =e*Ccosx
dx
d -
or —y(ye X)ze*xcosx
dx

On integrating both sides with respect to x, we get

ye r = J‘e”‘cosx dx+C . (D

Let I= J‘e”‘ cos x dx

e . x
:cosx( 1)—-[(—smx)(—e ) dx
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—cosxe —Isin xe " dx

—cosxe —[sin x(—e™)— Icos x(=e™) dx}

= —cosxe “+sinxe —J‘cosxef" dx

or I=—e*cosx+sinxe™—1
or 2] = (sin x — cos x) ™

_ (sinx—cosx)e™”
- 2
Substituting the value of I in equation (1), we get

yert = [sinx;cosx)ex e

or 1

or y = [SIHX;COSX)+Cex

which is the general solution of the given differential equation.

d
Example 20 Find the general solution of the differential equation x a’_i]c +2y=x" (x#0) .

Solution The given differential equation is

d
xE2y 2 . (D)
dx
Dividing both sides of equation (1) by x, we get
dy 2
—_ + — =
dx x v

e . . . dy 2
which is a linear differential equation of the type I +Py=Q, where P=—andQ=x.
X X

So LF = ej%dx = p2logx — elogx2 _ x2 [as elogf(x) =f ()]
Therefore, solution of the given equation is given by
v.2= [0 (H)dx+C = [x'dx+C

2
or y=x7+Cx’2

which is the general solution of the given differential equation.
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Example 21 Find the general solution of the differential equation y dx — (x + 2y*) dy = 0.
Solution The given differential equation can be written as
dx x

dy 'y

1
This is a linear differential equation of the type ? +Px=Q,,where P, =—— and
Yy

] L - og(y)y! _ 1
Q, =2y. Therefore LF=¢" ¥ =¢°8¥ =¢'20) =—
y
Hence, the solution of the given differential equation is
1
=@y (—jdwc
y y
or X j(zdy)+c
y
a 2y + C
or — = +
y Yy
or x=2y>+Cy

which is a general solution of the given differential equation.

Example 22 Find the particular solution of the differential equation

?+ycotx=2x+x2cotx(x¢0)
X

given that y = 0 when x :g.

d
Solution The given equation is a linear differential equation of the type d—y +Py=Q,
X
where P = cot x and Q = 2x + x? cot x. Therefore
LF = ) o glogsine_ g

Hence, the solution of the differential equation is given by
y.sin x =] (2x + x? cot x) sin x dx + C
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or y sin x = [2x sin x dx + | x? cos x dx + C
: [ 2x 2x°
or ysin x = sinx il —Icosx il dx+'[xzcosxdx+C
2 2
or ysin x = x2sinx—'[xzcosxdx+szcosxdx+C
or ysinx=x*sinx +C .. (D

i
Substituting y=0and x= ) in equation (1), we get

=[5 f3)e

4
Substituting the value of C in equation (1), we get

or C=

. 2 . TCZ
ysinx= X SIHX—T

2

or y=x" = (sinx #0)

4 sinx

which is the particular solution of the given differential equation.

Example 23 Find the equation of a curve passing through the point (0, 1). If the slope
of the tangent to the curve at any point (x, y) is equal to the sum of the x coordinate
(abscissa) and the product of the x coordinate and y coordinate (ordinate) of that point.

d
Solution We know that the slope of the tangent to the curve is _y‘

dx
Theref d
erefore, ik + xy
dy
——Xy = .. (1
or PR (D
L . . , dy
This is a linear differential equation of the type I +Py=Q, where P=—xand Q =x.
Therefore, I.F= «eI TE _e 2
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Hence, the solution of equation is given by

y-e%2 = J(x) (e;;z )dx+C

7x2

Let I= j(x) ¢ 2 dx

2
Let%=t,then—xdxza’torxdxz—a’t.

Therefore, 1= —Je’ dt=—e'=—¢ 2

Substituting the value of I in equation (2), we get

- -
Ye? = o2 +C
X2
or y=—-1+Ce?

413

. (2)

. (3)

Now (3) represents the equation of family of curves. But we are interested in
finding a particular member of the family passing through (0, 1). Substituting x =0 and

y =1 in equation (3) we get
I1=—1+C.e" or C=2

Substituting the value of C in equation (3), we get

y=—1+2e?

which is the equation of the required curve.

EXERCISE 9.6
For each of the differential equations given in Exercises 1 to 12, find the general solution:
dy - dy o dy y_
1. —+2y=sinx 2. —+3y=e o2 4l=x
dx g dx Y 3 dx x
4. ﬂ+(secx)y=tanx 0<x<Z 5. coszxﬂ+y:tanx 0<x<X
dx 2 dx 2
6. xﬂ+2y=x210gx 7. xlogxﬂ+y=zlogx
dx dx X

8. (1 +x»)dy+2xydx=cotxdx(x=0)
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9.

11.
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xﬂ+y—x+xycotx:0 (x=20) 10. (x+y)ﬂzl
dx dx

d
ydi+ (x-y)dy=0 12. (X+3y2)d—z=)f (y>0).

For each of the differential equations given in Exercises 13 to 15, find a particular
solution satisfying the given condition:

13.

14.

15.
16.

17.

18.

19.

d . T
—y+2ytanx:smx; y=0 when x:E

X

(1+x2)ﬂ+2xy: ! 53 y=0 when x=1
dx 1+x

dy . T

— —3ycotx=sin2x; y=2 when x=—

dx 2

Find the equation of a curve passing through the origin given that the slope of the
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of
the point.

Find the equation of a curve passing through the point (0, 2) given that the sum of
the coordinates of any point on the curve exceeds the magnitude of the slope of
the tangent to the curve at that point by 5.

d
The Integrating Factor of the differential equation X d_fc —y=2x"is
1

(A) e~ (B) e © . (D) x
The Integrating Factor of the differential equation
(1—)72)@4' VX = ay(—1< y< 1) is

dy

1 1

1 1
(A) v -1 (B) [y» —1 © -y (D) fi—y?

Miscellaneous Examples

Example 24 Verify that the function y = ¢, e™ cos bx + ¢, e* sin bx, where ¢, ¢, are
arbitrary constants is a solution of the differential equation

2
d—g—Zaﬂ+(a2+b2)y=O
dx dx

2022-23



