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dy

—+y-x+xycotx=0 (x=0) 10. (x+y)ﬂ=1
dx dx

9. X

11. ydx+ (x—y3) dy=0 12. (X+3y2);—d§=y (y>0).

For each of the differential equations given in Exercises 13 to 15, find a particular
solution satisfying the given condition:

13. %+2ytanx=sinx;y:0 when x=g

d 1
14. (1+ xz)d—i+2xy=m; y=0 when x=1

15. Q—Sycotx=sin2x; y=2 when x="
dx 2

16. Findtheequation of acurve passing through the origin given that the slope of the
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of
the point.

17. Findtheequation of acurve passing through the point (O, 2) given that the sum of
the coordinates of any point on the curve exceeds the magnitude of the slope of
the tangent to the curve at that point by 5.

d
18. The Integrating Factor of the differential equation Xd—i— y=2%"is
1

(A) e (B) e © % (D) x
19. TheIntegrating Factor of the differential equation

- yz)%wx =ay(1y Dis

dy
1

1 1 1
(A) y2 1 (B) /yZ -1 (C) 1— y2 (D) /1_ y2

Miscellaneous Examples

Example 24 Verify that the functiony = ¢, €* cosbx + ¢, € sin bx, wherec,, c, are
arbitrary constantsis asolution of the differential equation

dzy dy 2 2
——-2a—+\a"+b°)y=0
o ( )y
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Solution Thegiven functionis
y = €*[c, cosbx + c, sinbx] - Q)
Differentiating both sides of equation (1) with respect to x, we get

;—di = €™ —bc;sinbx bc,cosbx ¢ cosbx c,sinbx e a

o ;_di = e*[(bc, +ac,)coshbx + (ac, —bc))sinbx] - (2

Differentiating both sides of equation (2) with respect to x, we get
2

d
ngeax[(bc2 ac)( bsinbx) (ac, bc) (bcosbx)]

+ [(bc, +ac,) cosbx+ (ac, —bc) sinbx] e™.a
= e™[(a’c, — 2abc, —b®c,) sinbx + (a® ¢, + 2abc, —b?c;) cosbx]
2

d°y dy

3 dx and y in the given differential equation, we get

Substituting the values of

LH.S

e*[a’c, — 2abc, —b?c,) sinbx+ (a’c, + 2abc, —b?c,) cosbx]

2ae™[(bc, ac)cosbx (ac, bc)sinbx]

2

(@®> b?*)e™[c,cosbx c,sinbx]

x (a2C2 —2abg, —b®c, - 2a’c, + 2abg, +a’c, +b2c2)sinbx
e
+(@®c, +2abc, —b?c, — 2abc, — 2a’c, +a’c, +b’c, ) cosbx

= e*[0xsinbx+0cosbx] =€*x0=0 =R.H.S.
Hence, the given function isasolution of the given differential equation.

Example 25 Form the differential equation of the family of circles in the second
guadrant and touching the coordinate axes.

Solution Let C denote the family of circles in the second quadrant and touching the
coordinate axes. Let (—a, a) be the coordinate of the centre of any member of
thisfamily (seeFig 9.6).
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Equation representing thefamily Cis

x+a2+(y-a2=a (1) X
or xX+y*+2ax—2ay+a’=0 .. (2)
Differentiating equation (2) with respect to x, we get (-a, a)
2X+ 2yﬂ+2a—2aﬂ =0 X' ) >X
dx dx
o = o)
X+y— =al—-1
o de dx v
! Y’
or a= XTyy Fig9.6
y-1
Substituting the value of ain equation (1), we get
x+yy x+yy T x+yy
XYY y— yy _ yy
y-1 y' -1 y' -1
or DY =x+x+yyP+yy -y-x-yyP=[x+yy]
or (X+yPy?+[x+yP?=[x+yy]
or x+y)?[y)?+1 =[x+yy]?
whichisthe differential equation representing the given family of circles.

Example 26 Find the particular solution of the differential equation log (;ﬂ) =3x+4y
X

giventhat y = 0when x = 0.

Solution The given differential equation can be written as

= g3+ 4)

gle gle

or =ex. eV . (D)
Separating the variables, we get

ﬂ—e?»( dX

eV

Therefore J. e Ydy= J. e*dx
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or = +C
3

or 4e*+3e¥+12C=0
Substitutingx=0and y = 0in (2), we get

4+3+12C=00orC=—
3 or 12

Substituting the value of Cin equation (2), we get
4e>* + 3e¥-7=0,
whichisaparticular solution of the given differential equation.

Example 27 Solve the differential equation

(xdy—ydx)ysn (%) = (y dx + x dy) x cos (%)

Solution The given differential equation can be written as
{x ysin(zj - cos(zﬂ dy = [xycos(zj +y°s n(zﬂ dx
X X X X
dy xycos(i) +y?sin (ij

or d_ =
X xysin(y) - X cos(yj
X X

Dividing numerator and denominator on RHS by X2, we get
2
y y Y lgnl Y
=cos| > [+| 25 |sn| =
d _ x (Xj (XZJ (x)

ox ysin(yj - cos(yj
X X X

dy

Clearly, equation (1) isahomogeneous differential equation of theform —==

dx

To solveit, we make the substitution
y = VX

or —— = V4+ X—
ax
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dv  Veosv+visinv

or VX = T dnv— cosv (using (1) and (2))
dv 2v cosv
or X—=———————
dx vsinv-cosv
(vsinv—cosvj 2 dx
or — |dv=—
VCOSV
vsinv —cosv 1
Therefore J.(—] dv =2 I —dx
VoSV X
1 1
tanvdv—| =dv = 2| —dx
or ] Jyav=2]%
or loglsecvi —log|v| = 2log|x|+log|C, |
log > | =log|C
or 2| = loglCl
or Y . C 3
VX2 - - 1 e
. y . .
Replacing v by > n equation (3), we get
=(})
y—x =Cwhere, C=+C,
(Yo
X
or sec(%) =Cxy
whichisthe general solution of the given differential equation.
Example 28 Solve the differential equation
(tanly —x) dy = (1 + y?) dx.
Solution The given differential equation can be written as
dx X tanly
= . (1)

—_ J’_ =
dy 1+y?  1+y?



