DIFFERENTIAL EQUATIONS 409

Seps involved to solve first order linear differential equation:

d

(i) Write the given differential equation in the form X

+Py=Q where P, Q are
constants or functions of x only.

(i) Find the Integrating Factor (I.F) = ¢ P%.

(i) Writethe solution of the given differential equation as

y(F)= QxIFdx C

dx
In case, the first order linear differential equation is in the form d_y+ PX=Q,

where, P, and Q, are constants or functions of y only. Then I.F = ¢ %% and the
solution of thedifferential equationisgiven by

x. (LF) = [(Qx1.F)dy+C
Example 19 Find the general solution of the differential equation %_ Yy = COSX.-
X

Solution Given differential equation isof theform
dy

vl Py=Q,whereP=-1and Q = cosx
ldx X
Therefore I.F=¢€ €
Multiplying both sides of equation by |.F, we get
e*"ﬂ—e’xy = e*CcoSX

dx

dy (e o
or —(ye™)=e*cosx

- ve)

On integrating both sides with respect to x, we get
yex = Iefxcosxdx+C )

Let | = je‘x cosx dx

= cosx( e‘;j - _[(—si nx) (—e ) dx



410 MATHEMATICS

= —cosxe* —_[sin xe X dx
= —cosxe* —[sin X(—e™) - Icosx (-7 dx]

= —cosxe * +§nxe‘x—jcosx e X dx

or | =—e>Xcosx+snxe*—|
or 2l = (sin X — cos X) e*

_ (sinx—cosx)e*
- 2
Substituting the value of | in equation (1), we get

SINX—COSX ) _y
y€X=(Tje +C

or |

or y= (S|nx—zcosxj+CeX

whichisthe general solution of the given differential equation.

Example 20 Findthegenera solution of thedifferential equation X% +2y=x* (x20),

Solution Thegiven differential equationis

dy
X—+2y = x2
™ Yy =X .. (D)
Dividing both sides of equation (1) by x, we get
dy 2
_+_ =
dx X y =X

2
whichisalinear differential equation of thetype;—diJr Py=Q, where P=; and Q=x.

S 1F= Jro= emx= €9 =x[as e @ = (x)]
Therefore, solution of the given equationisgiven by
y.x=[0) () dx+C = [Xax+C

2
or y= XI+CX_2

whichisthe general solution of the given differential equation.
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Example 21 Find the general solution of the differential equation'y dx — (X + 2y?) dy = 0.
Solution The given differential equation can be written as

dx x

— =2
dy y

L , : . 1
Thisisalinear differential equation of thetype ?-‘r Px=Q,,where B =—§ and
y

1
_7dy ”
Q, = 2y. Therefore I.F= ej v _gtoay gyt 1
y

Hence, the solution of the given differential equationis

NS e (%)dy+c

y
X
or —:J(Zdy)+C
y
> 2y +C
or A A
y y
or X=2y?+ Cy

whichisageneral solution of the given differential equation.

Example 22 Find the particular solution of the differential equation

ﬂercotx =2x+ x% cot X (x # 0)
dx
given that y = 0 when x=g.

d
Solution The given equation isalinear differential equation of the type d—i +Py=Q,

where P = cot x and Q = 2x + x2 cot x. Therefore

cot x dx log sinx

l.LF=e e sinx
Hence, the solution of the differential equationisgiven by
y.sinx=J(2x+ x2 cot x) sinx dx + C
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or ysinx=J2xsinxdx + |x¢ cosx dx + C
2 2
or ysinx= sinx(zij—jcosx(ziJ dx+_|'x2 cosx dx+C
2 2
or ysinx= xzdnx—fxzcosxdx+jx2cosxdx+C
or ysinx=x?sinx+C .. (D)

Substituting y = 0 and X=g in equation (1), we get

2
0= (Ej gn(ﬁ)w
2 2
4
Substituting the value of Cin equation (1), we get

2
. . T
ysinx= xzsmx—7

or C=

2

or y= X - (sinx = 0)

4sinx
whichisthe particular solution of the given differential equation.

Example 23 Find the equation of a curve passing through the point (0, 1). If the slope
of the tangent to the curve at any point (X, y) is equal to the sum of the x coordinate
(abscissa) and the product of the x coordinate and y coordinate (ordinate) of that point.

Solution We know that the slope of the tangent to the curveis & .

dx
dy _
Therefore, i X + Xy
&
or oYX - (D
dy

Thisisalinear differential equation of thetype —+Py=Q , whereP=—xand Q=x.

dx

X2

Therefore, | F=ed *®-e2
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Hence, the solution of equation isgiven by

—X X

y-eTz = j(x)(e_zz)dx+C .. (2)

Let 1= e%dx

2
Let %zt,then—xdxzdtorxdxz—dt.

Therefore, | =—[ddt=—¢ =—¢ 2
Substituting the value of | in equation (2), we get
- X2
y e 2 = eT + C
or y=-1+Ce2 . (3)

Now (3) represents the equation of family of curves. But we are interested in
finding aparticular member of the family passing through (0, 1). Substituting x=0and
y = 1inequation (3) we get

1=-1+C.€& or C=2
Substituting the value of Cin equation (3), we get

XZ

y=-1+2e?
which isthe equation of the required curve.
EXERCISE 9.6|
For each of the differential equationsgivenin Exercises 1to 12, find the general solution:
dy : dy -2x dy y_.»
—+2y=8nx —+3y=¢€ —+==X
= dx Y = dx Y 3 dx X
4. ﬂ+(secx)y=tanx(0§x<£) 5. coszxﬂ+y:tanx (O£x<£)
dx 2 dx 2
6. xﬂ+2y=leogx 7. xlogxﬂer:glogx
dx dx X

8. (1+x3dy+ 2xydx=cotxdx (x=0)



414  MATHEMATICS

dy

—+y-x+xycotx=0 (x=0) 10. (x+y)ﬂ=1
dx dx

9. X

11. ydx+ (x—y3) dy=0 12. (X+3y2);—d§=y (y>0).

For each of the differential equations given in Exercises 13 to 15, find a particular
solution satisfying the given condition:

13. %+2ytanx=sinx;y:0 when x=g

d 1
14. (1+ xz)d—i+2xy=m; y=0 when x=1

15. Q—Sycotx=sin2x; y=2 when x="
dx 2

16. Findtheequation of acurve passing through the origin given that the slope of the
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of
the point.

17. Findtheequation of acurve passing through the point (O, 2) given that the sum of
the coordinates of any point on the curve exceeds the magnitude of the slope of
the tangent to the curve at that point by 5.

d
18. The Integrating Factor of the differential equation Xd—i— y=2%"is
1

(A) e (B) e © % (D) x
19. TheIntegrating Factor of the differential equation

- yz)%wx =ay(1y Dis

dy
1

1 1 1
(A) y2 1 (B) /yZ -1 (C) 1— y2 (D) /1_ y2

Miscellaneous Examples

Example 24 Verify that the functiony = ¢, €* cosbx + ¢, € sin bx, wherec,, c, are
arbitrary constantsis asolution of the differential equation

dzy dy 2 2
——-2a—+\a"+b°)y=0
o ( )y



