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20. Inabank, principal increases continuously at the rate of r% per year. Find the
value of r if Rs 100 doubleitself in 10 years (log,2 = 0.6931).

21. Inabank, principal increases continuously at the rate of 5% per year. An amount
of Rs 1000 is deposited with this bank, how much will it worth after 10 years
(e"5= 1.648).

22. Inaculture, the bacteriacount is 1,00,000. The number isincreased by 10%in 2
hours. In how many hourswill the count reach 2,00,000, if the rate of growth of
bacteriais proportional to the number present?

dy

23. Thegenera solution of the differential equation Pl e is
X
(A) ee+ev=C (B) e+e=C
C) ex+e=C (D) ex+e¥y=C
9.5.2 Homogeneous differential equations
Consider thefollowing functionsin x and y
F (% y) =y + 2y, F, (X, y) = 2x =3y,
_ y —
F,(%y) = COS(;), F, (X, y) =sinx + cosy

If wereplace x and y by Ax and Ay respectively in the above functions, for any nonzero
constant A, we get

F, (X, Ay) = A% (y* + 2xy) = A2 F (X, Y)
F, (A, Ay) = A (2x=3y) =L F, (X, y)
_ AN Y _

F, (Ax, Ay) = COS(EJ = COS(;) =2\ F (%)

F, (A, Ay) =sin Ax + cosAy # A" F,(x, y), forany ne N

Here, we observe that the functions F,, F,, F, can be written in the form
F(Ax, Ay) = A" F (X, y) but F, can not be writtenin thisform. Thisleadsto thefollowing
definition:

A function F(x, y) is said to be homogeneous function of degree n if

F(Ax, Ay) = A" F(x, y) for any nonzero constant A.

We note that in the above examples, F, F,, F, are homogeneous functions of
degree 2, 1, O respectively but F, is not ahomogeneous function.
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We also observe that

or Fx,y)=Y

FXxy) = (Z—Q

X
: ool
F(xy) = X cos(%j hs[%j

F,(x y) # X he[ j foranyne N

or F,(xy) # ynh{;],foranyne N

Therefore, afunction F (X, y) is a homogeneous function of degree n if

reon=ff) @ ()

A differential equation of the form ﬂz F (x, y) issaid to be homogenous if

dx
F(x, y) isahomogenous function of degree zero.

To solve ahomogeneous differential equation of the type

s o)

dx
We make the substitution y=V.X
Differentiating equation (2) with respect to x, we get
ﬂ = V+ Xg
adx dx

Substituting the value of (;—di from equation (3) in equation (1), we get

(D)
(2

. ()
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v+ x% =g(v)
dx
or Xg =g(v) —v .. (4
dx
Separating the variablesin equation (4), we get
> & ©)
gv)-v X
Integrating both sides of equation (5), we get
dv 1
jg(v)_v = j;dx+c .. (6)
Equation (6) givesgeneral solution (primitive) of the differential equation (1) when

we replace v by X.
X

If the homogeneous differential equation is in the form g—; =F(x,Y)

where, F (X, y) is homogenous function of degree zero, then we make substitution

X_y i.e., X = vy and we proceed further to find the general solution as discussed

above by writing & F(x,y) = h(f}
dy y

Example 15 Show that the differential equation (X—Y) ;—di =X+ 2y ishomogeneous
and solveit.
Solution The given differential equation can be expressed as
ﬂ _ X+2y
dx  x-y @
X 2y
Let F(x,y) =
(*y) =~ y
2
Now F(AX, Ay) = X2 F(xy)

(xy)
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Therefore, F(x, y) isahomogenousfunction of degree zero. So, thegiven differential
equationisahomogenous differential equation.

Alternatively,
2y
o | Zx | gfy) o
dx 1=y X
X
R.H.S. of differential equation (2) isof theform g % and soitisahomogeneous

function of degree zero. Therefore, equation (1) isahomogeneousdifferential equation.
To solve it we make the substitution

y = VX .. (3)
Differentiating equation (3) with respect to, x we get
dy dv
— = V+X—
X i .. (4
L dy .
Substituting the value of y and i in equation (1) we get
dv 1+2v
V+X— =
dx 1-v
dv  1+2v
or X— = -
dx 1-v
e N vVVov o1
dx 1 v
v 1 dx
dv =
o vVov o1 X
Integrating both sides of equation (5), we get
—2V ! dv = g
v v 1 X
L2038 gec
o 2 v v 1 =-log x|+ C,
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1 2v1 3
= av — dv log|x| C
o 2 Vvl 20V 1 alx| G
or lIog|v2 v 1 3 1 ~dv  log|x| C
2 2 12 3
V — -
2 2
1 3 2 2v 1
Zlog|Vv? v 1] =.Ztan! == log| x
or > g| | 2 /3 NE gl x| C
1 1 2v 1
Zlog| v 1 Zlogx* J3tan' = C Why?
or > g[v? v 1 5 logx V3 7 1 (Why?)
: y
Replacmgvby;,weget
1 1y y ‘ 1 L 2y X
—logl—~ = 1| —=logx 3tan C
or > 9X2 s 5 g NE J3x 1
1Ly vy ) 1 2y +X
=log|| = +=+1|x"|=+/3tan +C
or 2 g(xz X j \/7 \/§x 1
or log|(y? + xy + x?)| = Z@tan‘l(zjgxxj +2C,
o Iog|(x2+xy+y2)|:2\/§tan‘l(x+2yj+c
3x
whichisthe general solution of the differential equation (1)
Example 16 Show that the differential equation XCOS(%]%ZyCOS(%deX is

homogeneous and solveit.

Solution The given differential equation can be written as

y

% _ yCos(ijij o

X COS(
X
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Itisadifferential equation of the form %:F(x, y) -
X

yoos{ ¥ +x
Here F(xy) = et
X cos(yj
X
Replacing x by Ax and y by Ay, we get
Al ycos(y}r X]
F(AX, Ay) = = A" [F(x, Y]

x(xcosyj
X

Thus, F(x, y) isahomogeneous function of degree zero.

Therefore, the given differential equation isahomogeneous differential equation.
To solve it we make the substitution

y = VX .. (2
Differentiating equation (2) with respect to x, we get
dy dv
— = V+ X—
o i .. (3)
. dy .
Substituting the value of y and i in equation (1), we get
dv  vcosv+1
VEX— = ——— =
dx Ccosv
dv  vcosv+1
or X— = ———-V
dx cosv
dv 1
or X— = ——
dx  cosv
dx
or cosv dv = o

1
Therefore j cosvdv = .[ ; dx



