56.

57.

58.

59.
60.

61.

62.

63.

64.

65.

66.

67.

In any A4BC, prove that -
a?-b? N sin 4'sin B
2 sin (4 - B)
If the angles of triangle and 30° and 45° and the in-
cluded side is (\/5 + 1) cm., thén prove that the area of

A=

the triangle is %(\/5 +1) cm?.

In a AABC, prove that

o g)ren (8o (§

cot A+cot B+cotC

__(£+b+c)2
a+b’+c?

2

If in a AABC, prove that A<%.

If o, f3, yare the lengths of the altitudes of a AABC, then

prove that
1 1 1 1
— +—5+—5=—(cot A+cot B + cot C)
a° Byt A

Ifp,, p,, p, are the altitudes of a triangle from the verti-
ces A, B, C and A be the area of the A4BC, prove that

1 1 1 ~ 2ab 'z(c)
X CcOos E

— + — — —
(a +b+c)XA
Ifa, b, c and d are the sides of a quadrilateral, then find

P P2 P
\ 2
the minimum value of %

Ina AABC\ if cos 4 + cos B + cos C = —?3-; then the tri-
angle is equllateral 2

In a APQR, if sin P, sin Q, sin R are in AP then prove
that its altitude are in HP

InaA4BC, A=(6+2y3)squ
and ZB=45°a=2(y3 +1), then
prove that the side bis4

If the angles of a triangle are 30° and 45° and the in-
cluded side is (v/3 +1), then prove that

ar(AABC) = %(\E +1) sq.u

The two adjacent sides of a cyclic quadrijateral are 2
and 3 and the angle between them is 60. If the area of
the quadrilateral is 4+/3 , then prove that the remaining
two sides are 2 and 3 respectively.

68.

The median 4D of a AABC is perpendicular to AB.
Provethattan 4 +2tan B=0

69.

70.

71.
72.
73.
74.
75.

76.

71.

78.

79.

-80.

81.

82.

83.

Solution of Triangle

If D be the mid point of the side BC of the triangle ABC
and A be its area, then prove that
2_ 2
cot 6 =

, where ZADB =60

InaA4BC,ifa=18 cm, b=24 cm and ¢ = 30 cm, then
find its circum-radius '
In an equilateral triangle of side 24/3 cm, then find the
circum-radius.
If the length of the sides of a triangle are 3, 4 and 5
units, then find its circum-radius R,
If 8R? = @* + b + ¢, then prove that the tnangle is nght
angled
In any AABC, prove that a cos A + b cos B+ ccos C=
4Rsin4dsinBsinC
In any AABC, prove that

D=2R*sinA4sinBsin C
In any A4BC, prove that,

sin4  sinB LsmC_ 3
a b c 2R
In any A4BC, a, b, c are in AP and p,, p, and p, are
the altltudes of the given triangle, then prove that,

1 1 3R

, 1,1 L3R

p p ops A
If p,, p, and p, are the altitudes of a AABC from the

vertices 4, B and C respectively. then prove that
1 1 1 1

— ==

o popyr
If p,, p, and p, are the altitudes of a AABC from the
vertices 4, B and C respectively. then prove that
cos 4 cosB cosC 1

n Pt P
In an acute angled A4BC, prove that

cosC 1 .

WR- 2R

If p,, p, and p, are the altitudes of a A4BC from the
vertices 4, B and C respectively. then prove that

a’b*c?
8R’

If p,, p, and p, are the altitudes of a A4BC from the
vertices 4, B and C respectively. then prove that

by oy aps _aHb 4

c a b 2R
O is the circum-centre of AABC and R, R, and R, are
respectively the radii of the circum-centre of the tri-
angles' AOBC, AOCA and AOAB, prove that

a b abc

T 3

P\PrD3=



84.

85.

87.

88.
89.

90.
91.

92.

93.

94,

9s.

96.

97.

98.

99.

100,

In an acute angled A4BC, prove that
asec A+bsec B+csecC _
tan 4 tan B tan C

In any A4BC, prove that
(acos A+bcosB+ccos C)=4Rsin 4 sin Bsin C

2R

. InaAABC,ifa=4cm, b= 6 cmand ¢ = 8 cm, then find

its in-radius.

If the sides of a triangle be 18, 24, 30 cm, then find its
in-radius.

If the sides of a triangle are 3 : 7 : 8; then find R : r.
Two sides of a triangle are 2 and 3 and the included

angle is 30°, then prove that its in-radius is %(\/3 -1).

In an equilateral triangle, prove that R = 4r
In a AABC, prove that

In a A4BC, prove that
cos A +cosB+cos C= (1+%).

In a A4ABC, prove that
sind+sinB+sinC= £=A
R Rr

In any A4BC, prove that a cot A + b cot B+ c cot C =
2(r+R) :
In a AABC, prove that

asec A+bsec B+csecC _

2tan 4-tan BK -tan C
In a A4ABC, prove that

(b+c) tan (;) +(c+a)tan (g) +(a+b)tan [%J

=4(r+R)
In a A4BC, if C =90°, prove that

—;-(a+b)=R+r

In any A4BC, prove that

cos? (ﬁ) + cos? (E) + cos? (E) =2+ L
2 2 2 2R

If the distances of the sides of a triangle ABC from a
circum-center be x, y and z respectively, then prove that
a b c¢ abc
—+—t—=—
x y z 4yz
If in a AAABC, O is the circum center and R is the cir-
cum-radius and R,, R,, R, are the circum radii of the
traingles AOBC, AOCA and AOAB respectively, then
prove that ‘

a b ¢ abc

—t—t—=—

R R, R PR

101.

102.

103.

104.

105.

106.

107.

108.
109.
110.

111.
112.

113.

114.

115.

116.

117.

118.

119.
120.

Solution of Triangle

If p,, p,, p, are respectively the perpendiculars from the
vertices of a A to the opposite sides, then prove that
B (abc)?
pl'pZ'p3_ 8R3 :

Find The bisectors of the angles of a AABC

InaAABC,ifa=18 cm, b= 24 cm, and ¢ =30 cm, then

find the value of 7, 7, and ,

In a triangle A4BC, prove that l + l + l = l , Where
h n n r

ris in radius and R , R, R, are exradii.

In a AABC, prove that

b-c c¢c-a a-b
+ + =

0
! n €]
InaAdBCif 2= = ti ,then prove that a, b, ¢ are
in AP s—a a-b
In a triangle if (l - r—‘]( - ﬁ—) =2, prove that the
R ]
triangle is right angled.

In a triangle A4BC, prove thatr, +r,+r, —r=4R
In a triangle A4BC, prove thatr;r, + r,r, + r,r, = §*
In a triangle A4BC, prove that 7, +r,—r, +r=4R cos
o P
If 7, r,, r, are in HP, then prove that a, b, ¢ are in AP.
In a triangle 4BC, if a, b, c are in AP as well as in GP
then prove that the value of (r—’ by 10) is 10.

' By iiry
In a triangle A4BC, prove that

1, 1,1, 1 _a+b+c
’,12 r22‘ r32 2 A2

In a triangle A4BC, prove that (r, — r)(r, - r)(r, - 1) =

4r’R o

If r, <r,<r, and the ex-radii of a right angled triangle

3+417

2
Two sides of a triangle are the roots of x2 — 5x + 3 = 0.

andr,=1,r,= 2,“then prove that r;=

If the angle between the sides is Z then prove that the
value of 7. R is 2/3. 3

In an isosceles triangle of which one angle is 120°, cir-

cle of radius /3 is inscribed, then prove that the area

of the triangle is (12 + 7\/3) sq. U

Ifin atriangler =r —r, -

angle is right angled.

Ina AABC,prove thatr.r, .r,.7,= A
(itn) _ (pt+n) _ (n+n)

14cosC 1+cosd 1+cosB’

r,, then prove that the tri-

Prove that




121.

122.

123.

124.

125.

126.

127.

128.
129.

130.
- and r be the circum-radius and inradius, then prove that

131.

132.

133.

134.

135.

136.

. 1 1)1 1)1 1 16R
Provethat| ——— [l ~—— || === |= 57—
r n)\r p)\r ) ri(a+tb+c)

1 1)1 1)1 1) 64R°
Provethat | =+— || —+— | —+t—|= 3
n nh)\n Bn)\n n) (abe)

Ina A4BC , prove that
rPPrt+rt+ i =16R* = (a* + b2+ c%)
In a AABC, prove that

(n+ ) +r)r+n)

=4R
(i, + 13+ 131)

If4, A, ... A, be the consecutive vertices of a regular
hexagon inscribed in a unit circle. Then find the prod-
uct of length of A 4,, A A, and 4 A,.

If the Area of circle is 4, and area of regular pentagon

inscribed in the circle is 4,. Find the ratio of area of

two.

Let 4, 4, A,, A, and 4, be the vertices of a regular
pentagon inscribed in a unit circle taken in order. Show
that A 4, x A4, = /5 .

The sides of a regular do-decagon is 2 ft. Find the ra-
dius of the circumscribed circle. ' '

A regular pentagon and a regular decagon have the
same perimeter. Find the ratio of its area. |

If 2a be the sides of a regular polygon of n-sides. R

r+R=acot(—”—).
\2n

A regular pentagon and a regular decagon have the
same area, then find the ratio of their perimeter.

If the number of sides of two regular polygon having
the same perimeter be n and 2n respectively, prove that
their areas are in the ratio ‘

2 cos [Z) (1 + cos(zj)
n n
Let 4,4, A,, .........., 4 be the vertices of an n-sided

1 1
= +——, then
A4, Ady A4,

regllar polygon such that
find the value of n.

If4,4 ,4,,4,aretheareas ofincircle and the ¢x-circles of

1 1 1 1
+ b=
¢ & T
If the perimeter of the circle and the perimeter of the
polygon of n-sides are same, then prove that the ratio
of the area of the circle and the area of the polygon of
n-sides is tan (iz-):zE
n)n
Prove that the sum of the radii of the circle, which are
respectively inscribed in and circum-scribed about a

a triangle, then prove that

regular polygon of n-sides, is -%cot (%J

Solution of Triangle



b
KxsinCxZx2
YR
2
1 )
=—XabsinC
2
=A
b c

57. Aswe know that, —— = —— = —
sind sinB sinC
3+) b ¢
sin (105°) ~ sin 45°  sin 30°
WB3+D)_ b ¢
cos (15°) " sin45°  sin30°

WB+)_b _c
B+l L1
Wz 2 2
= 2W2=b2=2c

= b=2andc=+2
Hence, the area of the tn'angle is= lbc sin 4

=%x2x«/§><sin(105°)

3+l
232

=-§-x2x«/_2_><

= —————-(ﬁ 1) s.u.
2
58. We have
cot A + cot B+ cot C
_cosA4 cosB
“sind  sinB

cos C
sin C

B’+c’-a’ r+a’-b? a*+b-c

2

2be 2ac___ 2ab
ak bk . ck

BP+ct-a? F+a*-b d*+b*-c*

+ —

2abck 2abck 2abck
_ a2 +b*+c?

2abck
__(@+b+ Y

4 x (%ab) x sin C
_(@+b*+ )
4xA

A B C
Also, cot (—) + cot (—) + cot (—)
\2 2 2

_(a+b+o) 4
(b+c—a)XCOt(2)

..()

...(ii)

59.

60.

61.

Solution of Triangle

Dividing (ii) by (i), we get

cot(£)+cot(£)+cot(£) .
2 2 2) s

cot (d)+cot (B)+cot (C)  4(a*+b*+c?)

el Z)e(ZD)_gereer

cot (4)+cot (B)+cot (C)  (a*+b*+c?)
Let a, b, and c are the sides of a triangle and s be the
semi perimeter.
Let the four quantities are s, (s — a), (s — b) and (s — ¢)
Applying, AM > GM, we get
s+(s—a)+(s-b)+(s—c¢)
4

> 4s(s - a)s —b)s—c)
L bo@rhro, g

=

- 1
- 4s ZSZ(A)Z
s 1
= —=2(A)?
5 (4)
2
= A<s—
4

LetAD=q,BE=Band CF=y
Then,A=%xaxAD=%xbeE=%xchF

= ap=22 pp-28 cr-22
a b c
20 , 2A  2A
= a=_aﬁ=_ay_
a b c
11 1
Now, —+—+—
_ a2 s b2 . (:2
4A?  4AP 4N°
_(@*+b*+ )
4A?
_L @+b+c%)
A 4A

=%x(cotA+cotB+cotC)

_(cot A+cot B+cot C)
A

Hence, the result.
Let AD=p,, BE=p, and CF =p,

1 1 1
Then, A=5><axp1=5><b><p2=-2—xcxp3

24 2A

= P1=79P2=T,P3——c-

15



62.

63.

Now,
1 1 1 4 b ¢

—_—t—

h D D3

+
2A 2A 2A
(a+b )]
2A
_(@a+b+c-2c)
- 2A
_(25s-2¢)
——ZA
_(-0)
A
=2abXs(s—c)xL
Axs - 2ab
_ 2ab ><s(s—c)
AXxs 2ab

2ab 2 (C)
=—Xcos°| —
(a+b+c)A 2
We have

(@-by+(b-c)l+(c-dy=20

2(a* + b* + %) 2 2(ab + be + ca)

3@+ + A2 (@+ b+ )+ (2ab + be + ca)
@+ b +cd)>(a+b+c)P>d
3@+ b2 +c?)

>1

L A

U,
l
l

d’ 2, 2
Thus, the minimum Value of %;6)-— is %
We have

cosA +cosB+co

Q
N]w

=  Ais an equilateral.

64. Here,

11.
ZXqXPz=5x’xP3

2A 2A 2A
=—,q=—,r=—
I3 Py D3

1
A=—XpXp ==
2 pPXD

Solution of Triangle

From sine rule of a triangle,

sinP _sinQ _sinR

p q r
Given sin P, sin Q, sin R are in AP
= p,q,reAP

2A 2A 2A < AP

b Pz D3

65. InAABC, A= % X ac sin (£B)

1 1
= (6+2\/§)——X2(~/§+1)XC><—5

f(6+2f)
T WB+)

_23V2(3+)
(\/—+1) ‘

= c=2x/5
al+ct-p?
2ac
1 _ 4B+ +24-0°
27 22(B3+1)-2J6
= 4B+ +24-b=8V3(\3 +))
= 4(@4+233)+24-b=83+B3)
= b=16
= b=4
66. Let ZB=30°, LC=45°
So, Z4 = 180° — (30° + 45°) = 105°
From sine formula, we can write
a _ b
sin (105°) "~ sin (30°) " sin (45°)
W) _b_ e
B+ 1L
[M) 2 2
N2 =2b=c\2
b=\/5,c=2

Thus, area of triangle 4BC 1s

Now, cos B=

= -l-bc sin A

*

=%x2x\/§xsin(105°)

; x 2% 42 x [‘/:/;1)
=(\/§2+1)s.u.

67. Suppose, AC=2,4AB=5,BC=x,CD=yand ZBAD=

60°

16



Area of AABC = % .5.2.5in (60°)

5B
2
Also, from A4ABC,
_ > 12
2:5-2
_29-BD*
20
29-BD* _1
20 2
= BD*=19
= BD=419

Since 4, B, C, D are concyclic, so
ZBCD = 180° — 60° = 120°

Then, from ABCD, -
2, .2 2
cos (1207 = 2122 (19
2xy
2, .2 2
N X +E —f\/l_9) ‘______1_
ny 2
2, .2 2
= XTIy -WI) —(‘\/1_9):_1
D «
= P+y+axy=19
Again, area of ABCD
1 BB
=—.x.y._=—._
2 2 4

Thus, area of quad. ABCD = 4\/5 !

= x=6 .
From (i),( we get

¥+yP=13
o= x=3,y=2

Solution of Triangle

68. Since AD is the median, so BD: DC=1:1
4 '

B D c

Clearly, ZADC =90° + B.
Now, applying m : n rule, we get,

(1+1) cot(90° + B) =1 - cot(90°) — 1 - cot(4 — 90°)

= -2 tan B=0—(—tan 4)
= 2tanB=tan4

= tand+2tanB=0
Hence, the result.

,i, —1-, 1 €AP
b P2 D
=  PyPyD; € HP
Thus, the altitudes are in HP
69. o ‘

A

C D B
Bym:nrule, weget o

(1+1)cot@=1-cotC—1-cotB
= 2cotf=cotC—cotB
a?+b2-c? a2+'c2—b?

= 2cotf== - i e
2absin C 2absin B
L 2etgodttod @rc-d
4A 4A
- 2_ 2
= 200t6=M
4A
22
= cot0=(b )
4A

Hence, the result.

70. Clearly, the triangle is right angled.
(- 182 +242=30%
Thus, the area of the triangle

=%x24x18=12x18.

Therefore, the circum-radius
=R
_abe
T 4A
_ 18x2’4><30‘___15
4x12x18

17



71. As we know that,

) 3
sin 4
=  2R= 23
sin (60°)

Hence, the circum-radius is 2.

72. Leta=3,b=4andc=>5
Clearly, it is a right angled triangle
Thus, A=%x4x3=6sq.u

Hence, the circum-radius R
abc

73. We have ,
8R*=a?+ b?* + c*8R* = (2R sin A)* + (2R sin B)?
‘ ' + (2R sin C)?
sin? 4 + sin? B +sin? C=2
l1-cos?A+1-cos?B+sin?C=2
~ c0s2A—sin* C+cos2B=0 ‘
cos (A+C)cos(4—C)+cos’B-0
cos (m—B)cos (4—C)+cos’B=0
cos Bcos (4—-C)—cos>*B=0"
cos B (cos (4—C)—cos B)=0
cos B(cos (4 — C) +cos (4 + C)) 0
cosB-2cosdcosC=0
cosA=0,cos B=0,cos C=0
A=£orB=£orC=£
2. 2 )
Thus, the triangle is right angled.
74. WehaveacosA+b cosB+ccos C

=2R(sin4 - cosA+s1nB ‘cosB+sin C- cos C)

L O O | 3 R

————-[2s1nA cosA+2sinB:cosB
+2sin C cos C]
= R(sin 24 + sin 2B + sin 2C)
=R(@4sin A4 - sin B - sin C)
=4RsinA:sinB-sinC
75. We have

"A='%xaxb><sin/C
= A=%x2RsinAx2RsiansinC

= A=2R?-sind-sinB-sinC

Solution of Triangle

76. We have

sind sinB sinC
+ +

a b c

_ sin4 + sin B N sin C
2R sin 4 ; 2R sin B 2RsinC
1 1 1 ‘

=t —+—
2R 2R 2R
_3 ‘
2R
77. LetAD=p,, BE =p, and CF =p,
Then,
A—lxax ——l-xbx —lxcx
=3 h 2 D 2 bp;
2A 2A 2A
D= Py=—y P3=—
a b c
Now,
1 | 1 a+b+ec
—t—t— =
o P Py 2A
_ 2R(sin 4 +sin B +sin C)
ZA

S3XR (‘ssind<1,sinB<1,sinC<1)

‘ 1 1 1
78. Here, A=—ap,=—bp,=—¢
ere 2ap1 > )23 > P3

2A 2A 2A

= P1=7,p2=7, P3=*c—

Now,
1 1 1 a+b+e
—t—t—=—

L P D3 2A

il Ry

79. We have
cosA cosB cosC
+ +
4] P P

=—1—(a cos A, +bcosB+ccosC)
2A L

ZA —[2Rsin4 cos A+ 2R sin B cos B
V +2RschosC]

18



= %(sin 24 +sin 2B +5in 2C)

R ,
=—(4sin 4 sin B sin
2A( Asin 0

=%(sin Asin Bsin C)

A 2R 2R
= ——(—;-ab sin C)

XA.

== gl gl

80. We have 4 ,
cos C cos C

2 (L)x( L )x6mer

AR - J4R? - 4R%sin’C
e cos C
J4R*(1-5inC)
__cosC 1
“2ReosC 2R

~81. ‘Wéhave -
1 ‘
A=—Xp/Xa
) ) X

hE—
a

Similarly,

_a*’c?
8R’

82. We have
1
A=—Xp/x
> b ’ “a’

C2A
b=—
a
Similarly, p, =2, py =
Tk C

Now, 21, P2, %5

c a b

‘\ 84. We have

Solution of Triangle

2Ab  2Ac  2Aa

" ac  ab  bc
= ZA(i + 54 _‘i)

ac ab bc
_2A(P+ P+ dd)
——
@+t
TR

83. Given, O is the circumcentre of AABC

B

Let, ar(ABOC) = A, ar(AAOC) = A,
and ar(A4OB) = A, respectively.

OB-OC-a_ aR®

'asecA+bsecB+csecC_~2
tan 4 tan B tan C

asecA+bsecB+csecC
tan Atan BtanC

_ 2Rsin Asec A+ 2R sin B sec B + 2R sin C sec C

tan 4 tan B tan C
_2Rtan A+ 2R tan B+ 2R tan C
- tan 4 tan B'tan C
_2R(tan A +tan B + tan C)

" tandtanBtanC




2R (tan A - tan B -tan C)

" tnAtanBtanC

=2R

85. We have

acosA+bcosB+ccos C
=2R(sinA cos A +sin B - cos B+ sin C- cos C)
=R(2sinAcos A+2sinB-cos B+2sin C-cos C
= R(sin 24 + sin 2B + sin 2C)
=R(4sin4 -sinB - sin C)
=4(Rsin A4 - sin B - sin C)

86. Here, s=4+6+8

=0

Area of a triangle
= s(s—a)s-b)s - )
=9(9-4)(9-6)(9- 8)
= ox5x3x1=3/15

Hence, the in-radius

87. Clearly, it is a right angled triangle
So, its area = %x18x24=9><24

and s___18+24+30:7_2=36
2 2

Thus, in-radius = r = A = Ix24

88. Do yourself. 5 36
89. Two sides of a triangle are 2 and 3 and the included

=6 _

angle is 30°, then prove that its in-radius is —(«/_ D).
89. We have area of the triangle

=A=%x2x\/§xsin(30°) |

W3

2
Also, a*=b>+c*-2bcos 4

a*=4+3-2x2x+/3 xcos(30°)

Ne

a2=7—2x2x\/§x7

a?=7-6=1
a=1
a+b+c

142443 343

2 2

Now, s

Hence, in-radius

SowﬂonofTﬂangb

A
=pr=—
S
B
3443 (V3+3)
2
1 (W3-)
"B+ 2
90. We have
abc

3 3
R 4A L s_a 3a

— —X—
r é 4A A 4A 2A

A}

3a* 1
=— X —

8 A2
R
T8 344 8 34

16
91. We have
l_+l_ 1 _a+b+c
ab bc ca  abc
-5
" 4AR
A
—_r_
2AR
P
" 2R
92. We have
cos A+cos B+cos C

5) 2
. (C A-B A+ B
=1+2sin —) cos( )—cos( ))
2 2 2

=1+ 2sin g—) i

2
=1+4sin (ﬁ) sin (E) sin (—q)

2 2 2
=

R

20



93. We have, . ,
sinA+sinB+sinC=i+—b—+i
2R 2R
_a+b+c
2R
_ 2
" 2R
=5
= |
A
_r
R
_A
"R )
94. We have
acotA+bcotB+ccotC
- =[2RsinAx°f’SA+2Rsian°f’SB
sin A4 sin B
+2Rsianc?SC]
sin C
=2R(cos A + cos B+ cos C)
= 2R(1+.—r-.)
R
=2(R+7)

95. We have r=R

4R sin(é) cos(g)cds(g—):R
2 2 2
2sin (é) {2 cos (EJ cos (9)} =1
A2 2 2
. (A){ (B+C) (B—C)}
2sin| — |{cos| ——— |+ cos =1
2 2 2
(B+C){ (B+C) (B—C)}
2 cos cos +cos| — |r=
2 2 2
2 cos? (B
(1+cos(B+C))=cos(B)+cos(C)=1
cos (B) + cos (C) =—cos (B + C) =cos 4

Hence, the result.
96. We have

(b+c)tan (—g)

= 2R (sin B +sin C) tan (!21)

o255

. (4
a sm(—)
=2Rx2cos(£)cos(3 ij— 2
2 2 (A)

COoS E

=2Rx2sin(B+

1

20} oo (255) -

3)

Solution of Triangle

=2Rx2cos(

B—C] , (A)
Xsm| — -
2 2
B—C) (B+C)
X CcOS
2 2

= 2R x (cos (B) + cos (C))

=2Rx2cos(

~ Thus, LHS

97.

98.

99.

=4R(cos A + cos B + cos C)

= 4R(1+-'—)
R

=4[R+7r)
We have
R= C =— ¢ = <
2sinC  2sin(90°) 2
¢=2R '

Also, r=(s—c)tan(-(2-j-)
r=(s—c)tan (45°)=(s—¢)
2r=Q2s-2c)=(@+b+c-2c)
2r=(a+b-c)
2r=(a+b-2R)
2(R+r)=(a+b)

We have

coszg + coszg + cos2£

= l(2 cos? (é) +2 cos? (E) +2 cos? (g))
2 2 \2 2
=%(1+cos(A)+1-_I7cosB+1+cosC)

= -;—(3 +cos (4) +cos B +cos C)
= —1-(3 +(1 + L))
2 R
orz)
2 R
(5]
2R

Let O is the circum-centre and OD =x, OE=y, OF =z
respectively.

Also, 0OA=R=0B=0C

We have x = OD =R cos 4

= =

- -cos 4
2sind

_a

2tan A
tanA=i
2x

Similarly, tan B = 2 andtan C=—
2y 2z

As we know that, in a AABC,
tan4 +tanB+tanC=tan A4 -tan B-tan C
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a b ¢ _a b c
= @ —t——=—.=. =
2 2 2z 2x 2y 2z
a b ¢ abc
= —+—+-=
x y z 4xy-z
100. We have ‘
_OB-OC-BC _R-R-a_R*a
' 4A0BC 46, 44,
e _3%4
R R?
Similarly, —l—)—=£‘% an —c—=ifA2—3
R, R R, R
Thus,
a_ b c _4A 4 4A

R R R R R PR
A(A+ A+ Ay)
-Taats)

101. Let 4D =p,BE=p,and CF=p,
11, 1
Then, A =E“P1=5bP2=ECP3

24 2A  2A
2=_b_’p3=_

102.

Since IA is the internal angle bisector of Z4, so we can

write
AB_BD
AC DC
BD AB c
= =
DC AC b

103.

104.

Solution of Triangle

- DC
= —+1=—+1
BD c
. BC b+c
= —_—
BD c
= BD= ac
b+c
In AABD, BD—— 4D
. (ﬁ) sin B

- ( A )
sin| —
2
acsin B

(b +c) sm(

) b+ c) sin (4/2)
similarly. ,BE = (

(c + a) sin )

(a+b)s1n( )

Now2s=a+b+c=18+24+30="72
= 25=72

and CF =

= 5=36

We have A =/s(s — a)(s —b)(s — )
=\[36(36 -18)(36 - 24)(36 30)
=36 x18x12x6
=\B6x9x12x12
=6x3x12
=216
A _ 216 216 _
s—a 36-18 18
A 216 216 _
n= S —od 15 Y
s—-b 36-24 12
A 216
s—c 36-30 6
1 1 1 s—-a s-b
—F—+—= +
nn n A A A
_3s—(a+b+c)

Thus, =

and ;=
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105, ——+

106. Given,

b-c c¢c—-a a-b
-+

n B 6]

(b c)(s - a) (c—a)s— b) (a b)(s -c¢)

A A A

=%[S(b—c+c—a+a—l;7)];

f-l—(ab—ac+bc—ab+ca—bc)

=0-0
=0
s—c_b—c
s—a a-b
. .2s=2¢ . b-
= - - = -
'B;Za a-b

a+b-c _b-c

= = ;
b+c—a a-b
a+b—c b+c-a
= _
b-c a-b
= -i-+l=—€f—1 ‘
b-c a-b
c a
= +—=2
a-b b-c
- fc(b )+ ala— ~b) _
o (a-b)b-o)
bc - c+a bkq‘
(a-b)b-c)

= bc—c+a*-ab=2(ab-ac- b2+bc)
= 20-b-c*+a*-3ab+2ac=0

. 107. We have

(s—ay’
(@a-b)a-c)=2(s-a)?
2@a-bYa-c)=4(s—a)*=(2s - 2a)2
2(a-b)a-c)=(b+c—a)
2(@*-ab-ac+bc) '

=a?+b*+ *+2bc—2ab - 2ac
a*+ b =c?
Thus, the A4BC is a right angled.

Solution of Triangle

108. We have
rytr,tr,—r

_[AGs-b+5- a)l [A(s—s—+0)]

{ A A } { A "A}
= + - + —_——
G-a) 6-b)f |6-0 s

| s-a)s-b) | 1 ss=c) |
_[A@s-b-a)| [ A |
\s-a)s-b) |sGs-¢)]

_[Matbre-b-a)) [ AQ
| G-as-b) | |sts-o

SECIERTCIE
(s-a)s-b)] |sts-c)f

| 11
A( ){(s a)(s— b) s(s - c)}
arnfss=)+(s—a)s-b))
T ss—a)s-b)s—c) |

2—cs-i%sz—(a+b)s+ab1

Az
><{2s2—(a+b+c)s+ab}
A

{2s2‘¥ 2s2+db}’ k
- =X\ —mmm
A

=£{)—c——4R
A
109. rrytrpytrr,
A A A
“(s—a) (s-b) (s-b)
A A A
’(s—,c). (s—c¢) (s—-a)
_Az(s:c'-l-s-a'+s—b)
B (s=a)s—b)(s—c)
A’(3s-(a+b+0)
(s—a)s—-b)(s—c)

= A(c){s

_ A*(3s=2s)

- (s—a)(s-b)s—c)

_ A’xs

" (s—a)s-b)s—c)

_ A% x s2 |
s(s a)(s b)(s —c¢)
A% x s*

== .
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110. r +r,—r,+r

=(r+ r) - (r,-n

[ A N A )\ (A _é]
“(s-a) (s-b) (s—¢c) s
1 + 1 _( 1 _l)
(s—a) (s~b)) (s-¢c) s
_ (s—a+s-b)| (s-(s—c¢)
- (s—a)s-b) s(s—c)
(2s—(a+b)))_( c )
(s—a)s=b)) \s(s-c)
((a+b+c)—(a+b)))_[ c )
(s—a)s—D) s(s—¢)

1
(s a)(s b) s(s - c))}

S(s C) (S a)(s b)
s - a (s
J

(s —cs—(s —(a+b)s+ab)“
s(s—a)s-b)s—-c) )]

=Zx((a+b—c)s—ab)

=ix((a+b—c)2s—2ab)
=§x((a+b—c)(a+b+c)—2ab)
= c 2_ 2
—2Ax((a+b) ¢”—2ab)

=ix(a2+b2—c2)

2abc (a2+b2—cz)
= X

T 2A 2ab
= abe . cos(C)
A
=4R cos (C)
111. Given,r,,r,,r, are in HP
o po2in
ntn
A A
2. 2
- A s-a s-c
s—=>b A ¥ A
s—a S§S-—c
1 1
o 1 __S-a s-c
s—=b 1 + 1
s—a S§s-—c

Solution of Triangle

1 1 1 ) 1 1
= + =2
s—b\s—-a s-c
1 s—c+s—a\_ 2
s=b (s—a)(s—c)) (s—a)(s-c¢)
= (@2s-a-c)=2(s-b)
= a+c=2b
= a,b,ce AP
112. Sincea, b, carein APaswell asin GP,soa=b=c

U

Now, = =n=n

s—a
Thus, (r—’—r—2+10)
n n
=1-14+10=10
113. We have

11,11
Kononor

=(s—a) (s-b)? L6 c)
A? A? A? A2

=%[432—2(a+b+c)s+(a +b+c%)]

=%[4s2—2-25-s+(a2+b2+cz)]

= §[4s2 —45% + (a*+b* + %))
_(@+b*+cP)
A

114. We have

' L (=), =) )

=[ A __A_)[ A -é)(_f\__é)

(s=a) s )\(s-b) (s—¢) s

3 1 1 1
[(s a)'E)( - "EJ((s—c)“E)

35— s+a)(s s+b)(s-fs+c)
s(s—a) )\ s(s s(s-c¢)

3

(s(s a)(s - b)(s—c))

abc)

_Axabc

S2

() (%)

=4r'R

]
D

I
>

l>

1)
[S)

~|i>
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115. We have )
A A
K= =1,r= =2
=5 s—=b
A
and nB=—
s—c A
= s—-a=A s-b=—
2

116.

117.

Since triangle is right angled, so -
a+b=c

2 2 A2 2
Az(g) _A(n+2)° +Az(r3+1\
= 2 4(r,)? \n )

. (§)2=(§+2)2+(r3+1)2
2)  4n) n

= 97 =(r+2) 2 +4(r+1)

=  4r-12r,-8=0

= r-3n-2=0

317 34417

2 2
as r, is positive. o
Let a, b be the sides of a triangle.
Thena+b=5andab=3

= 1)

2,32 2
Now,cosC=ul
2ab
(n) 19-c?
= cos|=|[=
3/ 6
1.19-¢
= —_=
-2 6
= 19-¢2=3
= c=4
Thus,r-R:éxa—bc
s 4A
_a_bc_ abc _ 34 _2
4 2a+b+c) 25+4) 18
By sine rule, — a =— b
V sin (120°)  sin (30°)
L oab
N ARV
= a=bS3

Also, from the above figure, r = \/3

2
3

118.

Solution of Triangle

V3
——=tan (15°
al2 an (15°)

el

Lo 2B
T 2-3)
a 2B 1 2

BB B 2B

Thus, the required area

Now, b=

=-;-xab>'<sin (30°)

=1 Y 2 _ 1
T2 2B -5 2
= 3x(2+«/§)2'
=Bx(T+43)

=(12+ 7\/5) sq.u.
Given,r=r —-r,-r,

= r-r=rtr

A A A A

—— +—
s—-a s s-b s-c
- 1 1 1 N 1
T s-a s s-b s-c
(s—a-s) (s—c+s-b)
7 T-a) (5-bG-9
a a
= =
(s—a) (s=b)s-c¢)
N (s—b)(s-c)___1
(s-a)
= tanz(é);l
2/
= tan(-’i)él
2
- wfguls
2 4
= 4=
2

119.

Thus, the triangle is right angled.
Wehaver-r -r,-r,

_A A A A
T s (s—a) (s-b) (s-¢)

; A4
T s(s—a)s-b)s—-c)
A4
TAZ
=A?

25



120. We have
+ A A
TromG =iz 1-b
0sC =————
2 cos? (g)
2
A(s—a+s-b)
__(s—a)s—=b)
2 cos? (g)
2
_ AQ2s—a-b)
(s—a)(s—b)x2x——= S(S s(s=¢)
_ A X abe
s(s—a)s—b)(s—c)
_ AXabc _ a_bc
A A
Similarly, we can easily proved that,
(n+n) abc (n+n) _ abc
l+cos 4 A l+cosB A
Thus, M ab (r3 +r)_ a_bc.
l+cos 4 A l+cosB A
121. We have

0

=Xl3—(s—s+a)(s—s+b)(s—s+c)

=é—xabc

abc s?

e A2(2s)2
_ 16R

" a+b+c)
122. We have

(1 1)(1 1)(1 1)
—_—_t || == —+—
Hn n)\n Bn)A\nB A4

=16x

(s—-a s—b)(s—b s—c
= + +
A A A A

=éxabc

1
= 3 X abc

abc
(%)
_ 64R°
(abc)?

)(s—c s—a
+
A A

Solution of Triangle

123. We have
(r,+r,+r,-rp
=r12+r22+r32+r2—2r(r1+r2+r3)
+ +rr +
Now, (r, +r,+r,—r)=4R SEONCANC
(rr,trp,+rr) =5
and 2r(r, +r,+r)

A( A A A )
=2X— + +
(s—a) (s—a) (s—a)

A2( 1 1 1 )
=2x +
(s—a) (s b) (s—¢)

» A? ((s—b)(s—c) +(s—a)(s—c)+(s—a)(s-b)
] \ (s=a)(s-b)(s—c)
3s2-2(a+b+c)s + (ab+bc + ca)\
s(s — a)(s=b)(s—c) ]
A2 3522255+ (ab+bc+ca)\
A?
-=2X((ab + bc+ ca)- 5
Thus, (52 + 7+ 7} +7%) »
=(rtr,tr,—r)+2n(r tr,tr)
2rr,trr,trr)
= 16R2 +2(ab +bc+ca-sH)- 2s2
=16R*+2(ab + bc + ca) - (2s)* =
= 16R? +2(ab + bc + ca) — (@+ b + c)?
=16R*—(a* +b*+ ¢
Hence, the result.
124. In a triangle A4BC, prove that
(rl+r2)(r2+r3)(r3+rl) =4R
(iny+ s+ nn)
125. .

=2x A?

Here, 04, = 0A,= 04,=...= 04,= 1.
and
AAOOAI———AAIOAZ—---— £LA,04;
2 —
Now, cos (E) = Ody + 04 ~ 4
3 204,- 04

27 211
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42
L L 244
2 2
= A4A4}=1
= Ad,=
2 2_ 4 42
Also, cos(—zz)=0A°+0A' Ak
3 2:-04,- 04
2
S 1 _1+1-44
2 2:1-1
L Ll _2-44
2 2
= A44=3
2 2 2
OA4; - A, A
Again, cos (ﬂ)=0A° +04;~ 44y
3 2:04,-04,
_1+1-4o4;
2:1-1
_2- 44
2
_1_2-44
2 2
= Ad,=\

~ Hence, the value of

126.

127.

= Aok Aoy AA=1-3-\3=3
Let R be the radius of the circle.
Then, 4, = nR*

nR?. 27

and A=—-sin (——)
2 n

2
=%R2sin (72°) = —SI;— x cos (18°)

2
Now, i = ZR

—5————=2—” % sec (18°)
4, > Rcos (18°)

Here,04, = O4,= O4,= 04, = 04, =1

128.

129.

Solution of Triangle

and
2
, 2 2 442
Now, cos (ZE) _ 04 +04) - Adh
y
= sin (1 8°) = E—i..A_lAl
2:1-1
L, V5ol 2-44
4 2
= A1A22 =2 ig____l = _5__I§
2 2
= A1A2 = i_'IS’
2
5+45
Similarly, 4,4;= 2\/_

Thus, 4,4, X 4,4,
T
2 2 4 4
a (n‘)
= — cosec | — |,
2 n

As we know that, the circum-radius of # sided regular
polygon ,

a n T
= Ecosec (;) , where a = side

and n = number of sides

= 6 X cosec (—”—)
12

=6 X cosec (15°)
3 6x22

- \B-1

= 6v2(\3+1)

Let the perimeter of the pentagon and the decagon be
10x.

Then each side of the pentagon is 2x and the decagon is
X.
Let 4, = the area of the pentagon

= 5x’cot (EJ
5

and 4, = the area of the decagon
= Exzcot (E)
2 10
5x*cot (E) 2 cot (E)
4 _ 5) _ 5

Now. = =35
2 Zx’cot (Zt—) cot (1)
2 10 10
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_ 2cot(36°) _ 2cos (36°) sin (18°)
~ cot(18%)  sin (36°) cos (18°)
‘_ 2 cos (36°) sin (18°)
" 25in (18°) cos?(18°)
_ 2c0s(36°)
" (1+cos (36°)

2(‘/3 +1) ;

4

(1+£5.ﬂ)

4
25 +1)
T (5+5)
_2(W5+1)
R+
2

g

130. We have

=-—cosec| — |=a cosec| —

2 n n
2a n n
and r=—cot| - —|=acot|—
2 n n

Now,

r+R =acot (E) +a cosec LEJ
‘ n n
| /4 o
=a| cot (-—-) + cosec (—)J
n n
1+ cos (E)
__\nJ
. (n)
sin| —
n
2 cos? (—”—)
2n).
2sin (—7—2—) cos (1)
: 2n 2n
=aq cot (f—)
2n

131. Let 4, be the area of the regular pentagon and 4, be the
area of the regular decagon. ‘
Therefore, 4, = 4,

542 (n) 6b° (n)
= —cot|—|=——-cot|—
4 5 4 6

=  5aq%cot (E) = 6b% cot (E)
5 6

= 54 cot(36°) = 65 cot(30°)
5a%cot (36°) = 6+/3 b

U

Solution of Triangle

a* » :
Hence the ratio of their peﬁmeters
_5a
5. VA3 53
6 /S cot (36°) 6
132. Let the perimeter of the two polygons are nx and 2nx
respectively.

Then each side of the polygons are 2x and x.
Let A, = the area of the polygon of n sides

tan (36°)

, ) p
=pnx"cot| — |
n

and A4, = the area of the decagon
=3 ot £]
2 2n
n

4 5n’cot (5)
" Thus, = ni. -

4, énzcot (E) cot (1)
2 2n 2n
2 cos (E) sin (-Z[—]
i3 n 2n
2 sin,(l) cos’ (1)
\ 2n - \2n
2 cos (1)
_ n)

/4
1+ cos(—)
‘ n

133. Let O be the centre and 4,4, ... A4, be the regular poly-
gon of n-sides.

Let
and éA,OA2 = /44,04,

=--~=4A,,OA1=277[
From the trianéle 044,
_(2m)_o4+04- 44
Tn) 2-04-04
_ r2+r2—Aﬁ@2
2:r-r
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= A1A22 =2r2 - 2rcos (125)
: n

=  AA=27 (1 — cos (-25)) ’

= A44=27 ZSln( ) :
n
=4r? sm( )
= A1A2—2r sm(

Similarly, 4,4;=2r-sin ﬂ)
n

and A1A4=2r~sin(9’5
! : n
Gi 1 1 + 1
iven, = -
A4, A4y A4,
N 1 1 : N 1
2r sm(——) 2r~sin(—~7£) 2r sm( )
n n n
5 1 1 +‘ 1
() %) ()
sin]—| sin|— | sin[—
n n n
- 1 _ 1 _ 1
(n) . (37;) ‘ (271:)
sin|— | sin|—| ‘sin|—
n “\n/) n
sin| — [-sin| — |- 1
= n nj__
(3 )an(E) ()
sin| — |sin| —
n n n
2 cos (2_71:) sin (E) 1
N n n)_

(475) 37!)'
= |—|=|ln-—
n n
()
= |—|=x
n
= n=17

Solution of Triangle

134. Let r be the radius of the in-circle and r,, 7, and r, are
the ex-radii of the‘ given triangle.

\/“\/_T
Jﬂn\/_rl_

Then

Hence, the result.

135. Let the perimeter of the polygon of » sides = nx
Let A, = the area of the polygon of n sides

=nx? cot (E)
, n

and A, = the area of the circle = 7zx2;‘

, o
tan| —
Now, 4 ﬂ—xz = (n)
ki E
n

4 nx? cot (E) :
n ;

Thus, 4,:4;=tan (E) (E)
n)\n)
n

136. We have :
a
n
a
n

r+R=

ST wla

al a (a)
— |+=cosec| —
n) 2 n
. a a
cot (——) + cosec-(——)}
- b ) n
cos (— | 1
+
. [a
sin (——) sin (—)
n
1+ cos(——)
a|____\n/
- . (a)
sin| —
L n
2 cos> ( a ) :
_9 oo 2n
2 . [ a a
L2 Sm(2n) co8 (Zn)
= £l—co’t (i)
2 2n

N’

e

Q

£
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