MATHEMATICAL REASONING

STATEMENT

A sentence which is either true or false but cannot be both are called a statement. A sentence which is an
exclamatory or a wish or an imperative or an interrogative can not be a statement.

If a statement is true then its truth value is T and if it is false then its truth value is F

For ex.

(i) "New Delhi is the capital of India", a true statement

(ii) "3 + 2 = 6", a false statement

(iii) "Where are you going ?" not a statement beasuse

it connot be defined as true or false

Note : A statement cannot be both true and false at a time

SIMPLE STATEMENT

Any statement whose truth value does not depend on other statement are called simple statement

For ex. (i) "\/5 is an irrational number" (ii) "The set of real number is an infinite set"

COMPOUND STATEMENT :

A statement which is a combination of two or more simple statements are called compound statement
Here the simple statements which form a compound statement are known as its sub statements

For ex.

(i) "If x is divisible by 2 then x is even number"

(i) "AABC is equilatral if and only if its three sides are equal"

LOGICAL CONNECTIVES :

The words or phrases which combined simple statements to form a compound statement are called logical
connectives.

In the following table some possible connectives, their symbols and the nature of the compound statement

formed by them

S.N. Connectives symbol use operation

1. and A P AQ conjunction

2 or Vv PV q disjunction

3 not ~or ' ~ porp negation

4. If .... then ..... = or —> p=q or p—q Implication or conditional

5 If and only if (iff) | < or <> p&q orp < q Equivalence or Bi-conditional
Explanation

(i) p A q = statement p and q
(0 A q is true only when p and q both are true otherwise it is false)
(i) p v q = statement p or q
(p v q is true if at least one from p and q is true i.e. p v q is false only when p and q both are false)
(iii) = p = not statement p
(T p is true when p is false and ~ p is false when p is true)
(iv) p = q = statement p then statement g
(0 = q is false only when p is true and q is false otherwise it is true for all other cases)
(v) p < q = statement p if and only if statement g

(p < q is true only when p and g both are true or false otherwise it is false)



5. TRUTH TABLE :
A table which shows the relationship between the truth value of compound statement S(p, q, r ....) and the

truth values of its sub statements p, q, r, ... is said to be truth table of compound statement S
If p and q are two simple statements then truth table for basic logical connectives are given below
Conjunction Disjunction Negation
pla|pAag pla|pvq o [ p)
T|T T T|T| T T F
T|F F T|F T Fl T
FI|T F F|T| T
F|F F F|F F
Conditional Biconditional
pla|p—>q plalp—>a|g—=>p|(Pp>a)Alg—>plorp<>q
T|T T T|T T T T
T|F F T|F F T F
FI|T T FI|T T F F
F|F T F|F T T T

Note : If the compound statement contain n sub statements then its truth table will contain 2" rows.

Illustration 1
Which of the following is correct for the statements p and q ?

(1) p A q is true when at least one from p and q is true

2)
(3) p<>q is true only when both p and q are true
4)

(

Solution

p — q is true when p is true and q is false
~ (p v q) is true only when both p and q are false

We know that p A q is true only when both p and q are true so option (1) is not correct
we know that p — q is false only when p is true and q is false so option (2) is not correct
we know that p <> q is true only when either p and q both are true or both are flase

so option (3) is not correct

we know that ~(p v q) is true only when (p v q) is false

i.,e. p and q both are false

So option (4) is correct

6. LOGICAL EQUIVALENCE :

Two compound statements S,(p, g, r...) and S,(p, q, r ....) are said to be logically equivalent or simply

equivalent if they have same truth values for all logically possibilities

Two statements S, and S, are equivalent if they have identical truth table i.e. the entries in the last column of

their truth table are same. If statements S, and S, are equivalent then we write S, = S,

For ex. The truth table for (p — @) and ("p Vv q) given as below

pla|(Cp|p—=>a| pva
T|T| F T T
T|F| F F F
FIT| T T T
FIF| T T T

We observe that last two columns of the above truth table are identical hence compound statements
(P = q) and ("p Vv q) are equivalent

i.e. |p—>qz~pvq




lllustration 2

Equivalent statement of the statement "if 8 > 10 then 2% = 5" will be :-

(1) if 22 =5 then 8 > 10 (2) 8 <10 and 22 # 5

(38 <10 or 22=5 (4) none of these
Solution

We know that p > q= "pvq

equivalent statment will 8 ¥10 or 22 =5
or 8<10o0r22=5

So (4) will be the correct answer.

Do yourself - 1 :
(i) Which of the following is logically equivalent to (p A q) ?
Dp—>q @2 pv aq 3 > "a @ (pAa

7. TAUTOLOGY AND CONTRADICTION :
(i) Tautology : A statement is said to be a tautology if it is true for all logical possibilities

i.e. its truth value always T. it is denoted by t.
For ex. the statement p v = (p A q) is a tautology

pla|paq| (pAq)|pv (pAq)
T T F T
T|F| F T T
F|T| F T T
F|F| F T T

Clearly, The truth value of p v = (p A q) is T for all values of p and q. so p A ~ (p A q) is a tautology

(ii) Contradiction : A statement is a contradiction if it is false for all logical possibilities.
i.e. its truth value always F. It is denoted by c.
For ex. The statement (p v q) A ("p A ~q) is a contradiction

pla| p| a|lpva|(pAr q)|(pvaal par q)
T|T| F F T F F
T|F| F T T F F
F|T| T F T F F
FIF| T T F T F
Clearly, then truth value of (p v @) A ("p A "q) is F for all value of pand q. So(p vg A("p A "q)is a

contradiction.
Note : The negation of a tautology is a contradiction and negation of a contradiction is a tautology

Do yourself - 2 :
By truth table prove that :

(i) pog="pe q @ pa( pva)l=pagq (iii) pVv(~T pvq) is a tautology.

8. ALGEBRA OF STATEMENTS :
If p, q, r are any three statements then the some low of algebra of statements are as follow
(i) Idempotent Laws :
@pAp=p )pvp=p
ie. pAP=EpP=EpVvVp

p|(pAp)|(pVvD)
T| T T

F| F F




(ii) Comutative laws :

@pAg=qAp )pvg=qvp
pla|(aq)|(@ap)|(pva)|lqavp)

T|T| T T T T

T|F| F F T T

F|T| F F T T

F|F| F F F F

(iii) Associative laws :
@MPAdAr=palgar)
©pPvagvr=pviqvr

pla|r|(PAqg)|l@nr)|(pArg)Aar|pAlgAr)
T|T|T T T T T
T|T|F T F F F
T|F|T F F F F
T|F|F F F F F
F|T|T F T F F
F|T|F F F F F
F|F|T F F F F
F|F|F F F F F
Similarly we can proved result (b)
(iv) Distributive laws : @ pAlQvr=pPAq Vv AT @pAr@an=pPArgAapPAar

pvi@arn=pvagapvy) dpvigvn=pvagvipvr

plal|r|l@vr)|(paa)|pAar)|pal@vr)|(pag)vipAar)
T|T|T T T T T T
T|T|F T T F T T
T|F|T T F T T T
T|F|F F F F F F
F|T|T T F F F F
FIT|F| T F F F F
F|F|T T F F F F
FIF|F| F F F F F
Similarly we can prove result (b), (c), (d)
(v) De Morgan Laws : (@) ~ (pAqQ@ = pVv q
) pva="pA g
pla| p| a|ara)| (arq|( pv q
T|T| F F T F F
T|F| F T F T T
F|T| T F F T T
FIF| T T F T T
Similarly we can proved resulty (b)
(vi) Involution laws (or Double negation laws) : “"p)=p
p| p| ("p
T| F T

FIT| F




(vii) Identity Laws :

If p is a statement and t and c are tautology and contradiction respectively then

@pAat=p )pvt=t ©@parc=c dpve=p
p|tlc|pat)|(pvt)|(pAc)|(pvec)
T|T|F T T F T
FIT|F| F T F F

(viii) Complement Laws :
@pAa(p=c Gpv(p=t @©(Cth=c d ()=t
p| p|(pA " p)|(pv D)
T| F F T
F| T F T

(ix) Contrapositive laws : p ->qgq= q— p
pla| p| a|p—>a| a—>"p
T|T]| F F T T
T|F| F T F F
F|T| T F T T
FIF| T T T T

Illustration 3
“pva V(I pAQgis equivalent to-
1 p 2 p 3 q @) “q

Solution

“pvav(ipargd=(pA gdv(ipag

= pAa(qva

= "pat

(By Demorgan Law)

(By distributive laws)

(By complement laws)

(By Identity Laws)

Ans. (2)

Do yourself - 3 :

(1) a tautology

(i) Statement (p A "q) A ("p Vv q) is

(3) neither a tautology not a contradiction

(2) a contradiction

(4) None of these

9. NEGATION OF COMPOUND STATEMENTS :

If p and q are two statements then

(i) Negation of conjunction : “(p Aq) = pvVv g
pla| p| alpara)| (pAraq)|( pv q)
T|T|F |F | T F F
T|F| F T F T T
F|IT| T F F T T
FIF| T T F T T

(ii) Negation of disjunction : "(p vqg) = p A q

plal p| a|va|(pva|( pAr q)
T|T|F | F T F F
T|F|F | T T F F
F|T| T |F T F F
FIF| T | T F T T




(iii) Negation of conditional : “(p > @) =p A g

plal a|llp—>a)| (—>q)|lpAr q)
T|T| F T F F
T|F| T F T T
F|T| F T F F
FIF| T T F F
(iv) Negation of biconditional : ~ (p <& g =P A q v(g A p)

we know that p < gq=pP > 9 A — D)
(p e d="lp>aAl@—>p)
“"p—>aVv @—>p
=pA " gvigna p
Note : The above result also can be proved by preparing truth table for "(p <> g and (p A "q v (q A "p)

IHllustration 4

Negation of the statement p — (q A 1) is-

1) "' p> "(gAan 2 pviananm B laarn—>p @DpAa(Cagv )
Solution
P2>@Aa)=pA TgAar) (" p>d=pAq
=pan(Tqv Ty Ans. (4)

Illustration 5
The negation of the statement "If a quadrilateral is a square then it is a rhombus"
(1) If a quadrilateral is not a square then is a rhombus it
(2) If a quadrilateral is a square then it is not a rhombus
(3) a quadrilateral is a square and it is not a rhombus
(4) a quadritateral is not a square and it is a rhombus
Solution
Let p and q be the statements as given below
p : a quadrilateral is a square
q : a quadritateral is a rhombus
the given statement is p — g
“p—>d=pAq
Therefore the negation of the given statement is a quadrilateral is a square and it is not a rhombus  Ans. (3)

Do yourself - 4 :

(i) Consider the following statements :-
p : Ram sleeps.
q : Ram eats
r : Ram studies
then negation of the statement "If Ram eats and does not sleep then he will study" will be : -
Mpv ag—>"r @ pPv gvr
B agaA (v (4) None of these

10. DUALITY
Two compound statements S, and S, are said to be duals of each other if one can be obtained from the other
by replacing A by v and v by A
If a compound statement contains the special variable t (tautology) and ¢ (contradiction) then obtain its dual

we replaced t by ¢ and ¢ by t in addition to replacing A by v and v by A.



Note :
(i) the connectives A and v are also called dual of each other.
(ii) If S*(p, q) is the dual of the compound statement S(p, q) then
(@ S*("p, "a@) = Slp, a b) "S*(p, @ =S("p, q

lllustration 6

The duals of the following statements

) PAagvicvs) (i) (pvi) AV (i) "pArgdVvipAT(qv s)
Solution

i) vaalnas)

(i) PArc)vipAatl

(i) "pvaAlpv (@A s

11. CONVERSE, INVERSE AND CONTRAPOSITIVE OF THE CONDITIONAL STATEMENT (p — q):
(i) Converse : The converse of the conditional statement p — q is defined as q = p
(ii) Inverse : The inverse of the conditional statement p — q is defined as "p — " q

(iii) Contrapositive : The contrapositive of conditional statement p — q is defined as "q - “p

Illustration 7
If x=5and y =-2 then x — 2y = 9. The contrapositive of this statement is-

DIfx-2y#9thenx#5ory#-2 (2 fx-2y#9thenx #5and y # -2
B Ifx-2y=9thenx =5and y =-2 (4) None of these
Solution

Let p, g, r be the three statements such that
p:x=5 q:y=-2 and r:x-2y=9
Here given statement is (p A q) — r and its contrapositive is "r — ~(p A q)
ie. T>(pv g
ie if x-2y#9thenx#5ory=-2 Ans. (1)

Do yourself - 5 :
(i) If S*(p, q, 1) is the dual of the compound statement S(p, q, r) and S(p, q, r) = "p A [ (q Vv 1)] then

S*("p, ~q, 1) is equivalent to -

(1) S(p, q, 1) 2 "S("p, Tq, 71 (3) “Slp, q, 1) @) S*p. q. 1)
(ii) Contrapositive of the statement

P—q — @ — "~ s) wil be :-

1) " p—>a—> > s @ @cAs)v(pva

B Crv=svipag (4) None




