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22, cotxeol2x—cotZxecot 3x—col 3xcotx = 1

4tan x (1 —tan’x) . .
23, tandx= . - 24. cosdr=1-8sin’ xcos’ x
I—6tan x+lan x

25, cos bx =32 cos® x - 48cos* x + 18 cos' v = 1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are called rrigonometric
eguations. In this Section, we shall find the solutions of such equations. We have
already learnt that the values of sinx and cosx repeat after an interval of 21 and the
values of tan'x repeat after an interval of m. The solutions of a trigonometric equation
for which 0 £ x< 2mare called principal solutions. The expression involving integer
*n” which gives all solutions of a trigonometric equation is called the general solution.
We shall use “Z’ 1o denote the set of integers.

The following examples will be helpful in solving irngonometric equations:

J3

Example 18 Find the principal solutions of the equation sin x = s

. T o O 3
Solution We know that, Ein£=£ and SN0 — =8N | T—= [=s§10— = —_
3 2 3 3 3 2
: : : T 2
Therefore, principal solutions are IEE and 3

1
Example 19 Find the principal solutions of the equation lanx = —E.

i i T 1
Solution We know lhal.tani = ul— Thus, tan [11: _E]= — LAl =

6 A3 6 3

d . P T .y " I
an an| L —= |=—lin—=——p=
6 6 A3
51 1= |
Thll!-i- fan —=lun —=——.
6 6 3
-Sr: -]111:

Therefore, principal solutions are T and e

We will now find the general solutions of trigonometric equations, We have already
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TRIGONOMETRIC FUNCTIONS T3

seen that:
sinx =0 gives x=nrn, wheren e Z
; - 3
cosx =0 gives x=(2n+ 1)7—, wherene Z.
We shall now prove the following results;
Theorem 1 For any real numbers x and v,
sinx = sin vimplies x=nx + (-1)" v, wheren e Z

Proof If sin x = siny, then

. . -.r:+_v . X—¥
sin x —sin vy =0 or 2cos sin =)
: 2 2
; , x+y : =y
which gives cos =0 or sin =0
? -_t+}' a _::—_1;
Therefore 5 ={2ﬂ+|}5 or > = nm, wherene Z
1.e. x=(2n+1)rm-vy orx=2nn+ v, where ne Z
Hence t={2n+ 1w+ (-1""*""'vorx=2nx H{-1)" v, where n e Z.

Combining these two results, we gel
x=nn+(=1)v. where n € Z.

Theorem 2 For any real numbers x and y, cos x = cos y, implies x= 2nmx % v,
where n e Z

Proof If cos x = cos y, then

x4y . x=Y

cosx—cosy=0 ie, =2sin sin =0
2 2
. EEY o T
Thus sin =0 or sin =
2 2
x4y x—y
Therefore =R or = nx, where ne Z
L& x=2nt-y orx=2nx+y, wherene Z
Hence x=2nwty wherene Z

Tt
Theorem 3 Prove that if x and v are not odd mulitple of 3¢ then

tan x = tan v implies = nn + v, whercene £
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6 MATHEMATICS

Proof If tanx=tany, then tanx—-tany=10

SIN X COS ¥ — COSX SIny

b COSX COS ¥
which gives sin(x-=y)=0 {(Why?)
Therefore T=y=nmiec,x=nN+y, wherene Z

iE

Example 200 Find the solution of sinxy = - T

‘ 3 . . ty . 4n
Solution We have siny = - — = —SIi— =8I0} T+ — |=810 —
2 3 3 3
. .
Hence sin X = SII'IT, which gives

o d
x=nx+{-1) TI* where ne Z.

4n . coox oo
3 is one such value of x for which smiﬁ—%.ﬂnﬂma}'taktany

3
other value of x for which ginx = — % The solutions obtained will be the same
although these may apparently look different.

Example 21 Solve cosx =

+

[ =

| =

- £ i g
Solution We have, cosx =- =ms?

I

i o
Therefore X =2nn "—'5 ,wherene Z.

B

n
Example 22 Solve L'mh=—uut[x+5 |
F

) 3
Solution We have, mngxz_mt(1+£ = l&n[%+x+§]
i
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TRIGONOMETRIC FIINCTIONS

or tan2x = tan| x4+ —
6
: S
Therefore 1t=rm+.r+?. where ne Z
S
or _r=r11'[+?.wh::n: ned.

Example 23 Solve sin 2x - s1in 4y + sin 6x = 0.

Solution The equation can be written as
sin6x + sin2x — sindx = ()

or 2sindxcos2x—sindx =0
Le. sindx(2cos2x—1) =0
|
Therefore sindx=0 or MEI:E
5 T
e sindx=0 or cos2x= ms;
b8
Hence dx=nn or 2x= Eﬂﬂ‘igﬁ where neZ
) nt T
i.e. -'-'=T or x ="ﬂiE, where ne Z.

Example 24 Solve 2 cos’ x+ I sinx =0
Solution The equation can be written as

.I{I—sinz .1'] +3sinx =0

or Zsin” x—3sinx—2=10
or (2sinx+ 1) (sinx—2) =0
1
Hence SN X = i Of smmx=2
But sin x = 2 is not possible (Why?)
- ) S i n
e 5 I AT ——
rCiih 510 X 2 ﬁ
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78 MATHEMATICS
Hence, the solution 15 given by

_t'=:i?r+{—l’.|"?—n,wh:n:n e Z.

6
EXERCISE 34
Find the principal and general solutions of the following equations:
1. -[,;1]]_1'=-.‘|E 2. seex=2
3. -El_‘lt = —ﬁ 4. cosecx=-12
Find the general solution for each of the following equations:
5. cosdx=cos2x . cos3x+cosx—cos2x=0
7. sin2r +cosx=0 8. sec’ 2x= 1-tan 2x
9. sinx+sin3x+sinSy=0
Miscellancous Examples
12
Example 25 If sinx= 3 Cos y= — = where 1 and v both lie in second gquadrant,
find the value of sin (x + v).
Solution We know that
sin {(x + y) = sin x €os v + cO8 x sin ¥ L)
i D, | v 16
oW cost x=1-sitxr=1l-—=—
25 .25

14
Therefore cosx= i-g.

Since x lies in second quadrant, cos x 1s negative.

4
Hence cos r=——
5
i o i 144 25
oW ity =1 —-cosly=1]—-—=—
& =2 169 169
) . A
ie. giny=1t—,
: 13

5
Since y lies in second quadrant, hence sin v1s positive. Therefore, sin y= P Substituting

the values of sin x, sin v, cos x and cos yin (1), we get
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