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10.3.6 Normal form Suppose a non-vertical line is known to us with following data:
(1) Length of the perpendicular (normal) from origin to the line.
(ii) Angle which normal makes with the positive direction of x-axis.

Let L be the line, whose perpendicular distance from origin O be OA = p and the
angle between the positive x-axis and OA be ZXOA = . The possible positions of line
L in the Cartesian plane are shown in the Fig 10.17. Now, our purpose is to find slope
of L and a point on it. Draw perpendicular AM on the x-axis in each case.
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(iii) Fig 10.17 (iv)
In each case, we have OM = p cos w and MA = p sin @, so that the coordinates of the
point A are (p cos @, p sin @).
Further, line L is perpendicular to OA. Therefore

1 1 COS (1

The sl fthelineL= — =- = .
i 2t = slope of OA tan @ sin @

and point A-(p cos, psinw)on it. Therefore, by

Thus, the line L has slope — <
SN (1

point-slope form, the equation of the line L is
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. cos @ : -
y—psino=————(x—pcosm) or xcosm+ ysinm= p(sin’® + cos’w)
sin®
or XCOs @+ ysinws=p.

Hence, the equation of the line having normal distance p from the origin and angle ®
which the normal makes with the positive direction of x-axis is given by
XCcosW+ysinw=p ... (6)



10.3.4 Slope-intercept form Sometimes a line is known to us with its slope and an
intercept on one of the axes. We will now find equations of such lines.

Case | Suppose a line L with slope m cuts the y-axis at a distance ¢ from the origin
(Figl0.15). The distance ¢ 1s called the y-
intercept of the line L. Obviously,
coordinates of the point where the line meet
the y-axis are (0, ¢). Thus, L has slope m
and passes through a fixed point (0, ¢).
Therefore, by point-slope form, the equation
of Lis

v—c=m{x—0) or y=mx+c¢
Thus, the point (x, ¥) on the line with slope

m and y-intercept ¢ lies on the line if and Fig 10.15
only if
¥ =mx +c¢ .-.(3)

Note that the value of ¢ will be positive or negative according as the intercept is made
on the positive or negative side of the y-axis, respectively.

Case 1l Suppose line L with slope m makes x-intercept d. Then equation of L is
y =mix—d) . (4)
Students may derive this equation themselves by the same method as in Case L

1
, Where 8 is the

Example 9 Write the equation of the lines for which tan 8 = E

3
inclination of the line and (i) v-intercept is — E (ii) x-intercept is 4.
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Solution (1) Here, slopeof the lineism=1tan 8 = E and y - intercepl ¢ = - 5 .
Therefore, by slope-intercept form (3) above, the equation of the line is
13
y==x——or 2y-x+3=0
2 2

which is the required equation.

1
(11) Here, we havem =tan 8 = E and d = 4.

Therefore, by slope-intercept form (4) above, the equation of the line is
) = %(1—4} or2y-x+4=0,

which is the required equation.
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10.3.2 Point-slope form Suppose that Y
P, (x,, ¥,) is a fixed point on a non-vertical
line L, whose slope is m. Let P (x, v) be an
arbitrary point on L (Fig 10.13).

Then, by the definition, the slope of L is
given by

y-y .
ms= , e, y—y,=mlx-x)
X—x,
A1)
Since the point P, (x,, y,) along with > > X

all points (x, y) on L satisfies (1) and no
other point in the plane satisfies (1). Equation
(1) is indeed the equation for the given line L.
Thus, the point (x, y) lies on the line with slope m through the fixed point (x;, y,).
if and only if, its coordinates satisfy the equation
Y=Yy=mx-x)

Example 7 Find the equation of the line through (- 2. 3) with slope — 4.

Fig 10.13

Solution Here m = — 4 and given point (x,, y,) is (- 2, 3).

By slope-intercept form formula
(1) above, equation of the given
line is
yv=3=-4(x+2) or
4x + v + 5 = 0, which is the
required equation. Px. y)

10.3.3 Two-point form Let the
line L passes through two given Qe
points P, (x, y ) and P, (x,, y,).
Let P (x, y) be a general point = ) >X
onL (Fig 10.14).
The three points P , P, and P are Fig 10.14

collinear, therefore, we have
slope of P P = slope of P P,

Y
M L

P, (x,»)

i Y=¥_Y¥—% ¥>—¥
|.C., _|.=__L' or }n_y1=:-_lf_t—_[|}-

X—=x Xz2— X 31— X
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Thus, equation of the line passing through the points (x,, y,) and (x,, ¥,) is given by
Y-y
V=¥ == x-x) ()

X7 x
Example 8 Write the equation of the line through the points (1, 1) and (3, 5).

Solution Here x = 1, ¥y, =- 1. X, = 3 and v, = 5. Using two-point form (2) above
for the equation of the line, we have
' 5-(-1)
= (=1)= x=1
y-()==5-1)

or =3x + vy +4 =0, which is the required equation.
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10.2.3 Angle between two lines When we think about more than one line in a plane,
then we find that these lines are either intersecting or parallel. Here we will discuss the

angle between two lines in terms of their slopes.
Let L, and L, be two non-vertical lines with slopes m, and m,, respectively. If o,
and O, are the inchinations of lines L, and L,, respectively. Then

-ml = tana, and m, = tana,.

We know that when two lines intersect each other, they make two pairs of
vertically opposite angles such that sum of any two adjacent angles is 180°. Let 6 and
¢ be the adjacent angles between the lines L, and L, (Fig10.6). Then

8=a,-oa and o, a, #90°

b T S T +m m,# 0)
I+taney tana,  1+mym, £

Therefore tan 8 =tan (o, - ) =

and ¢ = 180° - 0 so that

: .
tanp=tan (180° -0 )=—tan b= ——"—— as l + mm, =0
L+mm, :
Y L,
M L,
¢

7 “‘/

Now, there arise Iwo cases:

Fig 10. 6
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ms=—m

Casel If is positive, then tan 8 will be positive and tan ¢ will be negative,

1+ mym,
which means 8 will be acute and ¢ will be obtuse.

n; 1 . : : . ..
Casell If —I + mim is negative, then tan 8 will be negative and tan ¢ will be positive,
rE2

which means that 8 will be obtuse and ¢ will be acute.
Thus. the acute angle (say 8) between lines L and L, with slopes m and m,,
respectively, is given by

iy —my
1+ mm,

tan f =

‘. as l+mm,=0 (1)

The obtuse angle (say ¢) can be found by using ¢ =180"— 6.
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10.2.2 Conditions for parallelism and perpendicularity of lines in terms of their

slopes In a coordinate plane, suppose that non-vertical lines | and [, have slopes m,

and m,, respectively. Let their inclinations be ot and Y

B, respectively. A

If the line [ is parallel to [, (Fig 10.4). then their |

inclinations are equal, i.e., ‘\
o = B, and hence, tan & = tan

Therefore m, =m,, 1.e., their slopes are equal.

Conversely, if the slope of two lines |, and [,

is same, i.e.,

fIZII:M:.

Fig 10. 4

Then tan o = tan f.

By the property of tangent function (between 0° and 180°), o = fi.
Therefore, the lines are parallel.
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Hence, two non vertical lines | and 1, are parallel if and only if their slopes
are equal.
If the lines [ and /, are perpendicular (Fig 10.5), then } = a + 90°,

Therefore.tan P = tan (a +90°) Y

- l A

=—colo=—"—"
- tan ‘;} J)
‘ 1
ie., m, = == or m m, =- |
% p

Conversely, if m m, = = l,ie tanatanf=-1. 0] \_'l}x

Then tan o = - cot f = tan (f + 90°) or tan (p - 90°)
Therefore, o and P differ by 90°.
Thus, lines /, and /, are perpendicular to each other.

Fig 10. 5

Hence, two non-vertical lines are perpendicular to each other if and only if
their slopes are negative reciprocals of each other,

|
ie., m=—— o, m m,=-— 1.
m,

Let us consider the following example.



