SETS 13

Examine whether the following statements are true or false:

@O {abyz{bcal

(i) {a e} c{x:xisavowelin the English alphabet}

@) {1,2,3}c{1,35}

i) {a}lc {a b c}

V) {ale {ab c}

(vi) { x:xisaneven natural number less than 6} < { x: x is a natural number

which divides 36}
Let A={1,2,{3,4},5}. Which of the following statements are incorrect and why?
1 {3,4}c A @ {3,4}e A @) {{3,4}}c A
@iv) 1e A v) 1cA vi) {1,2,5}c A
i) {1,2,5}€e A (viii) {1,2,3} c A ix) ¢ A
) 0c A xi) {0} c A
Write down all the subsets of the following sets
® {a} i {a, b} (@) {1,2,3} i) ¢

How many elements has P(A), if A = ¢?
Write the following as intervals :

1 {x:xe R, -4<x<6} @@ {x:xeR,-12<x<-10}
@) {x:xe R, 0Zx<7} @iv) {x:xe R,3<x<4}
Write the following intervals in set-builder form :

® =30 @@ [6,12] (i) (6, 12] av) [-23,5)
What universal set(s) would you propose for each of the following :

(1) The set of right triangles. (i) The set of isosceles triangles.
Giventhe sets A= {1, 3,5}, B={2,4,6} and C = {0, 2, 4, 6, 8}, which of the
following may be considered as universal set (s) for all the three sets A, B and C

@ {0,1,2,3,4,5,6}

(i) ¢
@) {0.1,2,3,4,5,6,7,8,9,10}
av) {1,2,34,5,6,7,8}

1.9 Venn Diagrams

Most of the relationships between sets can be
represented by means of diagrams which are known
as Venn diagrams. Venn diagrams are named after
the English logician, John Venn (1834-1883). These
diagrams consist of rectangles and closed curves
usually circles. The universal set is represented
usually by a rectangle and its subsets by circles.
In Venn diagrams, the elements of the sets

are written in their respective circles (Figs 1.2 and 1.3)
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14 MATHEMATICS

Hlustration 1 InFig 1.2, U= {1,2,3, ..., 10} is the U
universal set of which
A={2,4,6,8,10} is a subset. el

Ilustration 2 In Fig 1.3, U= {1,2,3, ..., 10} is the
universal set of which

A=1{2,4,6,8,10} and B = {4, 6} are subsets, *9
and also B C A. Fig 1.3

The reader will see an extensive use of the
Venn diagrams when we discuss the union, intersection and difference of sets.

1.10 Operations on Sets

In earlier classes, we have learnt how to perform the operations of addition, subtraction,
multiplication and division on numbers. Each one of these operations was performed
on a pair of numbers to get another number. For example, when we perform the
operation of addition on the pair of numbers 5 and 13, we get the number 18. Again,
performing the operation of multiplication on the pair of numbers 5 and 13, we get 65.
Similarly, there are some operations which when performed on two sets give rise to
another set. We will now define certain operations on sets and examine their properties.
Henceforth, we will refer all our sets as subsets of some universal set.

1.10.1 Union of sets Let A and B be any two sets. The union of A and B is the set
which consists of all the elements of A and all the elements of B, the common elements
being taken only once. The symbol ‘U’ is used to denote the union. Symbolically, we
write A U B and usually read as ‘A union B’.

Example 12 LetA={2,4,6,8} and B={ 6, 8, 10, 12}. Find A U B.

Solution We have AuB ={2,4,6,8, 10, 12}
Note that the common elements 6 and 8 have been taken only once while writing
AUB.

Example 13 LetA={a ¢ i,0,u}andB={aqa,i u}. Showthat AUB =A
Solution We have, AUB={a,e i,0 u}=A.

This example illustrates that union of sets A and its subset B is the set A
itself, i.e., if B c A, then AU B = A.

Example 14 Let X = {Ram, Geeta, Akbar} be the set of students of Class XI, who are
in school hockey team. Let Y = {Geeta, David, Ashok} be the set of students from
Class XI who are in the school football team. Find X U Y and interpret the set.

Solution We have, X U Y = {Ram, Geeta, Akbar, David, Ashok}. This is the set of
students from Class XI who are in the hockey team or the football team or both.
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SETS 15

Thus, we can define the union of two sets as follows:

Definition 6 The union of two sets A and B is the set C which consists of all those
elements which are either in A or in B (including
those which are in both). In symbols, we write. |U
AUB ={x:xeAorxeB}

The union of two sets can be represented by a A
Venn diagram as shown in Fig 1.4.

The shaded portion in Fig 1.4 represents AU B. B

Some Properties of the Operation of Union AUB
i) AuB =B uUA (Commutative law) Fig 1.4
i@ (AuB)uC=Au(BUC)
(Associative law )

() Auo=A (Law of identity element, ¢ is the identity of L)

iv) AUA =A (Idempotent law)

vy UUA =U (Law of U)
1.10.2 Intersection of sets The intersection of sets A and B is the set of all elements
which are common to both A and B. The symbol ‘’ is used to denote the infersection.
The intersection of two sets A and B is the set of all those elements which belong to
both A and B. Symbolically, we writte AN B ={x: x€ Aand x € B}.
Example 15 Consider the sets A and B of Example 12. Find A n B.
Solution We see that 6, 8 are the only elements which are common to both A and B.
Hence AnB={6,8}.
Example 16 Consider the sets X and Y of Example 14. Find X N Y.

Solution We see that element ‘Geeta’ is the only element common to both. Hence,
XNY = {Geeta}.

Example 17 LetA={1,2,3,4,5,6,7,8,9,10} and B={2,3,5,7 }. Find A N B and
hence show that Am B = B.

Solution We have AnB={2,3,5,7}=B. We
note that B — A and that AN B = B. U
Definition 7 The intersection of two sets A and B
is the set of all those elements which belong to both A
A and B. Symbolically, we write

ANnB={x:xe Aand x € B} B
ANB

The shaded portion in Fig 1.5 indicates the
intersection of A and B. Fig 1.5
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16 MATHEMATICS

If A and B are two sets such that Am B = ¢, then
A and B are called disjoint sets.

For example, letA={2,4,6, 8 } and
B={1,3,5,7 }. Then A and B are disjoint sets,
because there are no elements which are common to
A and B. The disjoint sets can be represented by
means of Venn diagram as shown in the Fig 1.6
In the above diagram, A and B are disjoint sets.
Some Properties of Operation of Intersection

i) AnB =BnNA
@ (AnB)NnC=An(BnNC)

i) ¢NA=0,UNnA=A

iv) AnA=A

v) An(Bu(C)

N distributes over U

Fig 1.6

(Commutative law).

(Associative law).

(Law of ¢ and U).
(Idempotent law)

= (ANnB)uU(AnC) (Distributive law ) i. e.,

This can be seen easily from the following Venn diagrams [Figs 1.7 (i) to (v)].

Je S N
(o ®
M (BUC) (i) (ANB)
e &
(o ®,
i) AN(BUC) iv) (ANC)

(v) (AnB)uU (ANC)

Figs 1.7 (i) to (v)
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SETS 17

1.10.3 Difference of sets The difference of the sets A and B in this order is the set
of elements which belong to A but not to B. Symbolically, we write A — B and read as
“ A minus B”.

Example 18 LetA={1,2,3,4,5,6), B={2,4,6,8 }. Find A—B and B — A.

Solution We have, A—B = {1, 3,5 }, since the elements 1, 3, 5 belong to A but
not to B and B — A= { 8 }, since the element 8 belongs to B and not to A.
We note that A— B #B — A.

Example 19 Let V={aq, e i, 0, u } and
B={a ik u}. FindV-Band B-V

U
Solution We have, V-B ={ ¢, 0 }, since the elements
e, obelong to V butnotto Band B—V = { k }, since ‘
the element k belongs to B but not to V.
We note that V- B # B — V. Using the set- | , _p
builder notation, we can rewrite the definition of
difference as
A-B={x:xe Aandx¢ B }
The difference of two sets A and B can be
represented by Venn diagram as shown in Fig 1.8.
The shaded portion represents the difference of

the two sets A and B.

Remark The sets A — B, AN B and B — A are |A-B
mutually disjoint sets, i.e., the intersection of any of
these two sets is the null set as shown in Fig 1.9.

Fig 1.8

(ANB)
Fig 1.9

|EXERCISE 1.4|

1. Find the union of each of the following pairs of sets :
1 X={1,3,5} Y={1,23}
i) A=1la e i o0 u} B={a b c}

@iii) A = {x:xis anatural number and multiple of 3}
B = {x: x is a natural number less than 6}

(iv) A ={x:xisanatural numberand 1 <x <6 }
B = {x: xis a natural number and 6 < x < 10 }

(v) A={

2. LetA={a b},B= {a b, c}.IsAcB ?WhatisAUB?

If A and B are two sets such that A < B, then whatis A U B ?

4. IfA={1,2,3,4},B=1{3,4,5,6},C={5,6,7,8}andD={7,8,9, 10 }; find

w9
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11.

12.
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i AuB i@ AucC @) BucC ivyBuD
vy AuBuUC (vij AuBUD (vi) BuCuD

Find the intersection of each pair of sets of question 1 above.
IfA={3,57,9,11},B={7,9,11,13},C={11,13,15}and D = {15, 17}; find

i AnB @ BnNC @) ANCnD
iav) AnC vy BnD vi) AnBuUCO)
(vi) AnD (vii) AnBuD) @@x) (AnB)n(BuC(C)

x) (AuD)Nn(BuUO)
If A= {x:x1is anatural number }, B = {x: x is an even natural number}
C = {x: xis an odd natural number}andD = {x : x is a prime number }, find
i AnNB i AnC @) AnND
iv) BnC vy BnD (vi) CnD
Which of the following pairs of sets are disjoint
1 {I1,2,3,4} and {x: x is a natural number and 4 <x <6 }
) {aeiouland{c d e f}
@) {x:xisaneveninteger } and {x : x is an odd integer}
IfA={3,6,9,12,15,18,21},B={4,8,12,16,20 },
C={2,4,6,8,10,12,14,16 }, D= {5, 10, 15, 20 }; find

() A-B (i) A-C Gi) A-D (iv) B—A
(v) C—A vi) D-A (vii) B-C (vii) B -D
(ix) C-B x) D-B xi) C-D i) D-C
IfX={abcd}andY={fb d g} find

i X-Y (i) Y-X (i) XNY

If R is the set of real numbers and Q is the set of rational numbers, then what is

R -Q?

State whether each of the following statement is true or false. Justify your answer.
@ {2,3,4,5}and { 3, 6} are disjoint sets.

@) {aeio u}and{a b c d}are disjoint sets.

@) {2,6,10,14 }and { 3,7, 11, 15} are disjoint sets.

@iv) {2,6,10 }and { 3,7, 11} are disjoint sets.

1.11 Complement of a Set

Let U be the universal set which consists of all prime numbers and A be the subset of

U which consists of all those prime numbers that are not divisors of 42. Thus,

A=

{x:xe Uand xisnotadivisor of 42 }. We see that 2 € U but 2 ¢ A, because

2 is divisor of 42. Similarly,3€ Ubut3 ¢ A,and 7€ Ubut7 ¢ A.Now 2,3 and 7 are
the only elements of U which do not belong to A. The set of these three prime numbers,
i.e., the set {2, 3,7} is called the Complement of A with respect to U, and is denoted by
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SETS 19

A’. So we have A’ = {2, 3,7}. Thus, we see that
A’ ={x:xe Uand x ¢ A }. This leads to the following definition.

Definition 8 Let U be the universal set and A a subset of U. Then the complement of
A is the set of all elements of U which are not the elements of A. Symbolically, we
write A” to denote the complement of A with respect to U. Thus,
A’={x:xe Uandx ¢ A }. Obviously A’=U-A
We note that the complement of a set A can be looked upon, alternatively, as the
difference between a universal set U and the set A.

Example 20 LetU= {1,2,3,4,5,6,7,8,9,10} and A={1,3,5,7,9}. Find A".

Solution We note that 2, 4, 6, 8, 10 are the only elements of U which do not belong to
A. Hence A'={2,4,6,810}.

Example 21 Let U be universal set of all the students of Class XI of a coeducational
school and A be the set of all girls in Class XI. Find A”.

Solution Since A is the set of all girls, A” is clearly the set of all boys in the class.

If A is a subset of the universal set U, then its complement A" is also a
subset of U.
Again in Example 20 above, we have A" ={2,4,6,8,10 }
Hence (AY={x:xe Uandx ¢ A’}
={1,3,5,7,9} =A
Itis clear from the definition of the complement that for any subset of the universal
set U, we have (A") =A

Now, we want to find the results for (A U B )" and A’ N B’ in the followng
example.
Example 22 Let U= {1,2,3,4,5,6},A={2,3} and B = {3, 4, 5}.
Find A, B", A” N B’, AU B and hence show that ( AUB ) =A’n B".

Solution Clearly A" = {1,4,5,6},B"’={1,2,6 }. Hence A nB'={ 1,6 }
AlsoAUB ={2,3,4,5},sothat AUB) ={1,6}
(AUB) ={1,6}=A NP

It can be shown that the above result is true in general. If A and B are any two
subsets of the universal set U, then

(AUB) =A"NB’. Similarly,(ANnB )" = A UB’. These two results are stated
in words as follows :
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20 MATHEMATICS

The complement of the union of two sets is U
the intersection of their complements and the
complement of the intersection of two sets is the
union of their complements. These are called De
Morgan’s laws. These are named after the
mathematician De Morgan.

The complement A” of a set A can be represented
by a Venn diagram as shown in Fig 1.10. Fig 1.10
The shaded portion represents the complement of the set A.

Some Properties of Complement Sets
1. Complement laws: HAUA" =U (i)ANA =0
2. De Morgan’s law: (A UB)=A'"NnB (i)(ANB) =A"UB’
3. Law of double complementation : (A")" = A

4. Laws of empty set and universal set ¢’ = U and U" = ¢.
These laws can be verified by using Venn diagrams.

|[EXERCISE 1.5 |

1. LetU={1,2,3,4,5,6,7,8,9},A={1,2,3,4},B={2, 4,6,8 } and
C={3,4,5,6}.Find (i) A” (ii)) B” (iii)) (AU C)" (iv) (AU B)" (v) (A"

(vi) (B - CY

2. IfU=1{a b cd e f g h},find the complements of the following sets :
1) A={aq b, c} )B={d e f g}
i) C={a, c ¢ g} vy D={f g h, a}

3. Taking the set of natural numbers as the universal set, write down the complements
of the following sets:

(1) {x:xis an even natural number} (i1) { x:xisan odd natural number }
(i) {x:xisapositive multiple of 3} @iv) { x : x is a prime number }
(v) {x:xisanatural number divisible by 3 and 5}
(vi) { x:xis a perfect square } (vii) { x : x is a perfect cube}
(viil)) {x:x+5=8} (ix) {x:2x+5=9}
x) {x:x=27} xi){x:xe Nand2x+1>10}
4. IfU={1,2,3,4,5,6,7,8,9},A={2,4,6,8}and B={ 2, 3,5, 7}. Verify that
1 AUBY=A"NnB’ (i) (ANnBY=A"UB’
5. Draw appropriate Venn diagram for each of the following :
(i) (A U BY, (i))A" N B’, (i) (ANBY, (v)A"UB’

6. Let U be the set of all triangles in a plane. If A is the set of all triangles with at
least one angle different from 60°, what is A"?
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SETS 21

7.  Fill in the blanks to make each of the following a true statement :
i AUA'=... (i) ONA=...
(i) ANnA'=... @iv) UnA=...

1.12 Practical Problems on Union and
Intersection of Two Sets
In earlier Section, we have learnt union, intersection Q

U

and difference of two sets. In this Section, we will
go through some practical problems related to our
daily life.The formulae derived in this Section will

also be used in subsequent Chapter on Probability (AnB)

(Chapter 16). Fig 1.11
Let A and B be finite sets. If A B = ¢, then
WHn(AuB)=n(A)+n(B) .. (1)

The elements in A U B are either in A or in B but not in both as AN B = ¢. So, (1)
follows immediately.

In general, if A and B are finite sets, then

@Mn(AuB)=n(A)+n(B)-n(AnNnB) .. 2)

Note that the sets A— B, A mn B and B — A are disjoint and their union is A U B
(Fig 1.11). Therefore
n(AuB)=n(A-B)+n(AnNnB)+n(B-A)
=n(A-B)+ n(AnB)+n(B-A)+n(A nB)-n(A NnB)
=n(A)+n(B)-n(A nB), which verifies (2)
(ii1) If A, B and C are finite sets, then
n(AuBuUC)=n(A)+n(B)+n(C)-n(A nB)-n(B nC)
-n(AnNnC)+n(AnBnNnC) ... 3)
In fact, we have
n(AuBuUC)=nA)+n(BuC)-n[ANn(BuC)] [ by (2) ]
=nA)+n(B)+n(C)-n(B NnC)-n[AnNn(BuC)] [by (2)]
SinceA N(BuUC)=(A nNnB)uU(A nC), we get
n[AN(BuC)l=n(AnNnB)+n(AnNnC)-n[(AnNnB)n(A nO)]
=n(AnB)+n(AnNnC)-n(AnBnNO
Therefore
n(AuBUC) =nA)+n(B)+n(C)-n(A NnB)-n(B nO)
-n(A NmnC)+n(A NmnB nC)
This proves (3).

Example 23 If X and Y are two sets such that X U Y has 50 elements, X has
28 elements and Y has 32 elements, how many elements does X N'Y have ?
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22 MATHEMATICS

Solution Given that U

n(XuY)=50,n(X)=28, n(Y)=32,
nXNY)="?
By using the formula Q
n(XuY)=n(X)+n(Y)-n(XnNnY),
we find that (XNY)
n(XNY)=n(X)+n(Y)-n(XuUY)
=28+32-50=10 Fig 1.12
Alternatively, suppose n ( X N'Y ) = k, then
n(X-Y)=28-k,n(Y-X)=32-k(by Venn diagram in Fig 1.12)
ThisgivesS0=n(XuY)=nX-Y)+n X nY)+n(Y-X)

=(28—k)+k+(32-k)
Hence k =10.

Example 24 In a school there are 20 teachers who teach mathematics or physics. Of
these, 12 teach mathematics and 4 teach both physics and mathematics. How many
teach physics ?

Solution Let M denote the set of teachers who teach mathematics and P denote the
set of teachers who teach physics. In the statement of the problem, the word ‘or’ gives
us a clue of union and the word ‘and’ gives us a clue of intersection. We, therefore,
have
n(MuP)=20,n(M)=12andn(MnNP)=4
We wish to determine n ( P).
Using the result
n(MuP)=n(M)+n(P)-n (MnNnP),
we obtain
20=12+n(P)-4
Thus n(P)=12
Hence 12 teachers teach physics.

Example 25 In a class of 35 students, 24 like to play cricket and 16 like to play
football. Also, each student likes to play at least one of the two games. How many
students like to play both cricket and football ?

Solution Let X be the set of students who like to play cricket and Y be the set of

students who like to play football. Then X U'Y is the set of students who like to play

at least one game, and X N'Y is the set of students who like to play both games.

Given n(X)=24,n(Y)=16,n(XuY)=35nXNnY)=7?

Using the formulan (XU Y)=n(X)+n(Y)-n (XNY), we get
35=24+16-n(XNY)
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Thus, nXNY)=5
ie., 5 students like to play both games.

Example 26 In a survey of 400 students in a school, 100 were listed as taking apple
juice, 150 as taking orange juice and 75 were listed as taking both apple as well as
orange juice. Find how many students were taking neither apple juice nor orange juice.

Solution Let U denote the set of surveyed students and A denote the set of students
taking apple juice and B denote the set of students taking orange juice. Then

n (U) =400, n (A) =100, n (B) =150 and n (A N B) =75.
Now n(A'nB’) =n(AuUB)Y
=n(U)-n(AuUB)
=n(U)-nA)—-n(B)+n(AnB)
=400 -100- 150 + 75 =225
Hence 225 students were taking neither apple juice nor orange juice.

Example 27 There are 200 individuals with a skin disorder, 120 had been exposed to
the chemical C , 50 to chemical C,, and 30 to both the chemicals C, and C,. Find the
number of individuals exposed to

(i)  Chemical C, but not chemical C, (i) Chemical C, but not chemical C,
(i) Chemical C, or chemical C,

Solution Let U denote the universal set consisting of individuals suffering from the
skin disorder, A denote the set of individuals exposed to the chemical C, and B denote
the set of individuals exposed to the chemical C,.

Here n(U)=200,n(A)=120,n(B)=50andn (AN B)=30

(1) From the Venn diagram given in Fig 1.13, we have
A=(A-B)uU(AnB).
n(A)=n(A-B)+n(AnB) (Since A—-B) and A n B are disjoint.)
orn(A-B)=n(A)-n(AnB)=120-30=90

Hence, the number of individuals exposed to

chemical C, but not to chemical C, is 90. U
(i1) From the Fig 1.13, we have
B=(B-A)uU(AnB). Q
andso, n(B)=n(B-A)+n(AnNnB)
(Since B — A and A nB are disjoint.)
oo n(B-A)=n(B)-n(ANB) (ANB)
=50-30= 20 Fig 1.13
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24 MATHEMATICS

Thus, the number of individuals exposed to chemical C, and not to chemical C, is 20.
(i) The number of individuals exposed either to chemical C, or to chemical C, i.e.,
n(AuB)=n(A)+n(B)-n(AnB)
=120 + 50 — 30 = 140.

|EXERCISE 1.6|

1. IfXandY aretwosetssuchthatn (X )=17,n(Y)=23andn (X UY )=38,
findn (XNY).

2. If Xand Y are two sets such that X U Y has 18 elements, X has 8 elements and
Y has 15 elements ; how many elements does X N'Y have?

3. Ina group of 400 people, 250 can speak Hindi and 200 can speak English. How
many people can speak both Hindi and English?

4. If S and T are two sets such that S has 21 elements, T has 32 elements, and S "' T
has 11 elements, how many elements does S U T have?

5. If X and Y are two sets such that X has 40 elements, X U Y has 60 elements and
X MY has 10 elements, how many elements does Y have?

6. Ina group of 70 people, 37 like coffee, 52 like tea and each person likes at least
one of the two drinks. How many people like both coffee and tea?

7. Inagroup of 65 people, 40 like cricket, 10 like both cricket and tennis. How many
like tennis only and not cricket? How many like tennis?

8. In a committee, 50 people speak French, 20 speak Spanish and 10 speak both
Spanish and French. How many speak at least one of these two languages?

Miscellaneous Examples

Example 28 Show that the set of letters needed to spell “ CATARACT ” and the
set of letters needed to spell “ TRACT” are equal.

Solution Let X be the set of letters in “CATARACT”. Then
X={CA TR}

Let Y be the set of letters in “ TRACT”. Then
Y={T,RACT}={T,RAC}

Since every element in X is in Y and every element in Y is in X. It follows that X =Y.

Example 29 List all the subsets of the set { -1, 0, 1 }.

Solution Let A= {-1,0,1 }. The subset of A having no element is the empty
set 0. The subsets of A having one element are { —1 }, { 0 }, { 1 }. The subsets of
A having two elements are {-1, 0}, {—1, 1} ,{0, 1}. The subset of A having three
elements of A is Aitself. So, all the subsets of A are ¢, {1}, {0}, {1}, {-1,0}, {-1, 1},
{0,1} and {-1,0, 1}.
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Example 30 Show that Au B = AN B implies A=B

Solution Leta e A.Thenae AUB.SinccAUB=A "nB,ae A nB.Soae B.
Therefore, A — B. Similarly, if b € B, then b€ A U B. Since
AUB=ANB,be AnB. So, b € A. Therefore, Bc A. Thus, A=B

Example 31 For any sets A and B, show that
P(AnB)=P(A)nP( B).

Solution Let X € P(A N B ). Then X ©¢ AN B. So, X © A and X < B. Therefore,
XeP(A)and X € P(B ) which implies X € P(A) N P (B). This givesP(ANB)
cP(A)nP(B).LetYe P(A)nP(B). ThenYe P(A)andY € P(B). So,
Y c AandY c B. Therefore, Y € A N B, whichimplies Y € P(A m B ). This gives
P(A)nP(B)cP(ANB)

Hence P(ANB)=P(A)nP(B).

Example 32 A market research group conducted a survey of 1000 consumers and
reported that 720 consumers like product A and 450 consumers like product B, what is
the least number that must have liked both products?

Solution Let U be the set of consumers questioned, S be the set of consumers who
liked the product A and T be the set of consumers who like the product B. Given that
n(U)=1000,n(S)=720,n( T)=450
So n(SuT)=n(S)+n(T)-n(SNT)
=720+450-n(SNT)=1170-n(SNT)

Therefore, n ( S U T ) is maximum when n (S N T ) is least. But S U T < U implies
n(SuUT) <n(U)=1000. So, maximum values of n (S U T ) is 1000. Thus, the least
value of n (S N T ) is 170. Hence, the least number of consumers who liked both products
is 170.

Example 33 Out of 500 car owners investigated, 400 owned car A and 200 owned
car B, 50 owned both A and B cars. Is this data correct?

Solution Let U be the set of car owners investigated, M be the set of persons who
owned car A and S be the set of persons who owned car B.

Given that n(U) =500,n(M)=400,n(S)=200andn (S M) =50.
Then n(SUM)=n(S)+n(M)-n(SNM) =200+ 400 - 50 =550
ButSUM < Uimpliesn (SUM )<n(U).

This is a contradiction. So, the given data is incorrect.

Example 34 A college awarded 38 medals in football, 15 in basketball and 20 in
cricket. If these medals went to a total of 58 men and only three men got medals in all
the three sports, how many received medals in exactly two of the three sports ?
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Solution Let F, B and C denote the set of men who U

received medals in football, basketball and cricket,

respectively. A

Thenn (F)=38,n(B)=15n(C)=20 9@7&
n(FuUBuUC)=58andn (FNBNC)=3

Therefore, n(FuUBUC)=n(F)+n(B) C

+n(C)-n(FNnB)-n(FNC)-n(BNC)+

n(FNBAN C), Fig 1.14

givesn (FNB)+n(FNC)+n(BnNC)=18

Consider the Venn diagram as given in Fig 1.14

Here, a denotes the number of men who got medals in football and basketball only, b

denotes the number of men who got medals in football and cricket only, ¢ denotes the

number of men who got medals in basket ball and cricket only and d denotes the

number of men who got medal in all the three. Thus,d=n (FNB N C) =3 and

a+d+b+d+c+d=18

Therefore a+b+c=09,

which is the number of people who got medals in exactly two of the three sports.

Miscellaneous Exercise on Chapter 1

1.  Decide, among the following sets, which sets are subsets of one and another:
A={x:xe R and xsatisfy x> - 8x + 12 = 0 },
B={246}, C={2,4,6,8,...},D={61}.

2.  Ineach of the following, determine whether the statement is true or false. If it is
true, prove it. If it is false, give an example.

i) Ifxe AandAe B,thenxe B
@) IfA cBandBe C,thenAe C
@) IfAcBandBcC,thenAcC
ivy fAgBandBz C,thenA ¢ C
(v) Ifxe Aand Az B ,thenxe B
(vij fAcBandx¢ B,thenx¢ A

3. LetA, B, and C be the sets suchthat AuB =AuCand AN B =AnNC. Show
that B = C.
4. Show that the following four conditions are equivalent :

i)AcB@l)A-B=¢ (@(i)AuUB=B (iviAnB=A
5. Show thatif Ac B,thenC-B c C - A.
Assume that P(A) =P (B ). Show that A=B

7. Isittrue that for any sets Aand B,P(A) UP (B )=P (A u B )? Justify your
answer.

=)
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Show that for any sets A and B,

A=(An B) U(A-B)andAuUu(B-A)= (AuUB)

Using properties of sets, show that

HDAU(A NB)=A (i) An(AuB)=A.

Show that Am B = A mn C need not imply B =C.

Let Aand Bbesets. fFA NmX=BnNnX=¢and Au X =B u X for some set
X, show that A = B.

(Hints A=An(AuX),B=Bn(Bu X) and use Distributive law )
Find sets A, B and C such that A N B, B n C and A n C are non-empty
setsand AN B N C=¢.

In a survey of 600 students in a school, 150 students were found to be taking tea
and 225 taking coffee, 100 were taking both tea and coffee. Find how many
students were taking neither tea nor coffee?

In a group of students, 100 students know Hindi, 50 know English and 25 know
both. Each of the students knows either Hindi or English. How many students
are there in the group?

In a survey of 60 people, it was found that 25 people read newspaper H, 26 read
newspaper T, 26 read newspaper I, 9 read both H and I, 11 read both H and T,
8 read both T and I, 3 read all three newspapers. Find:

(1) the number of people who read at least one of the newspapers.

(i1) the number of people who read exactly one newspaper.

In a survey it was found that 21 people liked product A, 26 liked product B and
29 liked product C. If 14 people liked products A and B, 12 people liked products
C and A, 14 people liked products B and C and 8 liked all the three products.
Find how many liked product C only.

Summary

This chapter deals with some basic definitions and operations involving sets. These

are summarised below:

@ A setis a well-defined collection of objects.

@ A set which does not contain any element is called empty set.

@ A set which consists of a definite number of elements is called finite set,
otherwise, the set is called infinite set.

@ Two sets A and B are said to be equal if they have exactly the same elements.

# Aset Ais said to be subset of a set B, if every element of A is also an element
of B. Intervals are subsets of R.

© A power set of a set A is collection of all subsets of A. It is denoted by P(A).
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# The union of two sets A and B is the set of all those elements which are either
in A or in B.

# The intersection of two sets A and B is the set of all elements which are
common. The difference of two sets A and B in this order is the set of elements
which belong to A but not to B.

4 The complement of a subset A of universal set U is the set of all elements of U
which are not the elements of A.

@ For any two sets Aand B, AUB)=A"nB’and (ANnB) =A"UB’

¢ If A and B are finite sets such that A n B = ¢, then
n(AuB)=n(A)+n(B).

IfA N B # 0, then
n(AuB)=n(A)+n B)—-n(AnNnB)

Historical Note

The modern theory of sets is considered to have been originated largely by the
German mathematician Georg Cantor (1845-1918). His papers on set theory
appeared sometimes during 1874 to 1897. His study of set theory came when he
was studying trigonometric series of the form a, sin x + a, sin 2x + a, sin 3x + ...
He published in a paper in 1874 that the set of real numbers could not be put into
one-to-one correspondence wih the integers. From 1879 onwards, he publishd
several papers showing various properties of abstract sets.

Cantor’s work was well received by another famous mathematician Richard
Dedekind (1831-1916). But Kronecker (1810-1893) castigated him for regarding
infinite set the same way as finite sets. Another German mathematician Gottlob
Frege, at the turn of the century, presented the set theory as principles of logic.
Till then the entire set theory was based on the assumption of the existence of the
set of all sets. It was the famous Englih Philosopher Bertand Russell (1872-
1970 ) who showed in 1902 that the assumption of existence of a set of all sets
leads to a contradiction. This led to the famous Russell’s Paradox. Paul R.Halmos
writes about it in his book ‘Naive Set Theory’ that “nothing contains everything”.

The Russell’s Paradox was not the only one which arose in set theory.
Many paradoxes were produced later by several mathematicians and logicians.
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