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Quadratic Equations and Inequations

4.1 Polynomial

Algebraic expression containing many terms of the form cx", n being a non-negative
integer is called a polynomial. i.e., f(X)=a, +a,X +a,Xx> +asx> +.....+a,, X" +a,x", where x is a
variable, a,,a;,a, ....... a, are constants and a, =0

Example : 4x* +3x®* —7x?+5x+3, 3x3+x?—3x+5.

(1) Real polynomial : Let ay,a,,4a,....... a, be real numbers and x is a real variable.

Then f(x)=a, +a;X +a,x* +a;x° +...... +a,x" is called real polynomial of real variable x with

real coefficients.

Example : 3x° —4x? +5x —4,x? —2x +1 etc. are real polynomials.

(2) Complex polynomial : If a,,a,a,....... a, be complex numbers and x is a varying complex
number.

Then f(X)=a, +a,X +a,X> +azx°> +...... +a,x" is called complex polynomial of complex variable
x with complex coefficients.

Example : 3x? —(2+4i)x +(5i—4),x® —5ix? + (L + 2i)x + 4 etc. are complex polynomials.

(3) Degree of polynomial : Highest power of variable x in a polynomial is called degree of
polynomial.

Example : f(x)=a, +a,X +a,Xx* +...... +a, X" +a,x" is a n degree polynomial.

f(x)=4x> +3x? —7x +5 is a 3 degree polynomial.

f(x)=3x —4 is single degree polynomial or linear polynomial.

f(x)=bx is an odd linear polynomial.

A polynomial of second degree is generally called a quadratic polynomial. Polynomials of
degree 3 and 4 are known as cubic and biquadratic polynomials respectively.

(4) Polynomial equation : If f(x) is a polynomial, real or complex, then f(x) = 0 is called a
polynomial equation.
4.2 Types of Quadratic Equation

A quadratic polynomial f(x) when equated to zero is called quadratic equation.

Example : 3x? +7x+5=0,-9x? +7x+5=0,x?> +2x =0,2x? =0
or
An equation in which the highest power of the unknown quantity is two is called quadratic
equation.
Quadratic equations are of two types :
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(1) Purely quadratic equation : A quadratic equation in which the term containing the first
degree of the unknown quantity is absent is called a purely quadratic equation.
i.e. ax’+c=0 wherea,ce Canda=o0
(2) Adfected quadratic equation : A quadratic equation which contains terms of first as well
as second degrees of the unknown quantity is called an adfected quadratic equation.
i.e. ax> +bx+c=0 wherea, b,ce Canda=o0, b=o0.

(3) Roots of a quadratic equation : The values of variable x which satisfy the quadratic
equation is called roots of quadratic equation.

Important Tips

& An equation of degree n has n roots, real or imaginary.

# Surd and imaginary roots always occur in pairs in a polynomial equation with real coefficients i.e. if 2 - 3i is a root
of an equation, then 2 + 3i is also its root. Similarly if 2++/3 is a root of given equation, then 2-/3 is also its
root.

@ An odd degree equation has at least one real root whose sign is opposite to that of its last term (constant term),
provided that the coefficient of highest degree term is positive.

& Every equation of an even degree whose constant term is negative and the coefficient of highest degree term is
positive has at least two real roots, one positive and one negative.

4.3 Solution of Quadratic Equation

(1) Factorization method : Let ax”’ +bx+c=a(Xx —a)(x—3)=0. Then x =« and x = § will satisfy
the given equation.

Hence, factorize the equation and equating each factor to zero gives roots of the equation.

Example : 3x? —=2x+1=0 = (x -1)(3x+1)=0

x=1-1/3

(2) Hindu method (Sri Dharacharya method) : By completing the perfect square as

b c
ax? +bx+c=0 = x> +—-x+—-=0
a a

2 2 2 2
- -b++b° -4
Adding and subtracting L , 1 X +L —w =0 which gives, |X = “DEND —Rac
2a 2a 4a* 2a

Hence the quadratic equation ax? +bx+c=0 (a# 0) has two roots, given by

a=—b+\/b2—4ac —b-+b? —4ac
2a

oa » B=

|/Valt : U Every quadratic equation has two and only two roots.
4.4 Nature of Roots
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In quadratic equation ax?+bx+c=0, the term b?—4ac is called discriminant of the
equation, which plays an important role in finding the nature of the roots. It is denoted by A or
D.

(1) fa, b,c e Rand a =# 0, then : (i) If D < 0, then equation ax? +bx +¢c=0 has non-real
complex roots.

(ii) If D > o, then equation ax® +bx +c =0 has real and distinct roots, namely o = _b;—\/ﬁ,
a
~b-D
="
a
and then ax? +bx+c=a(x-a)Xx-8) . {)
(iii) If D = 0, then equation ax? +bx +c =0 has real and equal roots o = 8 = _Z—b
a

and then ax? +bx+c=a(x-a)* ... (ii)

To represent the quadratic expression ax? +bx +c in form (i) and (ii), transform it into
linear factors.
(iv) If D > 0, then equation ax® +bx + ¢ =0 has real roots.

(2)Ifa,b,c e Q,a=0,then: (i) If D > 0 and D is a perfect square = roots are unequal and
rational.

(ii) If D > o0 and D is not a perfect square = roots are irrational
and unequal.

(3) Conjugate roots : The irrational and complex roots of a quadratic equation always occur
in pairs. Therefore

(i) If one root be a+if then other root will be a—if.
(ii) If one root be a + \/ﬁ then other root will be o — \/ﬁ

(4) If D1 and D2 be the discriminants of two quadratic equations,then
(i) If D, +D, 20, then

(a) At least one of D, and D, >0. (b) If D, <0 then D, >0
(ii) If D, + D, <0, then
(a) At least one of D, and D, <0. (b) If D; >0 then D, <0.

4.5 Roots Under Particular Conditions

For the quadratic equation ax® +bx+c=0.

(1) If b=0 = roots are of equal magnitude but of opposite sign.
(2) If ¢ =0 = one root is zero, other is —b/a.

(3) If b=c =0 = both roots are zero.

(4) If a=c = roots are reciprocal to each other.
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a>0 c<0 - .
(5) If a<0 >0 = roots are of opposite signs.
< >
a>0 b>0 c¢c>0

(6) If = both roots are negative, provided D >0.
a<0 b<0 c¢c<0

a>0 b<0 ¢>0

(7) If 4<0 b0 c< 0} = both roots are positive, provided D >0.

(8) If sign of a = sign of b # sign of ¢ = greater root in magnitude, is negative.
(9) If sign of b = sign of ¢ # sign of a = greater root in magnitude, is positive.
(10) If a+b+c=0 = one root is 1 and second root is c/a.

(11) If a=b=c =0, then equation will become an identity and will be satisfied by every
value of x.

(12) If a=1 and b, ¢ € I and the root of equation ax? +bx +c=0 are rational numbers, then
these roots must be integers.

Important Tips

& If an equation has only one change of sign, it has one +ve root and no more.

@ If all the terms of an equation are +ve and the equation involves no odd power of x, then all its roots are complex.

Example: 1 Both the roots of given equation (x —a)(x —b)+ (X —b)(x —c)+(x —c)(x —a)=0 are always
[MNR 1986; IIT 1980; Kurukshetra CEE 1998]
(a) Positive (b) Negative (c) Real (d) Imaginary
Solution: (c) Given equation (x—a)(x-b)+(x-b)x-c)+(x—c)(x-a)=0 can be re-written as
3x2-2(@+b+c)x +(ab+bc+ca)=0
D =4[@+b+c)’ —3(ab +bc +ca)] = 4[a% +b? +c2 —ab—bc —ac] = 2[(a—b)? + (b —c)® +(c—a)’] = 0
Hence both roots are always real.
Example: 2 If the roots of (b —c)x?+(c—a)x+(a—b)=0 are equal then a+c = [Kurukshetra CEE 1992]
() 2b (b) b* (c) 3b (@ b
Solution: (a) b-c+c—a+a-b=0
Hence one root is 1. Also as roots are equal, other root will also be equal to 1.

Also oz.ﬂ:ﬂ ~11-27 & 4 bob-c = 2b=a+c
b-c b-c
Example: 3 If the roots of equation + t 1 are equal in magnitude but opposite in sign, then (p+q) =
X+p X+q r
[Rajasthan PET 1999]
(a) 2r (b) r (c) -2r (d) None of these

Solution: (a) Given equation can be written as x2+(p+q—2rx +[pq —(p +q)r]=0
Since the roots are equal and of opposite sign, .. Sum of roots = 0
= (p+q-2r)=0 = p+q=2r

Example: 4 If 3 is a root of x2+kx—24 =0 , it is also a root of [EAMCET 2002]
(a) x2+5x+k=0 () x2-5x+k=0 () x?-kx+6=0 (d) x2+kx+24=0
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Solution: (c) Equation x? +kx —24 =0 has one root as 3,
= 32+3k-24=0 = k=5
Put x =3 and k =5 in option
Only (c) gives the correct answer i.e. = 32-1549=0 = 0=0
Example: 5 For what values of k will the equation x2—2(1+3k)x +7(3+2k)=0 have equal roots [MP PET 1997]
(a) 1, -10/9 (b) 2, -10/9 (c) 3,-10/9 (d) 4, -10/9
Solution: (b) Since roots are equal then [-2(1+3k)]? =4.1.7(3+2k) = 1+9k? +6k =21 +14k = 9k? -8k 20 =0
Solving, we get k=2,-10/9

4.6 Relations between Roots and Coefficients
(1) Relation between roots and coefficients of quadratic equation : If « and g are the roots of

quadratic equation ax® +bx+c=0, (a # 0) then

Sum of roots — S :a+ﬂ:_—b __ coefficient of x

a coefficient of x 2

Product of roots =P =a.f = ¢ _ _constant term

a coefficient of x?

If roots of quadratic equation ax2 +bx+c=0(a=#0)are a« and S then

(i) (- p) =@+ p) —4ap —4ac _£3D

a

2ac

(iD) «? +ﬂ —(a+/3) —20:/3—

(0 a7 = prl s 7 430 _ 20D

(v) a® + B =@+ p)® —3aﬂ(a+ﬁ):_w

W) & = (@) +3afla— ) =@+ p) —4aBlla+py —apy- 0= aC)“b2‘4a°

CZ

2 2
i) a* + B* ={(a+ B)* - 2af}* - 2a° p? =[%J —2s

a

(vii) a* - B* =(@% - B2)(@? + B?) = +h(b? —Zai)m
a

2_ac

(viiD) o +afi+ 2 =(a+ f)F —af="

p_a*+p® _(a+p) -2af _b®-2ac
af apf ac

(x) a’B+pla=afla+pf)=——

— +
(ix) 5

i) [g]z {2)2 _at 4t (@’ +p°) -2a°F> _b?D+2a%c
P

a aZﬂZ aZﬂZ a2(;2
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(2) Formation of an equation with given roots : A quadratic equation whose roots are « and fis

given by (x —

a)(x - p)=0

" xZ—(a+pB)x+af=0 i.e. x?—(sum of roots)x + (product of roots)=0

~ x?=Sx+P=0

(3) Equation in terms of the roots of another equation : If «, g are roots of the equation
ax® +bx +¢ =0, then the equation whose roots are

(1) -a, - = ax? -bx+c=0 (Replace x by - x)
(ii) 1/e,1/ B = cx®* +bx+a=0 (Replace x by 1/x)
(iii) @","; n e N = a(x*")? +b(x*")+c =0 (Replace x by x''™)
(iv) ke, kB = ax? +kbx +k’c =0 (Replace x by x/k)
(V) k+a, k+8 = a(x—k)*> +b(x —k)+c =0 (Replace x by (x - k))
(vi) %f — kZax® +kbx+c=0 (Replace x by kx)

(vii) '™, pY"; n e N= a(x")® +b(x")+c =0 (Replace x by x")

(4) Symmetric expressions : The symmetric expressions of the roots ¢, # of an equation are
those expressions in « and g, which do not change by interchanging « and g. To find the value of
such an expression, we generally express that in terms of o+ £ and of.

Some examples of symmetric expressions are :

(i) a? + B2 (i) a? +ap+ f° Gii) L+L vy 42
a p f «
2 2
V) a’p+ p’a (vi) (%j +(£J (vii) a® + 3 (viii) a* + p*
(04

4.7 Biquadratic Equation

If o, 3, 7, & are roots of the biquadratic equation ax* +bx® +cx? +dx +e =0, then

S,=a+pf+y+o=-bla, s, =a.ﬂ+a.}/+a5+ﬂ}/+ﬁ.§+}/§=(—1)2E=—
a a

C

or S, =(a+ By +d)+apf+ys=cla, S, =aﬂy+ﬂy§+75a+aﬂ5=(—l)3%z—d/a

or S, =af(y +8)+ @+ f)=-dlaand S, =a.fys=(1" =&
a a

Example: 6

Solution: (a)

Example: 7

e

If the difference between the corresponding roots of x?+ax+b=0 and x’+bx+a=0 is same and
a=b, then

[AIEEE 2002]
(a) a+b+4=0 (b) a+b-4=0 (c) a-b-4=0 (d) a-b+4=0

a+f=-a, afp=b = a-pf=va’-4b and y+5=-b, y5=a = y-5=+b’>—4a
According to question, a-f=y-6 = Ja?-4b =yb?—-4a = a+b+4=0

If the sum of the roots of the quadratic equation ax?+bx +c =0 is equal to the sum of the squares of
their reciprocals, then a/c,b/ac/b arein [AIEEE 2003; DCE 2000]

(a) A.P. (b) G.P. (c) H.P. (d) None of these
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Solution: (c)

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

8

(a)

9

(b)

10

(b)

11

(b)

As given, if a, f be the roots of the quadratic equation, then
1 (a+py-2ap . _b_ b?/a’-2c/a _b®-2ac

= a+f=—

(ZZ ’Bz aZﬁZ a CZ/aZ C2
2 2 2
= E:b_2+2:u = 2a2c = ab? +bc? = E:E.;.E
c ¢ a ac b ¢ a
E,E,E are in A.P. = E,E,E are in H.P.
abc cahb

Let @, B be the roots of x2—x+p=0 and 3 6be root of x?—4x+q=0.If , 3, 5, 5 are in G.P., then the
integral value of p and q respectively are [IIT Screening 2001]
(@) -2,-32 (b) -2,3 (c) -6,3 (d) -6,-32

a+p=1, af=p, y+o=4, y5=q

Since a, f, y, 6 are in G.P.

r=pla=yl =51y

a+ar=1 = al+nN=1, a®+r’)=4 = ar’d+n=4

Sor’=4 = r=+2

If r=2, a+2a=1 > a=1/3 and r=-2, a-2a=1 = a=-1

But p=afel .. r=-2,a=-1

L p=-2, q=a’r® =1(-2)° =32

If 1 - iis a root of the equation x?+ax+b =0, then the values of a and b are [Tamil Nadu Engg. 2002]
(a) 2,1 (b) -2,2 (©) 2,2 (d) 2,-2

Since 1—i is aroot of x?+ax+b=0. . 1+i isalso a root.

Sum of roots = 1-i+l+i=-a = a=-2

Product of roots = (L-i)l+i)=b = b=2

Hence a=-2, h=2

If the roots of the equation x®-5x+16 =0 are ¢, 8 and the roots of equation x*>+px+q=0 are o®+f°,

afl2, then [MP PET 2001]
(a) p=19=-56 (b) p=-Lgq=-56 (c) p=1,g9=56 (d) p=-1q=56

Since roots of the equation x?-5x+16 =0 are o, 8.

= a+f=5af=16 and a2+ﬂ2+%ﬁ:7p = (a+ﬂ)272aﬁ+%:7p = 2572(16)+%:7p = p=-1

and (a2+ﬂ2)[%j=q = [(a+ﬂ)272aﬂ]a7ﬁ:q = (25-32)8=q = q=-56

B

If a# f,but a? =5a-3, 8> =543, then the equation whose roots are % and = is
[04

[EAMCET 1989; AIEEE 2002]

(a) x2-5x-3=0 (b) 3x2-19x+3=0 (c) 3x2+12x+3=0 (d) None of these
s_a,B_d'+f _5a-3+55-3 o’ =5a-3
B «a ap ap p2=58-3
S :M, p:ﬁ-ﬁzl = p=1. a, fare roots of x2-5x+3=0. Therefore a+8=5, aff=3
af g «a
s _56)-6_19

3 3
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: xz—%x+1:0 = 3x2-19x+3=0
Example: 12 Let o, f be the roots of the equation (x-a)(x-b)=c, c=#0, then the roots of the equation
X—a)(x-p)+c=0 are
[IIT 1992; DCE 1998, 2000; Roorkee 2000]
(a) a, ¢ (b) b, c (c) a,b (d) a,d
Solution: (c) Since ¢, B are the roots of (x—a)(x—b)=c i.e. of xX?—(a+b)x+ab—-c=0
~a+f=a+b = a+b=a+p and ¢f=ab-c = ab=qaf+cC
. a, b are the roots of x> —(a+f)x+af+c=0 = (x—a)x—-p)+c=0
Hence (c) is the correct answer
Example: 13 If ¢ and f are roots of the equation x*-ax+b=0 and V, =a"+ ", then [Rajasthan PET 1995; Karnataka CET 20
(a) V., =aV,-bVv,, (b) V,y=bV,-aV,, (©) Vpg=aV,+bVv,,; (@ V,,=bV,+aV,,
Solution: (a) Since « and g are roots of equation, x?—ax+b =0, therefore a+f=a, af=b

Now, V,,; =a"!+ ™ =(a+ B)@" + ") —af@" " + ") = V,,, =a.V, —b.V,,

Example: 14 If one root of the equation x?+px +q=0 is the square of the other, then [IIT Screening 2004]
(@) p*+g*-qBp+1=0 (®) p*+q*+q(L+3p)=0
(©) p*+g*+qBp-1=0 (d) p*+q*+q(-3p)=0

Solution: (d) Let o and o? be the roots then a+a?=-p, aa’®=q
Now (@+a?) =a® +a® +3a(@+a?) = —p®=q+09*-3pqg = p®+q°+ql—-3p)=0

Example: 15 Let o and S be the roots of the equation X2 +x+1=0 , the equation whose roots are a®, BT is[uT 1994; Pb. CET
P q q

(a) x2-x-1=0 () x*-x+1=0 (©) x*+x-1=0 (d) x*+x+1=0
—1+41- —1++/3i
olution: Roots of x*+x+1=0 are x = ,= =, 0
Solution: (d) 2 -0 1_«2/1 4 1_2J§| ,

Take a =, f = o?
- alg :ng =w, ﬁ7 _ (W2)7 :W14 :WZ

. Required equation is x?2+x+1=0

S 1 s
Example: 16 If one root of a quadratic equation is 2205’ then the equation is [Rajasthan PET 1987]
+
(a) x*+4x+1=0 (b) x>+4x-1=0 (¢) x2-4x+1=0 (d) None of these
Solution: (b) Given root = ! = 27‘/5 =-2 +\/§ , .. other root=-2 7\/5
2445 -1
Again, sum of roots = - 4 and product of roots = - 1. The required equation is x*+4x-1=0

4.8 Condition for Common Roots
(1) Only one root is common : Let a be the common root of quadratic equations
a,x”> +b,x +¢c, =0 and a,x* +b,x+c, =0.

. aa® +ba+c, =0, a,a’ +b,a+c, =0

» a’ a 1 a® a 1
By Crammer’s rule : = = or = =
-¢ b a -G a b b,c, —b,c; @, —ac, ab,-ab,
-c, b, a, —¢, a, b,
a,c, —a,Cc b,c, —b,c
— 2%1 1v2 — 1v2 2¥1 a ¢0

b, —a,b;  a,c, —ac, ’
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.. The condition for only one root common is (c,a, —¢,a,)* = (b,¢, —b,c;)(@b, —a,b,)

ay b ¢

(2) Both roots are common: Then required condition is —=—=—.

a, 2 G

Important Tips

< To find the common root of two equations, make the coefficient of second degree term in the two equations equal
and subtract. The value of x obtained is the required common root.

& Two different quadratic equations with rational coefficient can not have single common root which is complex or
irrational as imaginary and surd roots always occur in pair.

Example: 17

Solution: (b)

Example: 18

Solution: (a)

If one of the roots of the equation x?+ax+bh=0 and x?+bx+a=0 is coincident. Then the numerical

value of (a+bh) is
[IIT 1986; Rajasthan PET 1992; EAMCET 2002]

(a) o () -1 (c) (d) 5

If o is the coincident root, then o? +ac+b=0 and a®+ba+a=0

a? a 1
= 7 2 n A
a“-b b-a b-a

o’ =—@+b), a=1= —(@+b)=1 = (@a+b)=-1

If a, b, ¢ are in G.P. then the equations ax?+2bx+c=0 and dx?+2ex +f=0 have a common root if

d e f .
—,—,— arein
abec
[IIT 1985; Pb. CET 2000; DCE 2000]
(a) A.P. (b) G.P. (c) H.P. (d) None of these

gl

As given, b? =ac = ax’+2bx +c =0 can be written as ax? +2vacx+c=0 = (Yax+vc)’ =0 = x =— <
a
This must be common root by hypothesis

So it must satisfy the equation, dx?+2ex +f=0 = d (Ej— 2e\/§+ f=0
a a

d f 2e |c 2e d f 2e

ac cVa Joda ac b

Hence 9,3,1 are in A.P.
aboc

4.9 Properties of Quadratic Equation

(1) If f(a) and f(b) are of opposite signs then at least one or in general odd number of roots
of the equation f(x)=0 lie between a and b.

N f@ = +ve Y Aa) = +ve
‘—\ x=b RA x=Db
o| x=a \[ X X=a\/3 \‘ X
Sfb) = - fb) = -

(2) If f(a)= f(b) then there exists a point ¢ between a and b such that f'(c)=0, a<c<b.

Y/

P

> o
o o
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As is clear from the figure, in either case there is a point P or Q at x =c¢ where tangent is
parallel to x-axis

i.e. f'(xX)=0 at x=c.

(3) If a is a root of the equation f(x)=0 then the polynomial f(x) is exactly divisible by
(x—a) or (x—a) is factor of f(x).

(4) If the roots of the quadratic equations ax’ +bx+c=0, a2x2 +b,x+c, =0 are in the same

. . (04 [24
ratio [Le. has S —ZJ then b?/bZ =a,c, /a,c,.
1 2

(5) If one root is k times the other root of the quadratic equation ax? +bx+c=0 then
k+1)?> b?
k  ac’
Example: 19 The value of ‘@’ for which one root of the quadratic equation (@®-5a+3)x*+Ba-1)x+2=0 is twice as

large as the other is
[AIEEE 2003]

(@) 2/3 (b) -2/3 (c) 1/3 (d) -1/3
Solution: (a) Let the roots are « and 2«
Now, a+2a:21_¢, a.Za:Z; = 3a= 21—3a ) 20% =— 2
a“-5a+3 a“-5a+3 a“-5a+3 a“-5a+3
_33)? _as)2
gt @8 | 2 (73 g 99 45a427-149a%6a = 39a=26= a=2/3
9 (@ -5a+3) a“-b5a+3 a“—-b5a+3

4.10 Quadratic Expression

An expression of the form ax? +bx+c, where a, b, c € R and a # 0 is called a quadratic
expression in x. So in general, quadratic expression is represented by f(x)=ax?+bx+c or

y=ax?+bx+c.

(1) Graph of a quadratic expression : We have y = ax? +bx + ¢ = f(x)

_al[x+ ) -2 | +2_a(x+£f
y= 2a 43° y 4a 2a

Now, let y+E:Y and X :x+£
4a 2a

Y =aX? = X2 =1Y
a

(i) The graph of the curve y = f(x) is parabolic.
(ii) The axis of parabola is X =0 or x +2£ =0 i.e. (parallel to y-axis).
a

(iii) (a) If a > o, then the parabola opens upward.
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(b) If a < 0, then the parabola opens downward.

a>0,D<o0 a<o0,D<

(iv) Intersection with axis

. . -bx+vD
(a) x-axis: For x axis, y=0 = ax? +bx+c=0 = x :bz—
a
A s . . -b++D
For D > 0, parabola cuts x-axis in two real and distinct pointsi.e. x = —%

For D = 0, parabola touches x-axis in one point, x =-b/2a.

a<o D>

a<o D=

(b) y-axis : For y axis x=0, y=c

(2) Maximum and minimum values of quadratic expression : Maximum and minimum value of
quadratic expression can be found out by two methods :

(i) Discriminant method : In a quadratic expression ax® +bx +c.
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(a) If a > 0, quadratic expression has least value at x =-b/2a. This least value is given by

4ac-b®> D
C4a 4a’
(b) If a < 0, quadratic expression has greatest value at x =-b/2a. This greatest value is
given by M:—R.
4a 4a

(ii) Graphical method : Vertex of the parabola Y =aX? is X =0, Y =0

ie., x+£:0, y+2:0 = x=-b/2a, y=-D/4a
2a 4a

Hence, vertex of y =ax? +bx +c¢ is (-b/2a,—D/4a)

(a) For a > 0, f(x) has least value at x = —21. This least value is given
a a>o
b D
by f|-— |=——.
y ( 2aj 4a
verte
(b) For a < 0, f(x) has greatest value at x =—b/2a. This greatest value is .
verte
given by f _b :—R. )
2a 4a a<o
(3) Sign of quadratic expression : Let f(x)=ax? +bx+c or y=ax? +bx +c

Where a, b, c € R and a # 0, for some values of x, f(x) may be positive,
negative or zero. This gives the following cases :
(i)a>o0and D <0, so f(x)>0 forall xeR i.e., f(x) is positive for all real values of x.

(il)a<oand D< 0, s0 f(x)<0 for all x € R i.e., f(x) is negative for all real values of x.

(iii) a > o and D = 0 so, f(x)>0 for all x € R i.e., f(x) is positive for all real values of x
except at vertex, where f(x)=0.

(iv) a < oand D = 0 so, f(x)<0 for all x € R i.e. f(x) is negative for all real values of x
except at vertex, where f(x)=0.

(va>oand D >0

Let f(x)=0 have two real roots « and g (¢ < ), then f(x)>0 for all X €(-w,a)U(f,0) and
f(x)<0 for all x e(a, ).

(vi) a<0 and D>0

Let f(x)=0 have two real roots ¢ and 8 (o < f3),

Then f(x)<0 for all x € (—o,a)U(B,©) and f(x)>0 for all x e («, )

Example: 20  If x be real, then the minimum value of x? —8x+17 is [MNR 1980]
(a) -1 (b) o (o)1 (d) 2
2
Solution: (¢) Since a=1>0 therefore its minimum value is = 4a2 b = 4(1)(11) 64 = % =1
a
: x?—x+1
Example: 21 If x is real, then greatest and least values of —; 1 are [IIT 1968; Rajasthan PET 1988]
X+ X+

(a) 3,-1/2 (b) 3,1/3 (c) -3,-1/3 (d) None of these
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2
Solution: (b) Lety :XZ—XH
X°+x+1

X2y —D+y+1)x+(y-1)=0
" x is real, therefore b?—4ac>0

= (Y+12 -4y -1y-1)=0 = 3y?-10y+3<0 = By-1)(y-3)<0 = (y—%)(y—S)sO = %£y£3

Thus greatest and least values of expression are 3, 1/3 respectively.

Example: 22 If f(x) is quadratic expression which is positive for all real value of x and g(x)= f(x)+ f'(x)+ f"(x) . Then
for any real value of x [IIT 1990]
(a) g(x)<0 (®) g(x)>0 (c) g(x)=0 (d) 9g(x)=0

Solution: (b) Let f(x)=ax®+bx +c, then g(x) = ax? +bx +c+2ax +b + 2a = ax? + (b + 2a)x + (b + ¢ + 2a)
" f(x)>0. Therefore b®*-4ac<0 and a>0
Now for g(x),
Discriminant = (b +2a)? —4a(b +c + 2a) = b? + 4a® + 4ab — 4ab — 4ac —8a® = (b> —4ac)—4a? <0 as b?-4ac<0
Therefore sign of g(x) and a are same i.e. g(x)>0.

Example: 23 If o, 8 (o < B) are roots of the equation x?+bx +c=0 where (c <0 <b) then [IIT Screening 2000]
(a) O<a<p (b)) a<0<pd ¢ () a<p<0 (d) a<0qeal<p

Solution: (b) Since f(0)=0+0+c=c<0
.. Roots will be of opposite sign, a+f=-b=-ve (b > 0)
It is given that a <
So, a+ f =-ve is possible only when | a| > g

= a<0,>0]a|l > = a<0< < |

4.11 Wavy Curve Method

Let f(X)=(x —a,)“(x —a,)2(x —a,)....(x —a, ) (x —a,) .. (i)
Where k;.k,,k;....k, € N and a,,8,,8,,......,a, are fixed natural numbers satisfying the
condition

a, <a, <az...<a,4 <a
First we mark the numbers a,,a,,a;,......,a, on the real axis and the plus sign in the interval
of the right of the largest of these numbers, i.e. on the right of a,. If k, is even then we put plus
sign on the left of a, and if k, is odd then we put minus sign on the left of a,. In the next
interval we put a sign according to the following rule :
When passing through the point a,_; the polynomial f(x) changes sign if k., is an odd number
and the polynomial f(x) has same sign if k,; is an even number. Then, we consider the next

interval and put a sign in it using the same rule. Thus, we consider all the intervals. The solution of
f(x) >0 is the union of all intervals in which we have put the plus sign and the solution of f(x)<0 is

the union of all intervals in which we have put the minus sign.

4.12 Position of Roots of a Quadratic Equation
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Let f(x)=ax®+bx+c, where a, b, ¢ € R be a quadratic expression and k,k;,k, be real

numbers such that k, <k,. Let «, 8 be the roots of the equation f(x)=0 i.e. ax’? +bx+c=0. Then

-b-JD

a_—b+\/5
2a 2a

, B= where D is the discriminant of the equation.

(1) Condition for a number k (If both the roots of f(x) = 0 are less than k)

a>o

(-b/2a, -

(i) D=0 (roots may be equal)

where o< g

(ii) af(k)>0 (iii)

(2) Condition for a number k (If both the roots of f(x) = 0 are greater than k)

(i) D=0 (roots may be equal)

where a <

(3) Conditiot \ e /

(i) D>0

(ii) af(k)>0 (iii)

(-b/2a, -

etween the roots -
YN

(ii) af(k)<0, where a< g

k>-b/2a,

k<-b/2a,

(4) Condition for numbers ki and k; (If exactly one root of f(x) = 0 lies in the interval (k1, k2))

a>o

X ;J %)(kz B

a<o

k a\@ﬂ P
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(i) D>0

(i) fk,)f(k,)<0, where a<f.

(5) Condition for numbers ki and k» (If both roots of f(x) = 0 are confined between ki and k»)

(-b/2a, -

a<o

(i) D=0 (roots may be equal) (ii) af(k,)>0 (iii)

afk,)>0

(iv) k, <-b/2a<k,, where o < f and k, <k,
(6) Condition for numbers ki and k» (If ksand k- lie between the roots of f(x) = 0)

(i) D>0

a>o /i/'\i\
o ki k> B x-axis
Kk ka
QW x- . a<o
(i) af(k,)<0 (iii)

afk,)<0, where a< g

Example: 24

Solution: (a)

conditions.
Example: 25

Solution: (d)

If the roots of the equation x?—2ax+a’+a—-3=0 are real and less than 3, then [IIT 1999; MP PET 2000]
(a) a<2 (b) 2<a<3 (o) 3<ax<4 (d) a>4

Given equation is x*-2ax+a?+a-3=0

If roots are real, then D>0

= 4a’-4@*+a-3)>0 = -a+3>0 => a—-3<0 = a<3

As roots are less than 3, hence (3)>0

9-6a+a’+a-3>0 = a’-5a+6>0 = (a-2)@-3)>0 = a<2a>3. Hence a < 2 satisfy all the

The value of a for which 2x?-2(2a+1)x +a(a+1)=0 may have one root less than a and another root
greater than a are given by [UPSEAT 2001]
(a) 1>a>0 (b) -1<a<0 (c) a=0 (d) a>0 or a<-1

The given condition suggest that a lies between the roots. Let f(x)=2x?—2(2a+1)x +a(a+1)

For ‘a’ to lie between the roots we must have Discriminant > 0 and f(a)<0

Now, Discriminant > 0

4(2a+1)* -8a(a+1)>0 = 8(@°+a+1/2)>0 which is always true.

Also f(@a)<0 = 2a?-2aa+1)+a@+1)<0 = -a’-a<0 = a’+a>0 = al+a)>0 = a>0 or a<-1
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4.13 Descarte's Rule of Signs

The maximum number of positive real roots of a polynomial equation f(x)=0 is the number

of changes of sign from positive to negative and negative to positive in f(x).
The maximum number of negative real roots of a polynomial equation f(x)=0 is the

number of changes of sign from positive to negative and negative to positive in f(-x).

Example: 26 The maximum possible number of real roots of equation x® -6x?-4x+5=0 is [EAMCET 2002]
(a) o (b) 3 () 4 (@) s
Solution: (b) f(x)=x*-6x?-4x+5=0
+ - - +

2 changes of sign = maximum two positive roots.
f(-x)=—x®—6x2+4x+5
- - + 4+
1 changes of sign = maximum one negative roots.
= total maximum possible number of real roots = 2 + 1 = 3.

4.14 Rational Algebraic Inequations
(1) Values of rational expression P(x)/Q(x) for real values of x, where P(x) and Q(x) are quadratic

a,x® +hyx+¢,

expressions : To find the values attained by rational expression of the form 5

for
a, X

+b,x+c,
real values of x, the following algorithm will explain the procedure :

Algorithm

Step I: Equate the given rational expression to y.

Step II: Obtain a quadratic equation in x by simplifying the expression in step I.

Step III: Obtain the discriminant of the quadratic equation in Step II.

Step IV: Put Discriminant > 0 and solve the inequation for y. The values of y so obtained
determines the set of values attained by the given rational expression.

(2) Solution of rational algebraic inequation: If P(x) and Q(x) are polynomial in x, then the
P(x) >0 P(x) <0 P(x) >0 and Pk <0 are known as rational algebraic inequations.

QX) " Q) Q) Q(x)

To solve these inequations we use the sign method as explained in the following algorithm.

inequation

Algorithm

Step I: Obtain P(x) and Q(x).

Step II: Factorize P(x) and Q(x) into linear factors.

Step III: Make the coefficient of x positive in all factors.
Step IV: Obtain critical points by equating all factors to zero.

Step V: Plot the critical points on the number line. If there are n critical points, they divide
the number line into (n + 1) regions.
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Step VI: In the right most region the expression P bears positive sign and in other

(x)
regions the expression bears positive and negative signs depending on the exponents of the
factors.

4.15 Alaebraic Interpretation of Rolle’s Theorem
Let f(x) be a polynomial having a and g as its roots, such that a < . Then, f(a)=1f(£)=0.

Also a polynomial function is everywhere continuous and differentiable. Thus f(x) satisfies all
the three conditions of Rolle’s theorem. Consequently there exists y € (¢, ) such that f'(y)=0 i.e.

f'(xX)=0 at x =y. In other words x =y is a root of f'(x)=0. Thus algebraically Rolle’s theorem
can be interpreted as follows.
Between any two roots of polynomial f(x), there is always a root of its derivative f'(x).
Lagrange’s theorem : Let f(x) be a function defined on [a b] such that
(i) f(x) is continuous on [a b] and

(ii) f(x) is differentiable on (a, b), then c € (a, b), such that f'(c)= M
-a

Lagrange’s identity : If a,,a,,a;,b;,b,,b; € R then:

(@7 +a; +a3); +bj +b3)—(ah, +a,b, +a;by)* =(a;b, —a,b;)* +(@,b; —asb,)* +(ash, —a;b;)?

Example: 27 If 2x > , then [IIT 1987]
2x2 +5x+2 x+1
(a) 2>x>-1 (b) 2>2x=>-1 (c) 2<x<-1 (d) 2<x<-1
2 _ 2 _ _ _
Solution: (¢) Given 2x - 1 >0 = 2x° +2x - 2x S5x -2 >0 = 3x-2 >0
2x2 +5x+2 X+1 @x +D)(x + 2)(x +1) @x +1)(x + 2)(x +1)
-3(x+2/3) 20 = x+2/3)
X+D(x+2)(2x +1) X+ +2)(2x +1)
Equating each factor equal to O, " n 7
We get x=-2,-1,-2/3,-1/2 -2 ~—"-1 -2/3—"-1/2

X e-2-1u]l-2/3,-1/2[ = -2/3<x<-1/2 or 2<x<-1

Example: 28 If for real values of x, x> —3x+2>0 and x? -3x—-4<0, then [IIT 1983]
(a) -1<x<1 (b) -1<x<4 (c) -1<x<lor 2<x<4 (d) 2<x<4
Solution: (¢) x?-3x+2>0 or (Xx—1)(x —2)>0
CXe(mDu@e) e ) P — Zﬁ
1

Again x? -3x-4<0 or (x —4)(x +1)<0

+
o xel-1,4 (ii) =
-1 4
From eq. (i) and (ii), xe[-1,1)u(24] = -1<x<l or 2<x<4
Example: 29 If b>a, then the equation (x —a)(x —b)-1=0, has [IIT Screening 2000]

(a) Both roots in [a b] (b) Both roots in (- «, a)
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(c) Both roots in (b, «) (d) One root in (- w, a) and other in (b, +x)
Solution: (d) We have, (x—a)(x—b)-1=0
x—-a)x-b)=1>0 = (x—-a)(x—-b)>0 [. b>a]

[EIN pao)
a~_© b
X €]—o,a[u]b,+o , i.e. (—ova) and (b, »).

x+1 1.
>— 18 [Orissa JEE 2002]

Example: 30 The number of integral solution of

(a) 1 (b) 2 (c) 5 (d) None of these

x+1 1 . _ Xz“#w = (x-(2+V6))(x—(2-6))<0

x2+2 4 x? +
FERN s
= 2-J6 <x<2+6 2-V6 - —"2+16

Approximately, -0.4 <x <4.4

Solution: (¢)

Hence, integral values of x are 0, 1, 2, 3, 4

Hence, number of integral solution = 5

Example: 31 If 2a+3b+6c=0 then at least one root of the equation ax? +bx +¢ =0 lies in the interval

[Kurukshetra CEE 2002; AIEEE 2002]
(@) (o0, 1) (b) (1, 2) © (2,3) (@ 3,4

Solution: (a) Let f(x)=ax?+bx +¢
3 2
. f(x):jf’(x)dx =aXT+b%+cx

Clearly f(0)=0, fa)= 242, c_23+3b+6c_0_,
32 6 6

Since, f(0)=f(1)=0 . Hence, there exists at least one point c in between 0 and 1, such that f'(x)=0, by
Rolle’s theorem.
Trick: Put the value of a=-3,b=2,c=0 in given equation
-3x?2+2x=0 = 3x?-2x=0 = x(3x-2)=0

x=0,x=2/3, which lie in the interval (0, 1)

4.16 Equation and Inequation containing Absolute Value

(1) Equations containing absolute values

X, ifx=>0

By definition, | x| = .
y x| {—X,IfX <0

Important forms containing absolute value :

Form I: The equation of the form | f(x)+g(x)|< f(x)] +| g(x)] is equivalent of the system
f(x).g(x)>0.

Form II: The equation of the form | f,(x)| +| f,(x)| +| ;X)) +......| f,X)|=9(x) ... 1)

Where f,(x), f,(x), f;(X)......T,(x),9(x) are functions of x and g(x) may be a constant.
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Equations of this form can be solved by the method of interval. We first find all critical
points of f (x), f,(x).....f,(x). If coefficient of x is +ve, then graph starts with +ve sign and if it is

negative, then graph starts with negative sign. Then using the definition of the absolute value,
we pass form equation (i) to a collection of system which do not contain the absolute value
symbols.

(2) Inequations containing absolute value
By definition, |x| <a= —-a<x<a (a>0), |x|<a=> -a<x<a,
|x] >a= x<-aor x>aand| x| >2a = x<-aor x=>a

Example: 32 The roots of | x —2|2 +| x-2|-6=0 are [UPSEAT 2003]
(a) O) 4 (b) _1) 3 (C) 4; 2 (d) 5) 1
Solution: (a) We have | x—2|? +| x-2| -6 =0

Let| x—2| =X

X?+X-6=0
14+
= x:%:z,—s = X=2 and X=-3
.| x=2| =2 and | x-2| =-3, which is not possible.

= X—2=2o0r x-2=-2
. Xx=4 or x=0

Example: 33 The set of all real numbers x for which x?—| x+2| +x >0, is [IIT Screening 2002]
(a) (~0—2)U(2,) () (=0, —v2)U(2, ) (©) (~o0—1)uU(l, ) (d) (f2,)

Solution: (b) CaselI:If x+2>0 i.e. x>-2, we get

x2-X-2+Xx>0 = x2-2>0 = (X—v2)(X++2)>0

= x e(n-v2)UW2,%) N s
-2 \2
But x>-2
Cxel2-Y2) o2 L (i)

CaseIl: x+2<0 i.e. x<-2, then
X2+ Xx+2+x>0 = x2+2x+2>0 = (x+1)>+1> 0. Which is true for all x
. xe(-o -2 (ii)
From (i) and (ii), we get, x e (—oo,—\/E)u(\/E, 0)
Example: 34 Product of real roots of the equation t?x*+| x| +9=0 (t= 0) [AIEEE 2002]
(a) Is always +ve (b) Is always -ve (c) Does not exist (d) None of these
Solution: (c) Expression is always +ve, so t?x?+| x| +9 = 0 . Hence roots of given equation does not exist.

Example: 35 The number of solution of log,(x —1) = log,(x —3) [IIT Screening 2001]
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(@3 (b) 1 (© 2 (@ o
Solution: (b) We have log,(x —1) =log,(x —3)
x-1)=(x-3)% = x-1=x>+9-6x = x>-7x+10=0 = (x-5)(x-2)=0
x=5o0r x=2
But x-3<0, when x=2. .. Only solution is x=5.

Hence number of solution is one.

*k*
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