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7.7 Definite Integral

In the previous sections, we have studied about the indefinite integrals and discussed
few methods of finding them including integrals of some special functions. In this
section, we shall study what is called definite integral of a function. The definite integral

has a unique value. A definite integral is denoted by I ’ f(x) dx, wherea is called the

lower limit of the integral and b is called the upper limit of the integral. The definite
integral is introduced either as the limit of a sum or if it has an anti derivative F in the
interval [a, b], then its value is the difference between the values of F at the end
points, i.e., F(b) — F(a). Here, we shall consider these two cases separately as discussed
below:

7.7.1 Definite integral as the limit of a sum

Let f be a continuous function defined on close interval [a, b]. Assume that all the
values taken by the function are non negative, so the graph of the function is a curve
above the x-axis.

The definite integral I ’ f () dx is the area bounded by the curve y = f(x), the

ordinates x = a, x = b and the x-axis. To evaluate this area, consider the region PRSQP
between this curve, x-axis and the ordinates x = a and x = b (Fig 7.2).
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Fig 7.2

Divide the interval [a, b] into n equal subintervals denoted by [xpx 1 [x, x] ...,
x _,xl.lx _,x] where X,=a,x =a+ h, xX,=a+ 2h, ..., x =a+ rh and

xn=b=a+nh0rn= - We note that as n — o, h — 0.
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The region PRSQP under consideration is the sum of n subregions, where each
subregion is defined on subintervals [x,, » xr], r=1,2,3,...,n.

From Fig 7.2, we have

area of the rectangle (ABLC) < area of the region (ABDCA) < area of the rectangle
(ABDM) .. (1)

Evidently as x, — x,_, — 0, i.e., h — 0 all the three areas shown in (1) become
nearly equal to each other. Now we form the following sums.

n—1
s =h[fix) + ...+ fx, )= h2 F(x) )
r=0
and S, = hF)+ ()4t fOI=hY () e
r=1

Here, s, and S, denote the sum of areas of all lower rectangles and upper rectangles

raised over subintervals [x_,x] forr=1, 2,3, ..., n, respectively.
In view of the inequality (1) for an arbitrary subinterval [x _, x ], we have
s, < area of the region PRSQP < S e (4

Asn — oo strips become narrower and narrower, it is assumed that the limiting
values of (2) and (3) are the same in both cases and the common limiting value is the
required area under the curve.

Symbolically, we write

limS, _ li - ’
A0S, = UM S, = area of the region PRSQP = I af(x)dx .. (5)

It follows that this area is also the limiting value of any area which is between that
of the rectangles below the curve and that of the rectangles above the curve. For
the sake of convenience, we shall take rectangles with height equal to that of the
curve at the left hand edge of each subinterval. Thus, we rewrite (5) as

jabf(x)dx = ynéh[f(a)+f(a+h)+...+ fla+m-1h]

o [IIdr = -0 lim~f@+ flath 4ot fat -DE . (6)

b-a
where h= ” —0asn— o

The above expression (6) is known as the definition of definite integral as the limit
of sum.

Remark The value of the definite integral of a function over any particular interval
depends on the function and the interval, but not on the variable of integration that we
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choose to represent the independent variable. If the independent variable is denoted by

t or u instead of x, we simply write the integral as I ’ f(t)dt or I ’ f(u) du instead of

b
J.a f(x) dx . Hence, the variable of integration is called a dummy variable.

2
Example 25 Find Io (x> +1) dx as the limit of a sum.

Solution By definition

jbf(x)dx = ®B-a) liml[f(a)+f(a+h)+...+f(a+(n—1)h],
a n—e pn

where, h =
n

. 2-0 2
In this example, a=0,b=2,f(x) =x*+ 1, h= =—

non
Therefore,

2(n-1)

n

[le+nar = 2 im SO+ £+ FO 4.+ f( )
n—e p n n

2 2 5
= 2limafi+ (s +) +(4—2+1)+...+[_(2” ~2) +1J]
n n n

n—en

= 2lim l[(1+1+...+1)+i2(22+42+...+(2n_2)2]
n_)mn n-terms n
. 1 22 2 2 2
= 2lim-[n+= P +2°+..+@-1’]
n

n—eo pp

1 4 (=Dn@n-1)

= 2lm-[n+
'H°°n[ n? 6 ]
1 2(n-1) 2n-1
T N G C. Lt
n—eo 3 n

21 [1+2(1 1) 2 1)] 2 [1+4] 14
= m —-l— ——)| = -] =
n—se 3 n n 3 3
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2
Example 26 Evaluate I o e" dx as the limit of a sum.
Solution By definition
2 4 2n -2

2 1 2 4
.[ fde=Q2-0)lim—|e+er+e" +..4e "
0 n—e p

2
Using the sum to n terms of a G.P., where a = 1, r=¢", we have

2n

T z
[ et dx= 2tim A=l C 2w L &L
0 n—e p % n—e p z
e"—1 e"—1
2(¢ -1 )
- —_— 2 : -
= 2 =e?—1 [using }llg(l) - 1]
li — |2
wom | 2
n
|[EXERCISE 7.8 |
Evaluate the following definite integrals as limit of sums.
b 5 32
1 [Cxax 2. [ (x+Ddx 3 [0 dx
4 J.4(x2—x)dx 5 J-lexdx 6 I4(x+ezx)dx
: 1 RS “Jo
Y =
7.8 Fundamental Theorem of Calculus V=S
7.8.1 Area function
We have defined Ih f(x)dx as the area of
the region bounded by the curve y = f(x), N
the ordinates x = a and x = b and x-axis. Let x )
be a given point in [a, b]. Then J'a F(x) dx X o + X

represents the area of the light shaded region Y’ Fig 7.3



