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seen that:
sinx =0 gives x=nn, where n € Z

T
cosx =0 gives x=(2n + 1)5 , Where n € Z.

We shall now prove the following results:
Theorem 1 For any real numbers x and y,

sin x = sin y implies x = nw + (=1)" y, where n € Z
Proof  If sin x = siny, then

xX+y . x—y

sinx—siny=0 or 2cos sin =0
2 2
C Xty XY
which gives cos =0 or sin =0
x+y 7 xX—
Therefore 5 =2n+ 1)5 or 5 =nmn, where n € Z
1.e. x=2n+1)mw—y or x =2nw + y, where ne Z
Hence x=02n+ D+ (=1)"*'yorx =2nw +(-1)*" y, where n € Z.

Combining these two results, we get
x=nn+ (-1)"y, where n € Z.

Theorem 2 For any real numbers x and y, cos x = cos y, implies x= 2n® * y,
where n € Z

Proof If cos x = cos y, then

X+y | x-y

cosx—cosy=0 ie., —2sin sin =10
2 2
Xty XY
Thus sin 5 = 0 or sin =0
x+y xX—y
Therefore =nm or = nn, where n € Z
1.e. x=2nm—y orx=2nn+y, where n € Z
Hence x=2nnty wherene Z

T
Theorem 3 Prove that if x and y are not odd mulitple of PR then

tan x = tan y implies x = nT + y, where n € Z
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76 MATHEMATICS

Proof If tanx=tany, then tanx—tany=0

sin x COSy —cosx siny

or
COSX COS Yy
which gives sin (x—y)=0 (Why?)
Therefore X—y=nmie,x=nn+y, wherene Z
. . . J3

Example 20 Find the solution of sinx = — 3"

/3 . T . 4m
Solution We have sinx =— ) = —SIn—=sm| T+ 3 = sin 3

. 4m

Hence sin x = sm? , which gives

. 4
x=nn+(—1) 3 where n € Z.

3

although these may apparently look different.

4n ) 3
— is one such value of x for which sin x = —% . One may take any

3
other value of x for which sinx = — 7 The solutions obtained will be the same

1
Example 21 Solve cosx = 5"

1 T
Solution We have, C0S x = 5 = COSE

T
Therefore x=2nn ig , where n € Z.

Example 22 Solve tan 2x = —cot(x +§j

Solution We have, tan zx:_COt()H-E] = tan (g+x+§)
3
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or tan2x = tan| x +?
5wt
Therefore 2x=nn+x+ T where neZ
Sn
or x=mt+?, where neZ.

Example 23 Solve sin 2x — sin 4x + sin 6x = 0.

Solution The equation can be written as
sin6x + sin2x —sin4x =0

or 2sin4xcos2x—sindx =0
ie. sind4x(2cos2x—1) =0
1

Therefore sindx=0 or cos2x= >

) T
ie. sindx =0 or cos2x= cosg

T

Hence 4x=nm or 2x=2nmzt 3 where neZ
) nm T
1.€. x=7 or x =nnig,where neZ.

Example 24 Solve 2 cos?x + 3 sinx =0
Solution The equation can be written as

2(1—sin2 x)+3sinx =0

or 2sin’ x—3sinx -2 =0
or (2sinx+1) (sinx—2) =0
. 1 :
Hence g x=—7 or sinx= 2
But sin x = 2 is not possible (Why?)
Theref i L sin I
erefore simx= —5 = c
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78 MATHEMATICS

Hence, the solution is given by

Tn

X = mH‘(—l)"?, where n € Z.
EXERCISE 34

Find the principal and general solutions of the following equations:
1. tanx =43 2. secx=2
3. cotx=-43 4. cosecx=-—2
Find the general solution for each of the following equations:
5. cos4x=cos2x 6. cos 3x+ cosx—cos 2x =0
7. sin2x+cosx=0 8. sec? 2x = 1-tan 2x

9. sinx+sin3x+sin5x=0

Miscellaneous Examples

12
Example 25 If sin x = g , COSy= _E’ where x and y both lie in second quadrant,

find the value of sin (x + y).

Solution We know that

sin (x + y) = sin X cos y + cOS x sin y . (1)
) 9 16
Now cos’ x=1-sinPx=1-—="—
25 Q25
4
Therefore cos x = ig.
Since x lies in second quadrant, cos x is negative.
4
Hence COS X =——
5
. PN -
ow sin’y = 1 — cos’y = ~ 169 _ 169
: . S
i.e. s1ny—_13.

5
Since y lies in second quadrant, hence sin y is positive. Therefore, sin y = E Substituting

the values of sin x, sin y, cos x and cos y in (1), we get
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