Previous Year JEE Questions

Question 1

Given that the slope of the tangent to a curve y = y(x) at

any point (x, y) is 2—‘2' If the curve passes through the
x

centre of the circle »f +3° —2x—2y=0, then its
eguation is (2019 Main, 8 April Il)

(a) 2" loglyl=—-2(x-1 (b) xloglyl=2—-1
() xloglyl=2x-1 (d) xloglyl=-2{x-1

Answer: (c)

Given, d_y=2_‘1r
2
= | @ _ | E,,dx [integrating both sides]
y T
= lﬂgel‘ﬂ=—%+0 L1)

Since, curve (i) passes through centre (1, 1) of the circle
24y —2x—2y=0
log.(1)= —% +C0=0=2
~. Equation required curve is
lngely|=—%+2 [but C =2 in Eq. (i)]

= xloglyl=2(x-1)
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= In(l+vH)=-Inz-InC

[j ";{{;} dx::»].nlf{x}|+C]
[+InA+InB=In AB]
log, x=0 = x=¢" =1]

= In|(1+H)Cx=0
= {1+L12)Ch:=1

Now, putting v=l, we get
x
2
(1+%ch= 1 =CiE+ yg) =x

2
-+ The curve passes through (1, 1), so

Cll+1)=1=C =%
Thus, required curve is x° + y° —2x =0, which represent
a circle having centre (1, 0)

. The solution of given differential equation represents
a circle with centre on the X-axis.

Question 2

The curve amongst the family of curves represented by
the differential equation, (x* — y*)dx + 2xydy =0, which
passes through (1, 1), is (2019 Main, 10 Jan 1)
(a) a circle with centre on the Y-axis

{b) a circle with centre on the X-axis

(c) an ellipse with major axis along the Y.axis

{(d) a hyperbola with transverse axis along the X-axis.

Answer: (b)

Given differential equation is
{xz—yg)rjx+ 2xy dy =0, which can be written as

dy _y' -
dx  Z2xy
Put y =vx [ it is in homogeneous form]
dy dv
= —=v+r—
dx dx

Now, differential equation becomes

dv vl -xt dv @2 -1)x?
U+ x—= = Uvtr—=——"-—"
drx  2x(vx) dx 2ux”
dv v -1 v -1-20°
= r—= —-u=
dx 2v 2v
dv 1+ 2vdv s dx
— e =— = J' - = _J -
dx 2v 1+ x
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Question 3

Let the population of rabbits surviving at a time
td ]gJE 1gt'werned by the differential equation
i}=§p(:)—2m. If p(0) = 100, then p(¢) is equal to

dt
(2014 Main)
f f
{a) 400 — 300e* {b) 300 - 200e *
I £
(c) 600 — 500e* (d) 400 — 300e *
Answer: (a)

. . . . o.oap 1 .
Given, differential equation is o Epl{!} =-2001is a
linear differential equation.

-1
Here, p{ﬂ=?,Q(ﬂ=—2m

1 t
IF=\@J-['_2]Lrr e 2
Hence, solution is
p@®)-IF = [Q(t) -IF dt
) )
pit)-e 2=j-200-e 2t

] ]

p{t]-e_'_3=4002 I+ K

— p(t) =400 + ke ™?
If p0)=100, then k=-300
= plt) =400 — 300 e2
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Question 4

A curve passes through the point [1, %J Let the slope of

the curve at each point (x, y) be RN 5&1’:(1], x =0
x x

Then, the equation of the curve is (2013 Adv.)
(a) sin (1) =logx + 1 (b) cosec (1] =logx+ 2

x 2 x
(c) sec [&] =logx+ 2 (d) ms(g] =logx+ !

x x 2

Answer: (a)

PIAN  Tosole homogeneous differential equation, Le. substitute

l:v
x
av
a }"='|."1' = —=V+ X —
dx dx
Here, slope of the curve at (x, ¥) is
d
D _Y | e z]
dx x x
Put L
x

dv dv
v+ x—=v+sec(y) = x—=sec(v)
dx dx

¢ du dx . ¢ dx

= =|— cosvdy=| —

el b = Jeosvdv=]5

= sinv=logx+ loge = sin (l] = log(ex)
x

As it passes through (1, g) = sin (g] =loge

= loge=

S

sin [l] =logx+ 1
x 2

Topic: Homogenous Differential Equations

When x =0, then P =2000 = =2000
Now, when x =25, then is
P =100 =25 —8 » (25" + 2000
=2500 —8 % 125 + 2000
=4500 — 1000 = 3500

Question 5

At present, a firm is manufacturing 2000 items. It is
estimated that the rate of change of production P with
respect to additional number of workers x is given by

;E=100-12& If the firm employees 25 more
X

workers, then the new level of production of items is
(2013 Main)
(a) 2500 (by 3000 (c) 3500 (d) 4500

Answer: (c)

Given, ? =(100 —12x) =dP =(100 - 12yx) dx
X

On integrating both sides, we get
| dP = [ @00 -12.x) dx

P=100x-82"7+ C

2|Page

Question 6

A solution curve of the differential equation
i+ xy+4x+2y+4)d—‘}r— ¥ =0, x =0, passes through
;-

the point (1, 3). Then, the solution curve (2016 Adv.)
(a) intersects ¥y = x + 2exactly at one point

(b) intersects ¥y = x + 2exactly at two points

(c) intersects y = (x + 2)*

(d) does not intersect y = (x + 3)°

Answer: (a, d)

i : d .
Given, l{x3+x}'+4x+2y+4}d_y_f=g
x
o dy 3
= [ +dx+4)+ yx +2)]—~ -~y =0
2 dy 5
= (x+2)%+ Mx+2)]——-»*=0
dx
Putx+2=Xand y=Y, then
xt+x7) Y _y2_o
dX

X%Y + XYdY -Y%dX =0

=

= XY +Y(XdY - ¥dX) =0
dY XdY -YdX

= —_—
Y X2

Y
= —d (log|lY N=d| =
(log 1Y [) (X]

On integrating both sides, we get

- lng|Y|=§+C, where x+ 2=X and y=Y

= —logld=—2—+C (@)
i+ 2

Since, it passes through the point (1, 3).

—logd3=1+C
= C=-1-log3=—(loge+ log3)
=—log 3e
- Eq. (1) becomes

log | y] + —— - log (3e) =0
x+2

Rl ¥ .
= log | =— |+ =0
g(ﬂe) x+2 &)

Now, to check option (a), ¥y =x+ 2intersects the curve.

. log[|x+2|)+x+2=0 :>10g[|x+2|)=—1
3e x+2 de

lx+2] _ 2 _1
3e e
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= lx+2]=3 or x+2=%3
sox=1,-5(rejected), as x>0 [given]
~ x=1 only one solution.

Thus, {a) is the correct answer.

To check option (¢), we have

y=(x+2)and lng[m]_FL:O

e x+2
2 2 2
=log |+ 21 +(x+2) =0 =log |z +2] =—(x+2)
de x+2 de
3
= ﬁ=e"'”2} or (x+ 22 ¢ =3t = 3e -
de (x+ 2y
Y
" Ex-r?
g |
Je/(x+27
— X
Clearly, they have no solution.
To check option (d), ¥ = (x+ 3)°
2 3
e log |+ 3] +|{x+3} —0
de (x+2)
To check the number of solutions.
3
Let g(x)=2log (x+ 3)+ {;:?3}} —log (3e)
2 2+ 2)2 (x+3)—(x+ 371
o=t (G220 12( ) ]-u
x+3 {x+ 2)
_ 2 +{x+ Mix+ 1)
x+3 (x+2)

Clearly, when x>0, then, g’ (x) =0
g(x) 1= increasing, when x > (0.
Thus, when x =0, then gix) = g(0)

Zlx) = log [1]+E =]
e 4

Hence, there is no solution. Thus, option (d) is true.

Topic: Homogenous Differential Equations

Answer: (a, c)

Since, BP: AP =3:1. Then, equation of tangent 1s
Y —y=f" (1) (X -2)
The intercept on the coordinate axes are

A[x— Y ,0)
fix)

and B0,y —x [ ()]

Since, Pis internally intercepts a line AR,

3[:::— Y ]+1>:D
f(x)

3+1

r=

v, [
gh f0.1)

(x.y)

d dy 1
N y__y o dy_

dx  -3x ¥ 3x
On integrating both sides, we get
o =¢
Since, curve passes through (1, 1), then e=1.
; xy3 =1
At x= % = y=2

Hence, (a) and (c) are correct answers.

Question 7

Tangent is drawn at any point Pofa curve which passes
through (1, 1) cutting X-axis and Y-axis at A and B,
respectively. If BP: AP =3:1, then (2006, 3M)

(a) differential equation of the curve i ‘}x% +y=0
(b) differential equation of the curve is 3}:% —y=0
{¢) curve 1s passing through (% 2]

(d) normal at (1, 1) isx+ 3y=4
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Question 8

A spherical rain drop evaporates at a rate proportional
to its surface area at any instant ¢ The differential
equation giving the rate of change of the rains of the
rain drop is ... (1997C, 2M)

Solution:

Since, rate of change of volume = surface area
dV
= — o BA
dt
5 d .
= 4 Y jam?
di

d .- . . . .
?: =—4 is required differential equation.
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Question 9

If length of tangent at any point on the curve y= fix)

intercepted between the point and the X-axis is of
length 1. Find the equation of the curve. (2005, 4M)

Solution:

a

Since, the length of tangent =| ¥ 1+[E] =1

dy
d 3
= f[ 1+[d_x]]=1
¥y
dy_,_ ¥
dx - ]-—J'

= J—']'_yzdy=i‘[xdx
Y

J' —‘1_}2:!;.'=tx+(?
Y

Put y=sin® = dy=cosb db

=1

f 088 0 d0 =t x+ C

sinB

= €05 © inOdo—tx+C
sin“8

Again put cosb=¢ = —szinB do =di

1o
- t=xx+C

2

1-t
1
= I [1— 2)dt=ix+€
1
= t—log|— =122+ C
5 1+4/1—5*
= .f1— 5y =1 7—9 =tx+

Topic: Homogenous Differential Equations

il

2
and surface area = nr~

or V=%nr2h and S=nr i)

Where, tanB=2 and L =tan@ ..(iii)
H h

From Eqs. (i1) and (iii), we get

V=%n:r3ml.9 and S—mr?® ..(iv)

On substituting Eq. (iv) in Eq. (1), we get

L ot0-32 4 _ st
dt

1] T
= thJR dr=—k_[ﬂ dt
= cot® 0= R)=—k (T —0)
= Reot@=kT = H=kT [from Eq. (iii)]
= r_H
k

-, Required time after which the cone is empty, T =%

Question 10

A right circular cone with radius R and height H
contains a liguid  which evaporates at a rate
proportional to its surface area in contact with air
{proportionality constant =& >0). Find the time after
which the cone is empty. (2003, 4M)

Solution:

Given, liquid evaporates at a rate proportional to its

surface area.

= =x—8
= a2t (i)

We know that, volume of cone =%1Ir2h

b
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Question 11

A hemispherical tank of radius 2 m is initially full of
water and has an outlet of 12 em® cross-sectional area at
the bottom. The outlet is opened at some instant. The
flow through the outlet is according to the law
v(t)=08./2gh (t), where v ({)and h (f) are respectively
the wvelocity of the flow through the outlet and the
height of water level above the outlet at time ¢ and g is
the acceleration due to gravity. Find the time it takes to
empty the tank. (2001, 10M)

Hint Form a differential equation by relating the
decreases of water level to the outflow.

Solution:

Let O be the centre of hemispherical tank. Let at any
instant ¢, water level be BAB, and at ¢ + df, water level
is B A" B, Let £Z0,0B, =8,
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= AB, =rcosBand OA = r sin O decrease in the water
volume in time df = A.BI d (0A)

[r:r2 is surface area of water level and d (0OA) is depth
of water level]

=mr? cos6-r cosh do

=’ - cos® 0 dO
Also,h (1) =0:A=r —rsin@=r (1 —sin )
Now, outflow rate @ = A v ({t)=A-06 /2gr (1 —=in @)
Where, A is the area of the outlet.

Thus, volume flowing out in time df.

= Qdt=A-08)-2gr -, [T—sin0 di
We have, i cos® @ d = 4 (06) - 2gr -+l —sin@ dt
o cos® @

. de = dt
A(08)2gr J(1—sin®)

Let the time taken to empty the tank be T

T ] - [
Then, _ w nr __cos
B I” A 0B)-f2gr 1 -sin®
-t Il'?’].—l-nn 9( cos @) 46
A 06) \2gr 70 J1-sing
Let t; =41 —sin®
= dy=—=%0 g
1-sin#®
—2rr”
= 1 —! d!
A (08) ,2gr 11 I - -nyldh
—2nr’ o 4 ;
= 1+ ¢ —2¢)] dt
TA08) 2er J -+ 6 -2
-2 0 4 ;
= =— 1—-1—8 +2¢7] dt
A {ﬂﬁ] r_2gr L [ 1 1)] 1
= 2!‘] dt,
A {D.ﬁ) J2gr ‘[

. T 2nrd 24
AQ8)2gr|5 3
T
- T=zg—’-[o—§—0+3]
IO
10
BI2 B2
0 2::2 1% ° [ 1]
N7
_211:><1CI"- -a[lO—S}

12x3).fg

2 x10° % 7 14:rlx10’

“B33.4z3 2idz
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Question 12

A country has food deficit of 10%. Its population grows
continuously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last
vear. Assuming that the average food requirement per
person remains constant, prove that the country
will become self- sufficient in food after n years, where n
is the smallest integer bigger than or equal to
In10-In 9

In (1.04)—(0.03)" (2000, 10M)

Solution:

Let X, be initial population of the country and Y, be its

initial food production. Let the average consumption be
a unit. Therefore, food required initially aX,. Itis given

90 ]
Y, —a.Xn[ 00] 09 aX, L..(1)
Let X be the population of the country in year .
Then, % = Rate of change of population
3
100
= 94X _oozdr = | £=j 003 dt
X X
= log X =003t +e¢
- X=A4./" where A =¢
At t=0,X=X,, thus X = A
X=X, %!
Let ¥ be the food production in year f.
¢
4 ¢
Then, Y=Y, |1+ —| =09aX, (104
n il [ 100J 0 ( )
Y, =09 aX, [from Eq. (i)]
Food consumption in the year ¢ is aX, SH0HE
Again, Y-Xz0 [given]

= 08 X, a (104)' > a X, %1

1n4y 1 10
= 05 € :’E =H'

Taking log on both sides, we get
t[log (LO4) —003] zlog 10 —log 9

- i> log 10 —log 9

log (1.04) —003

Thus, the least integral values of the year n, when the

country becomes self-sufficient is the smallest integer

log 10-log 9

ter th ltp———
greater than or equa Tog (1.04)— 0.03
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Question 13

A curve passing through the point (1, 1) has the property
that the perpendicular distance of the origin from the
normal at any point P of the curve is equal to the
distance of P from the X-axis. Determine the equation of
the curve. (1999, 10M)

Solution:

Equation of normal at point (x, ¥) is

Y—y=—E(X—x] D)
dy
Distance of perpendicular from the origin to Eq. (i)
¥+ E-Jc
1 b

2
(&)
dy
Also, distance between Pand X-axisis |v].
‘ dx
y+—-x

= f+£-x3+2xy—x=y2ll+(g]]
dy dy
dx 9 ] dx
— | ("= )+ 2xy—=0
[d‘y] =" =) J’dy
= dx [ﬁ]{xz—f}+2xy =0
dy |\ dy
2,2
dy dx 2xy
dx
But —=0
|4 ﬂb;

= x=¢, where ¢isa constant.
Since, curve passes through (1, 1), we get the equation
of the curve asx=1

. d _xt :
The equation d—y =2 is a homogeneous equation.
x

2xy
d d
Put y=uvx = Do
dx dx
dv v — 22
v+ x—= -
dx 2xv
dv v -1 T, P T i+ 1
= x—= —vu= =—
dx 2v 2v 2v
-2 dx
= - Cdu=2
vr+1 x

= g —10g(u2+ 1) =log| x|

2
= loglzl@+)=¢ = |x|[f—2+1]=;ft
x

=xi+y¥ =2 xor °+ y =% ¢xis passing through
(1, 1).
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l+1=%¢"-1
= t& =2

. s
Hence, required curve is x™ + v~ =2x.

Question 14

A and B are two separate reservoirs of water. Capacity
of reservoir A is double the capacity of reservoir B. Both
the reservoirs are filled completely with water, their
inlets are closed and then the water is released
simultaneously from both the reservoirs. The rate of
flow of water out of each reservoir at any instant of time
is proportional to the quantity of water in the reservoir
at the time.

One hour after the water is released, the quantity of
waterin reservoir Ais 1% times the quantity of water in

reservoir B After how many hours do both the
reservoirs have the same quantity of water 7

(1997, 7M)
Solution:
% =V for each reservaoir.
dV dV,
@~V = R
[K, is the proportional constant]
SV
_ J.AdVA=—K1Irdt
Vi vV, 0
V’A . _E .
= log =-K,t = V,=V,.¢" (1)
Va
Similarly for B, Vg =V e it}

On dividing Eq. (i) by Eq. (ii), we get

Va_Va gL K

Vi Vg
It is given that at t =0, V, =2V and at
t=2V,=2 Vi
g’ A g B
3 (K —Ka)t (K, —Ka) _ D
Thus, §=2-e e =E L.(111)

Now, let at ¢ = ¢, both the reservoirs have some quantity
of water. Then,

Vy=Vg
From Eq. (i), 2¢% 52 =1
3
= 2-[‘—] =1
4

gn = 1033,'1 (1 fﬁ)

Question 15

Determine the equation of the curve passing through
the origin in the form y=f(x), which satisfies the

differential equation % =sin (10x+6y) (1996, 5M)
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Solution: = i b tan (5x + 3¥) + 3] =tan dx+ 4¢)
Given, D _ i (10x + 63) = 5tan (5x+35) + 3=4 tan @x + 40
Lo 0 zx ) When x =0, vy =0, we get
t 1 =t
aicd ® 5tan0 + 3 =4 tan (4c)
= 10 +6£= E 3
dx dx = I =tan 4e
dy 1(dt ] 3
— = — =10 i 1«
= dx 6 \dx = de=tan” 7
Now, the given differential E;lual.mn becomes Then, 5tan Gx+ 3y)+3 =4 tan (4:: + tan-! E]
:-:int=£[—t—10 4
6\ dx 4 3 3
dt =>l.an(5x+3_)r}=7l.a.u[4x+ l.a.u—]—f
= Bsin t=—-10 a9 L a
d 4 3 3
— £=ﬁsing+10 = 5x+3_)r=l.an_' [T{La11[4x+ tan' ‘—)}—‘7}
dx b 4 b
dt
= Gsint+ 10 =dx = 3y =tan’ E{Lﬂn (4x+l.an" %]}—%]—Em
On integrating both sides, we get
1 dt . 1 1|4 -1 3 3 ox
| — = . = =—ta —stan |dx+ ta |y —=-=
2'[3:-:'111t+5_x+L @) ’ 3 ! [3{ 1( ! 4 a 3
Let I] =J- _ dt =JF dt
deini+5 Qtant/2 _
1+ tan~¢/2

¢ (+tan®t/2)dt

ﬁl.ani+5+5l.:&lnzi
2 2

Put tant/2=u

= lee?i/2dt—du = dr——29%
2 sec® £/2
= d‘=2;if =dt= zd“.
1 +tan” ¢/2 1+
2 (1 + u’)du 2 du
I'=!. ] = =TJ- B
Q+u)Gu’+6u+s) 5 BT
a
_EI du
5 a8y 25
a 25 25
=TI*=3-=—L311"[“+3_M]
2 a4 415

_1 tan-1 [au +3]=l tan! l:a tan t /2 + '3:|
2 4 2 4

On putting this in Eq. (ii), we get

_ .
1 Htan —+ 3
“tant|—2 |=x+e
4 4

5 .
Htan —+ 23
= tan™’ + —dx + 4e
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