3.3 Area of a Curve in Parametric Form
If the given curve is in parametric form say x = f(t), y = g(t), then the area bounded by the curve with x-axis is equal

b 1 )
to jy dx = Ig(t)f’(t]dt r dx =d(f(t) = f'(t)dtJ Where t, and t, are the values of t corresponding to the values
a 1

ofaandb of x.

lllustration 9: Find the area bounded by the curve x = a cost, y = b sint in the first quadrant. (JEE MAIN)

Sol: Solve it using formula of area of a curve in parametric form.

: — . . a— ¥ oy’
The given equation is the parametric equation of ellipse, on simplifying we get —tia= 1.
a° b

a 1] /2 f \
". Required area = jy dx = J. (bsint(—asint)dt) = ab I sin’ tdt = [ib |
0 n/2 0 /

3.4 Symmetrical Area

If the curve is symmetrical about a line or origin, then we find the area of one symmetrical portion and multiply it
by the number of symmetrical portions to get the required area.

Illustration 10: Find the area bounded by the parabola y* = 4x and its latus rectum. (JEE MAIN)
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Sol: Here the given parabola is symmetrical about x — axis. 1

Hence required area = 2j;y dx.

S >
Since the curve is symmetrical about x-axis, 0 o) X
: : . | R B e R B
. The required Area = 2_[0 y dx 2_[0 Vadxdx=4. E[x L=3
Figure 25.9

3.5 Positive and Negative Area

The area of a plane figure is always taken to be positive. If some part of the
area lies above x-axis and some part lies below x-axis, then the area of two
parts should be calculated separately and then add the numerical values to
get the desired area.

If the curve crosses the x-axis at c (see Fig. 25.10), then the area bounded by
the curve y = f(x) and the ordinates x = a and x = b, (b > a) is given by

c b c b
A= jf(x)dx + [[foodx; A= jf(x)dx—jf(x) dx
a c | a C Figure 25.10
PLANCESS CONCEPTS
To reduce confusion of using correct sign for the components, take modulus and add all the absolute
values of the components.
Vaibhav Gupta (JEE 2009 AIR 54)
Illustration 11: Find the area between the curve y = cos x and x-axis when /4 < x < m (JEE MAIN)

Sol: Here some part of the required area lies above x-axis and some part lies below
x-axis,. Hence by using above mentioned method we can obtain required area.

; %/2 =
~. Required area = I cosxdx+ |I cosxdx |
/4 /2

- 6
= [sinx]/2 + | [sinx](, | = [171/\;'2)”0,”: 2\2,— 1

/4 f

Figure 25.11

lllustration 12: Using integration, find the area of the triangle ABC, whose vertices are A (4, 1), B (6, 6) and C (8, 4)
(JEE ADVANCED)

Sol: Here by using slope point form we can obtain respective equation of line by
which given triangle is made. And after that by using integration method we can
obtain required area.

Equation of line AB: y—l:%(x—‘l)ﬁ y:%"_g
(3 3x
Equation of line AC: y-1=| ry (x-4) = y= 7—2

Figure 25.12




Equation of line BC: (y-6) = [_Tz] (x—-6) > y=-=x+12
.. The required area = Area of trapezium ABQP + Area of trapezium BCRQ - Area of trapezium ACRP
6 5 8 8 3
= [|2x-9 [dx+ [(-x+12)dx - [| Sx -2 |dx
a\2 6 a4
-

5 y ) (3 .
=|=x*-9x| +|12x-—| -|=x® -2x| =7 + 10-10 = 7 sq. units.
4 2 " 8

4 4

3.6 Area between Two Curves

(a) Area enclosed between two curves.

Ify = f.(x) and y = f,(x) are two curves (where f (x) > f,(x)), which intersect at two points, A (x = a) and B(x = b), then
the area enclosed by the two curves between A and B is

Common area = ,[:(5"1 =y,)dx = I:[fl(x}—fz,{x)jdx

g

Figure 25.13
llustration 13: Find the area between two curves y* = 4ax and x* = 4ay. (JEE MAIN)
Sol: By using above mentioned formula of finding the area enclosed 1 ,
between two curves, we can obtain required area. X =4ay
Given, y*=4ax ()]
¥ = day . (i)
Solving (i) and (ii), we get x = 4a and y = 4a. .
2 sy o x=da 7
" 4a X X X
So required area = vdax - — |dx =| 2Ja—-—
e J [ * 4aJ g [ 37 123]0
= 4_J; | 43 IB'JI2 __6433 B E 2 y2=4a~"
3 1l2a 3 Figure 25.14
(b) Area enclosed by two curves intersecting at one point and the X-axis. I
Ify = f,(x) and y = f,(x) are two curves which intersect at a point P (o, ) and meet
x-axis at A (a, 0) and B (b, 0) respectively, then the area enclosed between the & _Pab)
curves and x-axis is given by 2 N A
H N
a b % Hﬂ:’
Area = [f (x)dx+ |f : »X
- { s +£ s O[A@0) @0 BbO)

Figure 25.15



(c) Area bounded by two intersecting curves and lines parallel to y-axis.

The area bounded by two curves y = f(x) and y = g(x) (where a < x < b), when they intersect at x = ¢ € (a, b), is given

b c b
by A = [[f(x)-g00) | dx = A = [(f(x) - geO)dx + [ (g(x) ~ f(x))dx

Y4 y=f(x) y=g(x)

o

X > X
O| x=a x=c x=b

g
Figure 25.16

llustration 14: Draw a rough sketch of the region enclosed between the circles x* + y* = 4 and (x - 2)* + y* =4. Using
method of integration, find the area of this enclosed region (JEE ADVANCED)

Sol: By solving given equations simultaneously, we will be get intersection points of circles and then by using
integration method we can obtain required area.

The figure shown alongside is the sketch of the circles

2 +y =4 ()

and, (x-2)+y*=4 = ()

From (i) and (ii), we have (x-2)’-x*=0 Y

= Xx-2-X)x-2+x=0 =x=1 ... (i} A(1,-V3)

Solving (i) and (iii), we get  y = 443 @ 2’

Therefore, the circles (i) and (ii) intersect at A(1, ~."§‘.l and B{l,—\E), X 0 X

Area of enclosed region = Area OACBO = 2 Area OACO P
B(1,-v3)

= 2 [Area OAD + Area ACD]

-
= 2 a-(x-27 dx+2[ V4 dx Figure 25.17
= 2!:»;'4—)(2 dx+2ﬁ 4 —(x—2)°dx

2 a

: 2 1
2 A —(x_2% - 2
=32 4-x +;sin'1 %] +2{[’It 2) 42 (x—2) +§sin‘1[”_22}] [ Va? —x2 dx :-%«Jaz—xz +%sir|'1£

1 0

2 6 2 6

=2 n—ﬁ—z[fj}r 2[—£-2[E]+n} = ST“-zﬁsq. units

lllustration 15: Using integration, find the area of the region given below:

{(x,y):0<y<x*+1,0<y<x+10<x<2} (JEE ADVANCED)



SKETCH OF STANDARD CURVES

2
.
Y X' = dby
yz = dax (b>0
2 (a>0)
= -4a
y X X
X = -4by

22
y =a
)
X

25.12 | Area Under the Curve and Linear Programming

Y
g 2
27414 2
y = cosx
Y
y = logx
: 0 /1 A
y:ténx yz:cotx o
y=e
-0 X

4. STANDARD AREAS X = 4y ¢ .

y = 4dax
4.1 Area Bounded by Two Parabolas

X
Area between the parabolas y* =4axand x* =4;a>0,b >0, is o k

16ab
1AF=
Figure 25.23
Illustration 20: Find the area bounded by y = Vx and x - \@. (JEE MAIN)
Sol: By using above mentioned formula. -
Y X =4y
Area bounded is shaded in the figure ¥ .
y = x
Here, a= 2 and b= 2
4 4

.Using the above formula, Area = (16 ab)/ 3 o] >
_16x(1/4)x(1/4) 1 Figure 25.24
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4.2 Area Bounded By Parabola and a Line y y = mx
832 y3 = dmx
Area bounded by y* =4axandy=mx;a>0,m>0is A= ey
m
2 9 ‘ > X
Area bounded by x* =4ay and y=mx;a>m>0 x=c
2
is y:mx;a:»m}DA:B—a-
3m’ !
Figure 25.25
Illustration 21: Find the area bounded by, x* = yand y = |x|. (JEE MAIN)
. : 8a’
Sol: Using above formula, ie. A= —
3m®

Area bounded is shaded in the Fig. 25.26.

Here,a=1/4, m =1 2
ZXSx(l]
8a’ ] 4, 1

3m’

~.Using the above formula, Area = 2
3x(1)} 3

Figure 25.26
llustration 22: Find the area bounded by y* = xand x = | y |. (JEE MAIN)

Sol: Here, a = 1/4, m = 1, and required area is divided in to two equal parts at above and
below x — axis.

: : 8a’
Hence required area will be 2 =
3m
2
- 2x8x(1/4
. Using the above formula, Area = 2[81} = # s
3m’ 3x(1)? 3
Figure 25.27
4.3 Area Enclosed by Parabola and It's Chord Y4

Area between y* = 4ax and its double ordinate atx = a is

>\

Area of AOB = % (area [ JABCD)

X
<8
=a
Figure 25.28
lllustration 23: Find the area bounded by y = 2x —x*, y + 3=0. (JEE MAIN)
Sol: Here first obtain area of rectangle ABCD and after that by using above 1
mentioned formula we will be get required area. o ' C
Solvingy =2x-x,y+ 3 =0,wegetx=-1o0r3 1 3 bA
Area (ABCD) = 4 x 4 = 16. : \ .
A B e

. Required area = %xlﬁ = 332

Figure 25.29



4.4 Area of an Ellipse

Xy
For an ellipse of the form —+-=11s A = nab
a

Figure 25.30

Try to remember some standard areas like for ellipse, parabola. These results are sometimes very helpful.
Vaibhav Gupta (JEE 2009 AIR 54)

5. SHIFTING OF ORIGIN

Area remains unchanged even if the coordinate axes are shifted or rotated or both. Hence shifting of origin /

rotation of axes in many cases proves to be very convenient in finding the area.

For example: If we have a circle whose centre is not origin, we can find its area easily by shifting circle’s centre.

lllustration 24: The line 3x + 2y = 13 divides the area enclosed by the curve 9x* + 4y’ - 18x - 16y = 11 = 0 into two
(JEE ADVANCED)

parts. Find the ratio of the larger area to the smaller area.
Sol: Given 9x*+ 4y’ - 18x - 16y - 11 =0
and, 3x + 2y = 13
9(x*-2x) + 4 (y* - 4y) = 11;
= 9x-12-1]+4[(y-2°-4]=11
= 9(x-1)F +4(y-2) =36

x-17° (y-2° . x* y? " .
T 8 _1=T+?-1 (whereX=x-1andY =y-2)

Hence 3x + 2y = 13
=3X+1)+2(Y+2)=13

=3X+2Y=6
X Y

= —p—m=]

2 3
. Area of triangle OPQ =1/2x2x3 =3
Also area of ellipse = n (semi major axes) (semi minor axis) = n.3.2 = 6n
brn 3n
A = ?—area of AOPQ =?—3

A, =3[%‘J+areaof AOPQ=‘D’2—“+3

g1t+3
Hence ﬁ=2—=3ﬁ+2
'Al ?,_n+3 n-2

.. (i)
.. (i)

0,3 x+2y=6
QM
0
(2,0)
Figure 25.31
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6. DETERMINATION OF PARAMETERS

In this type of questions, you will be given area of the curve bounded between some axes or points, and some
parameter(s) will be unknown either in equation of curve or a point or an axis. You have to find the value of the
parameter by using the methods of evaluating area.

lllustration 25: Find the value of ¢ for which the area of the figure bounded by the curves y = iz ;x=1and

X
y = cis equal to %. (JEE MAIN)
Sol: By using method of evaluating area we can find out the value of c. % 2
—
1 1 Ve e
4 =
A= I [c_iz]dx:%; [qu.—} :% y=c
ey X o
vEC
9 9
4)-(2 2Vc)==;c-4 4==
(c+4)-(2Vc + 2Jo) 4c Je + " . \:x
x=1

9 3 3
= (We-2 === (We-2)== or-=
(We-2) 2 (We-2) B Figure 25.32

Hence c = (49/4) or (1/4)
Hlustration 26: Consider the two curves:
Ciiy=1+cosxandC,:y=1+ cos(x-a)fora e (0, n/2) and x € [0, p].

Find the value of «, for which the area of the figure bounded by the curves C, C, and x = 0 is same as that of the
area bounded by C,, y = 1 and x = . For this value of «, find the ratio in which the line y = 1 divides the area of the
figure by the curves C,, C,and x = . (JEE ADVANCED)

Sol: Solve C, and C, to obtain the value of x, after that by following given condition we will be obtain required
value of a.

Solving C, and C, , we get

o
T+cosx=1+cos(x-a)= x=a-x = x:E

According to the question, G
: L

=A
af2 ] 2
C?

(cosx —cos(x —a))dx = — | (cos(x —a))dx A,
£ ] &
2 1 y= 1

= [sinx-sin(x - a)]:;” = sin(x - ul]gm

/2

n n
= sinE-sin[-E] —[0-sin(-a)] = sir'i[E —sin(r—u) 3 3 Tt
2 2 2
Figure 25.33
= 2sin%—sinu=1—sinu.Hence. 2sin%=1 = u:%

7. AREA BOUNDED BY THE INVERSE FUNCTION

The area of the region bounded by the inverse of a given function can also be calculated using this method. The
graph of inverse of a function is symmetric about the line y = x. We use this property to calculate the area. Hence,
area of the function between x = a to x = b, is equal to the area of inverse function from f(a) to f(b).



8. VARIABLE AREA

If y = f(x) is a monotonic function in (a, b), then the area of the function y = f(x) bounded by the lines at x = a,

x = b, and the line y = f(c), [where ¢ & (a, b)] is minimum when ¢ = ? .
b Y 4 r

Proof: A = if{c)-f(x}du + () - f(c)dx f(b) g y=f

d . (0,f(c)) 1 y=fic)

(4 b f(a)
= f(c) (c-a) - [(fe)dx + [ (fxdx -~ ()b -©)
b ¢ [¢) x=a ¢ x=b B
= {(c-a) - (b -} (o) + !(f{xndx— [ (F(x))dlx rure 25.36
b [4

A =[2c-(a+b)] f(c) + [ (o)~ [(fx)dx
For maxima and minima i:%=0 = f'(c)=[2c-(a+ b)) =0(asf’(c) =0) hence c = % also ¢ <%, % <0
andc¢ >#, %: 0 Hence A is minimum when ¢ = %

9. AVERAGE VALUE OF A FUNCTION

In this section, we would study the average of a continuous function. This concept of average is frequently applied
in physics and chemistry,

b
Average of a function f(x) between x = ato x = bis given by y,, =Bl_a ff(x)dx
a

Illustration 29: Find the average value of y? w.rt. x for the curve ay = by/a? -x? between x = 0 & x = a. Also find
the average value of y w.rt. x* for0<x < a. (JEE MAIN)

b
Sol: As average of a function f(x) between x = a to x = b is given by y“=ﬁ]'f{x)dx
a



., b, b, o 2
Let {09 = y* = — (a* =x") Nowflxlla,-azta_ml(a Ky ==

al

a? a 3
Againy, wrt.x?as f(x)|, = % I y d(x?) = % J' V@ -dded=2 I 22 dt= 222
@-0)p a’aj a’

3

10. DETERMINATION OF FUNCTION

Sometimes the area enclosed by a curve is given as a variable function and we have to find the function. The area
X

dA
function A} satisfies the differential equation d—“ =f(x) with initial condition A3 =0 i.e. derivative of the area
X

function is the function itself. Thus we can easily find f(x) by differentiating area function.

If F(x) is integral of f(x) then, A = [f(x)dx = [F(x)+¢]
And since, A} =0=F@a)+c = c=~-F)

" A% =F(x)~F(a). Finally by taking x = b we get, A? =F(b) -F(a)
Note that this is true only if the function doesn’t have any zeroes between a and b,
If the function has zero at ¢ then area = |F(b) - F(c)| + |F(c) - F(a)|
Vaibhav Gupta (JEE 2009 AIR 54)

lllustration 30: The area from 0 to x under a certain graph is given to be A = V143x-1,x20;

(a) Find the average rate of change of A w.rt. x and x increases from 1 to 8.

(b) Find the instantaneous rate of change of A w.rt. x at x = 5.

(c) Find the ordinate (height) y of the graph as a function of x.

(d) Find the average value of the ordinate (height) y, w.rt. x as x increases from 1 to 8. (JEE ADVANCED)

Sol: Here by differentiating given area function we can obtain the main function.

A(8)-A(l) 3

All)=1,A@)=4: == _Z
(a) A(1) (8) 81 3
o 94| __13 3

dx| s 2V1+3x|.s
€ y= -

241+ 3x

1 3 1% 3 3
(d) dx==[———dx==
{3-1)‘1[2J1+31 ?;[2J1+3x 7
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lllustration 31: Let C, & C, be the graphs of the functiony = x* 8 y = 2x, 0 <x < 1 respectively. Let C, be the graphs
of a functiony = f(x), 0 <x < 1, f(0) = 0. For a point P on C, let the lines through P, parallel to the axes, meet C, &
C, at Q & R respectively (see figure). If for every position of P(on C)), the area of the shaded regions OPQ & ORP

are equal, determine the function f(x). (JEE ADVANCED)
Sol: Similar to the above mentioned method. Cry=2x
e Yy | 2 T (1/21) Coy=x
j [Jy_r - —]dy = J'(x - f(x))dx differentiate both sides w.rt. h (0,1) - v
0 / 0 /| e
1
2 Q ]
[h-h—] 2h = h? - f(h) P(hjh)
2
h2
i{h}=hﬂ—{h—-]2h =
2 (0,0} ] R
Cy=f(x)
=h?=h(2h-h?) = h2=2h + h?
Figure 25.37
f(h) = h* - h?
fix) =% —x? = x*(x-1)
11. AREA ENCLOSED BY A CURVE EXPRESSED IN POLAR FORM
r=a (1 + cosB) (Cardioid)
2n 22x
Awn I rdo = a—I 4cos* 2do
2 2 2 s 2
: 0
Substitute 3 =t,d6 = 2dt
2 t 4 31132
A=3a Idcas tdt=8x——

0 16 Figure 25.38
lllustration 32: Find the area enclosed by the curves x = a sin’t and y = acos’t. (JEE MAIN)
Sol:

2 2 2
x3 +y3 =a® and dx = 3asin’ t.costdt
a n/2
A= 4_[3; dx ; A=4a’ f 3cos’ tsin’ tcostdt
0 0 -
nf2 2 2
A =122 [ sin’tcos*t dt = (1227). i e e
2 64.2 2 32 8

Figure 25.39



