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(APPLICATION OF INTEGRALS )

% One sheuld study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. — BIRKHOFF s

8.1 Introduction

In geometry, we have learnt formulae to calculate areas
of various geometrical figures including triangles,
rectangles, trapezias and circles. Such formulae are
fundamental in the applications of mathematics to many
real life problems. The formulae of elementary geometry
allow us to calculate areas of many simple figures.
However, they are inadequate for calculating the areas
enclosed by curves. For that we shall need some concepts
of Integral Calculus.

In the previous chapter, we have studied to find the
area bounded by the curve y =f (x), the ordinates x = a,
x= b and x-axis, while calculating definite integral as the
limit of a sum. Here, in this chapter. we shall study a specific
application of integrals to find the area under simple curves, A e Cinchy
area between lines and arcs of circles, parabolas and (1789-1857)
ellipses (standard forms only). We shall alsodeal with finding ~
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we consider the easy and intuitive way of V/ ' T
finding the area bounded by the curve

y=f(x). x-axis and the ordinates x = g and
x=b. From Fig 8.1, we can think of area ¥
under the curve as composed of large x=a
number of very thin vertical strips. Consider
an arbitrary strip of height y and width dx, _ |

then d A (area of the elementary strip) = ydx, X¥5 P >
where, v = flx). A Fig 8.1

2019-20

At MATHEMATICS

Thas area is called the elementary area which 1s located at an arbitrary position
within the region which is specified by some value of x between a and 5. We can think
of the total area A of the region between x-axis, ordinates ¥ = a, x = b and the curve
y=f1(x) as the resolt of adding up the elementary areas of thin strips across the region
PQRSP. Symbolically, we express Y

L] .!’ - d
A= I_”;m = j”’ s =" f(x) dv
The area A of the region bounded by dy x \
the curve x = g (¥), vaxis and the lines ¥y = ¢, ] N _
y=u 15 given by *=20)
o o y= Fa
A= I xdy= L gly)dy X' o >X
w
Here, we consider horizontal strips as shown in Y
the Fig 8.2 Fig 8.2

Remark 1t the position of the curve under consideration is below the x-axis, then since
fix)< 0 from x=a to x=b, as shown in Fig 8.3, the area bounded by the curve, x-axis
and the ordinates x = @, x = b come out to be negative. But, it is only the numerical
value of the area which 1s taken into consideration. Thus, if the area 13 negative, we

take its absolute value, ie., U” Flx)dx

v A
UPES Admission 2022 Open  Apply Now!!

https://schools.aglasem.com/ncert-books-class-12-maths-chapter-8/ 3/26



3/4/22, 10:36 PM NCERT Book Class 12 Maths Chapter 8 Application of Integrals

aglasem.

CBSE ICSE [ ISC STATE BOARDS NCERT MOCK TESTS STUDY MATERIAL OLYMPIADS SCHOOL ADMISSION

ENTRANCE EXAMS STUDENTS GUIDE OTHERS

¥ Fig8.3

Generally, it may happen that some portion of the curve is above x-axis and some is
below the x-axis as shown in the Fig 8.4. Here, A, <( and A_ > 0. Therefore, the area
A bounded by the curve y = f (x), x-axis and the ordinates x = @ and x = b is given
by A=A |+ A,

201920

APPLICATION OF INTEGRALS nl

Fig 8.4

Example 1 Find the area enclosed by the circle x* + = o'.

Solution From Fig 8.5, the whole area enclosed
by the given circle

=4 (area of the region AOBA bounded by
the curve, x-axis and the ordinates ¥ = 0 and
x = a) [as the circle is symmetrical about both
J-axis and y-axis] X-

A r 2 B SR R Sl L I A
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Asthe region AQOBA lies in the first quadrant, vis taken as positive. Integrating, we get
the whole area enclosed by the given circle

E == 8° =g
_ 4 g —x + —sin" —
2 2

201920
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Alternatively, considering horizontal strips as shown in Fig 8.6, the whole area of the
region enclosed by aircle 3

= 4-[:1:{]-‘ = 4_[:\}:13 -y dy (Why?)

A o |
_4[2.& }+25|u ﬂ} o
[i] X-

4|| £xo0+ & sin"1|-0

= o — &l =
2 Z

a‘ g

=%5E v
. , Fig8.6
Example 2 Find the area enclosed by the ellipse r_ + }—,:I
e 2

Solution From Fig 8.7, the area of the region ABA'B’A bounded by the ellipse
4 area of the region AOBAinthe first guadrant bounded
by thecurve, x —axisand theordinates x=0,xr=a

fag the ellinge i evmmetrical abhont hoth r-axic and v-axig)
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gquadrant, v is taken as positive. So, the required area is

:rb a1 Y
= 4_[ Zaat = xtdx -
4] I]'
4b rF at . x|
= | Sy —x" +—gin" =
a2 2 ’
4b| [ a &> o
t —M—xm—sm '1] -0
a'| L2 o
b a = v
= ;:'Etil'f} ¥
a 272 Fig 8.7
201920
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Alternatively. considering horizontal stnps as
shown in the Fig 4.8, the area of the ellipse is

h
- 4I:xajr = 4%}[#.’52 —yldy (Why?)

i} . Y
dal( b 2
.| .S AR ST Figss
b2 2
dab w
=i

8.2.1 The area of the region hounded by a curve and a line
In this subsection, we will find the area of the region bounded by a line and a circle,

ety o2 e M [ VIR S, LS e RES ot AR Sl e BN T ) i iy o SRECLRE Loy L b el SRR bl BEE, M= bl REE DS | ) EoetS
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SOIuLon Nince the gIVen curve represented by
the equation y = x° is a parabola symmetrical
about y-axis only, therefore, from Fig 8.9, the
required area of the region AOBA 15 given by

X<

4
E'J-ﬁ .I'{Ijr‘ = {:.-
Fig 8.9

" areaot theregion BONB bounded by curve, y —axis
- and thelines y=0and y=4

Here, we have taken horizontal strips as indicated in the Fig 89,

201920
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Alternatively, we may consider the vertical 2 _ ¥ A
strips like PQ as shown in the Fig 8.10 to QO
obtain the area of the region AOBA. To this A N /B
end. we solve the equations = vand y =4 :
which gives x = -2 and x = 2. x=-12 g
Thus, the region AOBA may be stated as e
theregion bounded by the curve y =, y =4y, Vi >X
and the ordinates x =-2 and x = 2,

Theretore, the area of the region AOBA Y

2 Fig .10
= I ydx

[ ¥ = { y-coordinate of () — (y-coordinate of P} = 4 — x°]

2_[:(4—;3 Jde  (Why?)

[ AT T 81 =
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the line y = x, and the circle ©* +y* = 32.

—m T —mmmma e

———g e

Y
Solution The given equations are 4
j J:: X b I:_]:l BF=I
and _ X+y= 32 ] _LZJ (1.4)
Solving (1) and (2}, we find that the line :
and the circle meet at B{4, 4) in the first
quadrant (Fig 8.11). Draw perpendicular s 1A =
BM to the x-axis. = M 41.1@ ‘;:‘
Theretore, the required area = area of Bl
the region ()BM() + area of the region
BMAB.
Now, the area of the region OBMO
i i
= I }‘r.l".r:I adx e i3 ¥
[} ] Y’
Ir . Fi
s e o811
" E[r]n = §

920

APPLICATION OF INTEGRALS
Again, the area of the region BMAB

Y DR N

iz
1 > l i =
=|—xy32=-x +—x32xsin i
2 2 42

e (%4ﬁxﬂ+]£x32xs'm ‘1)—{%q"32—16 +%x32x31’n

=T —-(8+4mi=4x -8
Adding (3) and (4), we get, the required area = 4.

¥

2 g

05

. (4

x F
Example 5 Find the area bounded by the ellipse —j+;—q=] and the ordinates x =1
3 2
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Lo b poe
- a )
-a_IlHI v = 2—_[ Vat = xtdxy
e i
T
= I'I'F x."a.
2\ x 3 3. 8 ... X
—| =8 —x +—3sIn" —
a2 2 a |
R
Bl’
2b % T P |
— | aefa”—aTe” +asin e v
2 Y
Fig§.12

ﬂfﬂl:é'ﬁ +sin” E‘:|

EXERCISE 8.1

Find the area of the region bounded by the curve y* = x and the lines x = L,
x =4 and the x-axis in the first quadrant.

Find the area of the region bounded by v =9x, x =2, x = 4 and the x-axis in the
first quadrant.

H19-20

MATHEMATICS

Find the area of the region bounded by x” =4y, y= 2, v = 4 and the y-axis in the
first quadrant.

X J
Find the area of the region bounded by the ellipse E+%~:I .

¥ AP
Find the area of the region bounded by the ellipse T+?=I ;

Find the area of the region in the first quadrant enclosed by x-axis, line x=.f3 v

and the circle ¥+ v =4.
Find the area of the smaller part of the circle x° + ¥ =a’ cut off by the line .r=% ;

The area between x = v* and x = 4 is divided into two equal parts by the ling
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Choose the correct answer in the tollowing Exercises 12 and 13.
12. Arealying in the first quadrant and bounded by the circle x* +y* = 4 and the lines
x=0andxr=21s
Al (B 2 = D :
n _— — —
( ) 5 (<) 3 \BY 5
13. Area of the region bounded by the curve y* = 4x, v-axis and the line y= 3 is
A) 2 B : C : D )
(A) 2 (B) 7 © 3 D) 3
8.3 Area between Two Cuorves
Intuitively. true in the sense of Leibnitz, integration is the act of calculating the area by
cutting the region into a large number of small sirips of elementary area and then
adding up these elementary areas. Suppose we are given two curves represented by
y=f(x) v=g (x), where f(x) 2 g{x) in [a. b] as shown in Fig 8.13. Here the points of
intersection of these two curves are given by x = a and x = b obtained by taking
common values of y from the given equation of two curves.

For setting up aformula for the integral, it is convenient to take elementary areain
the form of vertical strips. As indicated in the Fig §.13, elementary strip has height
201920

APPLICATION OF INTEGRALS 07
fix) — g(x) and width dx so that the elementary area
-y =f1x) - g (x)
x =4
X ‘:G *X
ifl_
¥ Fig 8.13 P
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— |area bounded by v = £ (x), v-axis and the lines x =a. x = §]
= jjf‘tx}dr —Ijgi.r}dx = J-:’[f{_r]— 2(x)]dx. where f (x) = g () in |4, b]

Iff{x)Z g (x)in [a. ¢] and f(x) < g (x) in [c, b]. where @ <c < b as shown in the
Fig &.14, then the area of the regions bounded by curves can be written as
Total Area = Area of the region ACBDA + Area of the region BPRQB

= [ e-golde+ [ g0 f(0]dx

y=gx)
[

L

\ L F=re)
C

201920

&1 MATHEMATICS

Example 6 Find the area of the region bounded by the two parabolas v = and y* = x.

Solution The point of intersection of these two
parabolas are O (0, ) and A (1, 1) as shown in
the Fig §.15.

Here, we canset vy’ =x or y=4fy = fix)and y =
= g{x), where, f (x) = g (x)in [0, 1].

Therefore, the required area of the shaded region

e
= [ [fo-g]dx
UPES Admission 2022 Open  Apply Now!!
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Example 7 Find the area lying above r-axis and included between the circle
2+ ¥y = 8x and inside of the parabola y* = 4x.

Solution The given equation of the circle x* + y* = Bx can be expressed as
(x — 47 + y* = 16. Thus, the centre of the Y
circle is (4, (1) and radius is 4. Its intersection +

with the parabola y* = 4x gives By

Padyr=Re
or P-dr=0
or xix—4 =10 ! -
X< X
or r=0.xr=4 Cid.m Q8. MW

Thus, the points of intersection of these
two curves are (0, 0) and P{4,4) above the

-axis.

From the Fig 8.16, the required area of
the region OPQCO included between these v Fig 8.16
two curves ahove x-axis is Y z

= (area of the region (CPQ)) + (area of the region PCQP)
4 8

— I vidx + I vt
0 <

o e [ TG oy

201820
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5[ 2T i
=2x§{x=] +_[».,|'41—:1dz, where, x —4=t (Why?)
n 0
32 [t 1 et
== 4| =4 =P + = x 4 xsin7 =
3 [2 2 4],
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chord AB.

A “¥

¥ W
Solution Given equation of the ellipse 9% 4+ y° = 36 can be expressed as T 4 % =1 ar

% + ;—;: land hence, its shape is as given in Fig 8.17. T

Accordingly, the equation of the chord AB is

(x—2)

0-2 X's

or y=—3x—2)

y—{U=

or y=—3r+0b

Area of the shaded region as shown in the Fig §.17.
2 2
= 3_[“ \.l"i—rzrir—ju (6—3x)dx (Why?)

% 4 T 35 2 Fig 8.17
= o4 +—sin' = | | bx -
2 X 2 R

]
Lid
|
x
=]
+
-2
=
=
—
—
vt
P
1
e |
—
L]
I
e
Il
1k
=
]
.
ra i A
|
=
[
lad
A
I
o

201920

37 MATHEMATICS

Example 9 Using integration tind the area of region bounded by the triangle whose
vertices are (1, 03, (2, 2) and (3, 1) Y
Solution Let A(1,0), B{2, 2)and C(3, 1) be
the vertices of a triangle ABC (Fig 8.18).
Area of AABC

= Area of AABD + Areaof trapezium

UPES Admission 2022 Open  Apply Now!!
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Hence, MeanfﬁABC:f 2(x- |}ﬂh’+j- (4—x)dx— f —dr

g s -]
el o 3 e i B

Example 10 Find the area of the region enclosed between the two circles: 12+ y* =4
and (x — 2F + vV = 4.

Solution Equations of the given circles are

2+y=4 we (1 Y
and (x— 2P+ y =4 o ¢ il
E.quatmn 1) is a circle with centre O at the &{lﬁl

arigin and radius 2. Equation (2} is a circle with
centre C (2, 0) and radius 2. Solving equations
(1} and {2}, we have

(x 2F¥ + ¥ =2+

or P-dx+d+¥=2+
A'(13)
or x =1 whichgives y = imﬁ
Thus, the points of intersection of the given ;.:H
circles are A(1, f3 ) and A1, —+f3 ) as shown in e
the Fig 8.19. 8
2019-20
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Required area of the enclosed region OACA’O between circles
= 2 [area of the region ODICAQ)] (Why?)
= 2 [area of the region ODAQ + area of the region DCAD|

=2 “[1 yr + j‘ll _\‘dx]
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)
I l x0
+ E[E _rw.l'd—_r1 +Ex4sin"%]

- | 1
-

= [x=DJi—{x—D% +4sin | 222 ] +[_ Nd—x" +4si ‘li}

x—=2) {x—2) sm[zJ Y qm”|

F

e

['\E'* dsin’” [%l D—-’Hin“ li—ljr}+ [4sin" | =3 —4sin™ ﬂ

il

(- |eusg]e| w0

( 7
- —ﬁ—g+2n]+ zﬂ—ﬁ—"—ﬂ]
X 3 3
L
3
|[EXERCISE 8.2

Find the area of the circle 4x* + 4y* =9 which is interior to the parabola = 4y.
Find the area bounded by curves (x — 1P +¥ =1 and x* + ¥ = L.

Find the area of the region bounded by the curves y=2"+ 2, y=x, x=0 and
b S

4. Using integration find the areaof region bounded by the triangle whose vertices
are {— 1, O, (1. 3) and (3, 2).

Using integration find the area of the triangular region whose sides have the
equations y=2x+ |, y=3x+ |l and x =4

T -

L

H19-20

372 MATHEMATICS

Choose the correct answer in the following exercises 6 and 7.
fi. Smaller area enclosed by the circle * + v’ =4 and the line x+ y =2 s
{(A) 2(m—2) {(By m-2 (C) 2m— 1 (D) 2 (m+2)
UPES Admission 2022 Open  Apply Now!!
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Example 11 Find the area of the parabola ¥* = 4ax bounded by its latus rectum.

Solution From Fig 8.20, the vertex of the parabola Y
¥ = 4ax is at origin (), 0). The equation of the
latus rectum LSL" is x = a. Also, parabola is
symmetrical about the v-axis.
The required area of the region OLL'Q

= 2(area of the region OLS())

X'« X
(13 F
==l i ==k .
= “L, vt = ..J-“x.l'&lm iy
=2x2a [ dx
1]
[~
Z 3 il ¥' Ll’
- 22 o
= 4ax| x Fig 8.20
s
s Yy 7
SJ— = B
= —yNa|at | ==
3 3
Example 12 Find the area of the region bounded x=1
by the line v = 3x + 2, the y-axis and the ordinates
x=-landx =1
. ¥ w o o L 4 c -u.x
Solution As shown in the Fig 8.21, the line X°€ 72 |0 B -
p x==1 (T-“}
y=3xr+ 2 meets x-axisat x = ?" and its graph
lies below x-axis for IE[—L _?] and above L
Yl
i Fig 8.21
v-axis for x E[—,l) :
3
201920
APPLICATION OF INTEGRALS £

The required area = Area of the region ACBA + Area of the region ADEA
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el

Example 13 Find the area bounded by
the curve v = cosx between x = () and
X =2

G i Wl S
3

Solution From the Fig 8.22, the required

X'e
area = area of the region OABQO + area

of the region BCDB + area of the region
DEFD.

Thus, we have the required area

T in
] 2 In
- I “oosxdy + J- cos vy +I cos vy
1] n EL
3 a
T in

-

S C U PR O
= [sm.rL + [Sl"-'i'];[ e [5'“"[];,_1
3

=1+2+1=4

Example 13 Prove that the curves v* = 4y and x° = 4y
divide the area of the square bounded by x = (), x = 4,
¥ =4 and y =0 into three equal parts.

Solution Note that the point of intersection of the v
parabolas v = 4x and 2 = 4y are (0, 0) and (4, 4) as Fig 8.23
201920
174 MATHEMATICS
- L = [+ Bs B | ~
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32 16_16 "
=3 3 3 )}
Again, the area of the region OPQAQ bounded by the curves X’ =4y, x =0, x=4
and -axis
R Pl 18
= u?m_ﬁ[x ]ﬂ_? o {28
Similarly, the area of the region OBQRO bounded by the curve v = 4x, v-axis,
y=0and v=4
e Y e A AP 16
- _[u_mj;—_[“ 4 dy—lz[y ]:— 3 s {3

From (1), (2)and (3), it is concluded that the area of the region OAQB() = area of
the region QPQAQ = area of the region OBQRC, i.e., area bounded by parabolas
¥ = dx and x* =4y divides the area of the square in three equal parts.

Example 14 Find the area of the region

{r.¥):0=v=sxr+ 1, 0sy=x+1,0=x<2)
Solution Let us first sketch the region whose area is to

be found out. This region is the intersection of the
following regions.

A=y 02ysxr+1),
A=lxy:02ysx+1]
and A= v 0sx=2)

3

Fig §.24
The points of intersectionof y=x>+ 1 and v = x+ | are points P{0, 1) and (X1, 2).
From the Fig 8.24, the required region is the shaded region OPQRSTO whose area

= area of the region OTQPQ + area of the region TSRQT

fhones 2
o _I.u[.r‘+]}dr+_|-| {x+1)dx (Why?)

201920
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Miscellaneous Exercive on Chapter 8

Find the area under the given curves and given lines:
1) y=x7,x=1,x=2 and x-axis
(i} y=x*x=1,x=35 and x-axis

Find the area between the curves y = x and vy = ¥,

Find the area of the region lying in the tirst quadrant and bounded by v = 427,
x=0.y=1and y=4.

Sketch the graphof y= |:+31 and evaluate J:|x+3[dr 2

Find the area bounded by the curve v =sinx betweenx = () and x = 2.
Find the area enclosed between the parabola y* = 4ax and the line y = mx.
Find the area enclosed by the parabola 4y = 3»° and the line 2y =3r+ 12

7] 2

i xT ¥
Find the area of the smaller region bounded by the ellipse ?4-? =1 and the

line %‘*’%:1 .

a 2

x" ¥
Find the area of the smaller region bounded by the ellipse —j‘l";;l—,,:l and the
a” r
Xy
ling —+==1.
ine =+

Find the area of the region enclosed by the parabola x* =y, the line y = x + 2 and
the x-axis.

Using the method of integration find the area bounded by the curve I_:1+|}-|= 1.

{Hint: The required regionis bounded by lines x+y=Lax—y=1,—x+y=1and
—x—v=1]
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whose vertices are A{2, (), B (4, 5) and C (6, 3).

14, Using the method of integration find the area of the region bounded by lines:
2r+yv=4,3x-2y=6and x—-3y+5=0

1

th

Find the area of the region {{x, ¥} : ¥ = 4, dx* + 47 £ 9]
Choose the correct answer in the following Exercises from 16 to 20

16. Area bounded by the curve y= ¥°, the y-axis and the ordinates x=—2and x=11is

(A) -9 (B) = (€ = (D) =2
4 4 4
17. The area bounded by the corve v =x | x|, x-axis and the ordinates x=— 1 and
x = 11is given by
kL 5 2 2
(A) 0O (B) 3 (C) 3 (D) 3

[Hint: y=¥ifx>0and y=— ¥ if x<0].

18. The area of the circle ¥* +y* = 16 exterior to the parabola y* = 6x is

(A) %(41:—4’5} (B) %mmﬁ} (C) %[Rn—ﬁ} (D) %:Bmﬁ}

T
19, The area bounded by the y-axis, v =cos x and y = sin xwhen 0 £x< P

Fs

(A) 2(2-1) (B) 21 (C) 241 (D) 2

Summary

# The area of the region bounded by the curve y = f (x), x-axis and the lines

x=aand x = b (b > a) is given by the formula: Arcazfj }wixzfjf{x}dx .
# The area of the region bounded by the curve x = ¢ (y), y-axis and the lines

, o d
y=¢,y=d is given by the formula: Area= L xdy= L @ (yhdy .
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the lines r=a, % =rb is given by the formula,
Area= f b[f{x}wg{x}]d:, where, f (x) 2 g (x) in [a, &]
®Ifix)2g (x)in[a,.cland f(x) £ 2 (x) In [¢, b]. @a < ¢ < b, then

Area= [ [ (0= g ()]s + [ ")~ 700

Historical Note

The origin of the Inte gral Calculus goes back to the early period of development
ot Mathematics and it is related to the method of exhaustion developed by the
mathematicians of ancient Greece. This method arose in the solution of problems
on calculating areas of plane figures, surface areas and volumes of solid bodies
etc. In this sense, the method of exhaustion can be regarded as an early method
of integration. The greatest development of method of exhaustion in the early
period was obtained in the works of Eudoxus (440 B.C.) and Archimedes
(300 B.C.)

Systematic approach to the theory of Calculus began in the 17th century.
In 1665, Newton began his work on the Calculus described by him as the theory
of fluxions and used his theory in finding the tangent and radins of curvature at
any point on a curve. Newton introduced the basic notion of inverse function
called the anti derivative (indefinite integral) or the inverse method of tangents.
During 1684-86, Leibnitz published an article in the Acta Eruditorum
which he called Calculas supimarorins, since it was connected with the summation
of a number of infinitely small areas, whose sum, he indicated by the symbol *[".
In 1696, he followed a suggestion made by J. Bernoulli and changed this article to
Calculus integrali. This carresponded to Newton's inverse method of tangents.
Both Newton and Leibnitz adopted quite independent lines of approach which
was radically different. However, respective theories accomplished results that
were practically identical. Leibnitz used the notion of definite inte gral and what is
quite certain is that he first clearly appreciated tie up between the antiderivative
and the definite integral.
Conclusively, the fundamental concepts and theory of Integral Calculus
and primarily its relationships with Ditferential Calculus were developed in the
work of P.de Fermat, I, Newton and G Leibnitz at the end of 17th century.
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However, this justification by the concept of limit was only developed in the
worksof A.L. Cauchy inthe early 19th century. Lastly, it is worth mentioning the
following gquotation by Lie Sophie’s:

“It may be said that the conceptions of differential quotient and integral which
in their origin certainly go back to Archimedes were introduced in Science by the
investigations of Kepler, Descartes, Cavalieri, Fermat and Wallis .... The discovery
that differentiation and integration are inverse operations belongs o Newton
and Leibmitz”.
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