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7.10 Some Properties of Definite Integrals

We list below some important properties of definite integrals. These will be useful in
evaluating the definite integrals more easily.

P,: I_,bf(x)EfX=Lbf(r) dt
P: -Lbf(x)dx=—j:f(.r)dt. In particu]ar,lj’:f{x)dr=[]
Be [P rrdee | ronde [ S
- )
P L f(x)a‘x:L fla+b—x)dx

P,: _[:f(x)dx =j0“f(a—_r)dx
(Note that P, is a particular case of P,)

Po: [ fydv=["foode+ [ F2a-xds

P : _[:"f(x)dr=2_[nf{x)d_r, if f(2a-x)= f(x) and
0if fRa-x)=-f(x)

P: (i) j f(x)dx= 2_[ 0 f(x)dx . if fis an even function, i.e., if f(—x) = f(x).

(ii) _{_aaf(x]d.r= 0, if fis an odd function, i.e., if f(-x) = - f(x).

We give the proofs of these properties one by one.
Proof of Pt follows directly by making the substitution x = 1.
Proof of P, Let F be anti derivative of f. Then, by the second fundamental theorem of

calculus, we have I:f{x]d,rzl-‘(b)—F(a)=—[F(a)—F(b)]:—Lf{x}dx

Here, we observe that, if @ = b, then I: flx)de=0,
Proof of P, Let F be anti derivative of f. Then
b
ju f(x)dx = F(b) - F(a) e (1)

[ fx)dx =F(e) - Fla) . (2)

and [ 1@ dx =F®) - Fo) ()
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Adding (2) and (3), we get [ * f(x)dx+ ’ £ (x)dx= Fb) - F(a) =jb flx)dx

This proves the property P..
Prlmfl)fPJ letr=a+ b-x. Then dt = — dx. When x=a, t=bh and whenx=h,r=a.
Therefore

jbf{x)dx :.—I:f(a+b—r) dr
- j:f(a+b-r)dr (by P)

= j:f{a+b-_x) dxby P,

li‘rool"ol’l:'4 Put t=a—x. Then df =— dx. When x =0, =g and when x =a, t =0. Now
proceed as in P,

Proof of P_ Using P, we have J:af(x) dx= I:f(_x) dx+I 2ﬂf(}r)ttr.

Let t = 2a — x in the second integral on the right hand side. Then
dt =—drx. Whenx=a,t=aand whenx =2a, r=0.Alsox=2a—-1.
Therefore, the second integral becomes

[Freva=-["fea-ndi = [ r@a-ndt = [ fa- v de

Hence j;ﬂf(x}dx =7J-:f(,r)d'r+j:f(2a—r)dr

ProufoIP‘ Using Ps, we have jozf(x) dx =J:f(x) dx +J:f(2a —x)dx D)
Now, if f(2a — x) = f(x), then (1) becomes

d 2a i a a a

[ = [, ferdes [ fe)de=2f ] f o) d,
and if f(2a — x) = - f(x), then (1) becomes

J;"f(_r)dr = [Jf@d=[] fxdx=0
Proof of P, Using P,, we have

I—uuf(‘r) dx = j -naf('t) dX+I:f{x)dx_ Then

Let t=—x in the first integral on the right hand side.
dt = = dx. When x=- a, t = a and when
x=0,1t=0. Alsox=-1.
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ra - a
Therefore J-_“f(x}dx = —I" f=n dt+IU f(x)dx

& j:f(-x) dx+j;f(x) dx  (byP) ..(1)
(i) Now, if fis an even function, then f(—x) = f(x) and so (1) becomes

Ijﬂf{x)dx: I:f(x)dx+j: flx)dx =2j:f(x)dx
(ii) If fis an odd function, then f(—x) = — fix) and so (1) becomes

[* rde=— " ode+ [ =0
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- /] . 0 i
Therefore I_uf(x} dx —Lf(——t) dt+jn flx)ydx

[l an+[ fdx  ®byP) .. (1)
(i) Now, if fis an even function, then f(—x) = f(x) and so (1) becomes

I_"J{x)dx: j:f(x)d_wj;'f(x)dx=2j:f(x)dx

(ii) If fis an odd function, then f(—x) = — f(x) and so (1) becomes

l_f_aaf{x)dx= —I;f(:(}dr+ J':f{J}dI= 0

Example 30 Evaluate -‘[_21 I L-x Idx

Solution We note that x¥* —x=0on [- 1, 0] and x* — x < 0 on [0, 1] and that
x*-x20on[l, 2]. So by F’1 we write

Ifl | ¥ -x |dx = -J'_GI(J":l -x) dx+I;—(13 —x)dx+ "-Iz(x3 —x) dx

= J',IJI'U’-:l —x) dx+j;(x—x3) dx+112(x3 —x)dx
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4: sin? xdx
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Example 31 Evaluate I

Solution We observe that sin x is an even function. Therefore, by P, (i), we get

n

I_I: sin® xdx = 2’[551112 x dx

4
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. In- 2 - X
= Zja'ﬂdr = Iu4(l-cos 2x)dx

2
= [x-l sin 21}4 = [———sin—} o ) = e e
2 0 4 2 2 4 2
Example 32 Evaluate ‘{n_‘r sm,:
0l+cos”x
o xsin x

Solution Let I = J dx . Then, by P, we have

i
0 14cos”x

& (T=x)sin(m—x)dx
f 1+cos’(m—x)

_' a (T=x)sin xdx _'K‘l-x sin xdx &

2
B 1+ cos” x ]1+cos” x

n sin x dx

or 2l=n| —m
‘[‘3 1+ cos® x

- _J-: sin x dx

01+cos’x

Put cos x =t so that —sin x dx =dt. Whenx=0,7=1 and whenx=x, 1= - 1.
Therefore, (by P)) we get

Ir'-_n 4 dt 'njl dt

- 1+

2 t1+11=5

it since —— !
= EIO 1P (by P, T is even function)

2

R R

Example 33 Evaluate jll sin® xcos® x dx

ol
Solution Let I = j_ls.inS xcos* xdx. Let fix) = sin’ x cos' x. Then

f(=x) = sin’ (- x) cos* (- x) = — sin® x cos® x = —f(x), i.e., fis an odd function.
Therefore, by l:'T (11), I=0
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n . |
: = sin” x
Example 34 Evaluate I 2ﬁdx
¥ sin” x+cos x
E sin®x
Solution Let [ = —-—d.r 1)

0 sin* x+cos* x
Then, by P,

B T
sm*{-——xl 4
2 Cos X

I EY

S pla

I= I dx = I dx (2}

sin4(£—x)+cm"{£—_g) 0 cos® x+sin’ x
2 2

Adding (1) and (2), we > get

=

2|=I’wd ‘[ d.r [x]’=g

0 sin? x+cos’ x

Hence I

F NN

: _ ; dx
Example 35 Evaluate J-K —_——
&

1 ++/tan x

Z cos X dx
Solution Letl= J"

Rt I3 I et

cos(— +——_r] dx
3 6

T T . (B X
o8| —+——x |+ [sin| —+——x
(3555

f Js:TislTj_ )

Adding (1) and (2), we get

w{1)

Then, by P, =

A L)

a

2= [ Jdx=[1]
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T
Example 36 Evaluate _Il'uzlog sin.x dx

n
Solution Let I = j(.z log sinx dx

Then, by P,
B x x
I= _["3 log sin (E —.r)dr =j n3 log cos.x dx
Adding the two values of I, we get

n
2= jﬂz(bg sin x +log cos x ) dx

Cox
= [ 2(tog sin xcos x+ log 2 ~ log 2) dx (by adding and subtracting log 2)
n n

= j;lug sin2x dt-J‘ullogZd.r (Why?)

T
Put 2x =1 in the first integral. Then 2 dx =dt, when x = 0,1 = 0 and when x =E.
t=T.

I l ¢g= . n
Therefore A= EJ“ log smtdr—a log2

2 § ? T
= EJ"- log sint dt - log2 [by P, as sin (% ~1) = sin 1

[}

®
[ log sinx dx - %Icg 2 (by changing variable 1 tox)

I n
I-=log2
> log

z -x
Hence jn'log sinxdx = Tlogz_
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| EXERCISE 7.11 |

By using the properties of definite integrals, evaluate the inlcgra]s in Exercises 1 to 19.

3

3 ‘ilnx % sin? xdx
1. | *cos’ xdx I — r'—dx Iﬁ
I TRED sin? x+ cos? x
I X ] ' .
3 " x dx 5 3
4. [PS=EIE_ 5 [°ax+21dx & [ lx—5id
'[“ sin” x+cos” x -[-5 Izl |
» ' -
7. Inx(l—-x}"dx 8. I;log(lﬂmx)dx 9, InxJZ—xd.r
g x
2 i i 2 i3
10. I“ (2log sin x —logsin 2x) dx 11. I_Rsm xdx
5
12 lIR L 13 Ig sin’ x dx 14 | hcos’xdx
5 0 1+sinx i "_l . 0

> Jx
15 Il SINX—C0sXx d"-

I n
’ _— 16. 5 ) 17. -
e l+.'sin.:cc;:ns.:cdjr L.log(l+cou]dx I“\G+Ja—x
18. I:|x—l|d.r

19. Show that [ * f(x)g(x)dx=2 [ " f (x) dx,if fand g are defined as f(x) = f(a ~x)

and g(x) + gla-x) =
Choose the correct answer in Exercises 20 and 21.
) n

20, The value ot‘ji(x-‘+xco.~;x+tan“ x+1Ddy is

—
]

(A) O (B) 2 C)n (D) 1

4+3|:.11n.1rJdJ‘r %

L
21. Tmei.fa]l.ueot‘_Lflog(4 -
+3cosx

3
(A) 2 (B) " (© 0 (D) =2
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Miscellaneous Examples
Example 37 Find ICOS 6x J1+sin 6x dx

Solution Put r = 1 + sin 6x, so that 4t = 6 cos 6x dx
; .8
Therefore [cos 6xf1+sin 6x dx:—jr?d:
2 ‘.' ‘!
g(r) +C= —(l+sm6x} +C

4
Example 38 Find j'(x —X) A
¥

L -1y
soluti (x*-x)* ¥
Solution We have I 3 dx:.[ L dx
1 _3 3
Put 1—— 1=x"" =t sothat — dv =dt
r X
5 5
* —x]“ 1 4 = 4( 1 ]3
Therefore ——dr thdt = =x=-11+C=—|1-—| +C
I I 35 15\ ¥
Example 39 Find I—"":Ex"—'
D (x*+1)
Solution We have
&
_:z,_ - (1) m—
(x=1(x"+1) x*=x +x-1
{x+1)+—l |
= (=1 x*+1) k)
I A Bx+C
Now express 3 = . v (2)

G=-DEE+D) (x=1) (X +D)
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So I=A X+ 1)+ (Bx+C)(x-1)

=(A+B) 2 +(C-B)x+A-C
Equating coefficients on both sides, we get A+ B=0,C-B=0and A-C=1,

which give A= l B=C= _l . Substituting values of A, B and C in (2), we get
2 2

1 | I = 1 .
=D+ 2Ax=1) 2(L+1) 2AX+D - 9)
Again, substituting (3) in (1), we have
; " .
. @ 1B ]
(x=1)(x +x+1) 2Ax=1) 2(x+1) 2{x +1)
Therefore
’ 3 2
Ix—zdx=x—+x+llog|x—l|—llog(f+l)—ltan'l_r+c
(x=D(x"+x+1) 2 2 4 2
E le 40 Fi dlj log (log x)+ L ax
ixample in
p (logx)z
' 1
Solution Let I=||log (logx)+ e
J { FEYT log
:lJlog(log_t)dx+J’ - = dx
(logx)”

In the first integral, let us take | as the second function. Then integrating it by
parts, we get

I—xhg(hgr) I rcir+I

xlogx (log x)*

= xlog (logx)- jlugx+J‘ e))

ﬂﬂgx)‘

Again, consider j ]dt
og x

we hmjlogx_[logr & { (log x)* [l]}‘a} - @

, take 1 as the second function and integrate it by parts,
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Putting (2) in (1), we get

= xlog (Jogx)- e,

(log x)* logx

d: dx
I=xlog (logx) - ; I

X —I "
logx 7 (logx)’

Example 41 Find j [‘JC{I x4+ tanx} dx

Solution We have
I= I[Jcot X +Jtanxj dx =J'Jtanx{l +cotx) dx

Put tan x = £, so that sec x dx= 2t dt

2t dt
or -
1+1
: 1) 2
Then 1= [t (1+—,]—4dr
) (1+17)

244 [l+l2)dr (l+é}dr
zj(! * )dz=2J' t 1

41

| £
Put r—l =y, so that (1+r_2) dr = dy. Then

N \Etan"(r _l}+C= 2 tan"[ ta'”‘_1]+c

" : ¢ sin 2xcos 2xdx
Example 42 Find I -'-J=4~
9—cos (2x)

sin 2 xcos 2x

\\‘9 —oos” 2x

Solution Let I=j X
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Put cos? (2x) = ¢ so that 4 sin 2x cos 2x dx = - dt

t 1 1 2
Therefore I———J —-—sm 1[ ]+C=——§m '[—cos“Zx}+C
,} 4 3

Example 43 Evaluate I 2| | xsin (1 x) |dx

xsinwxfor-1<x<1

Solution Here f(x) = |x sin x| = e 51

3 ' 3
E T =
Therefore J'ZI | xsinm xldx — I xsin Itxdr+j19——xsmxxdx

) 3
1 =
- I Ixsmnxdr—J-lzxsmltxdx

Integrating both integrals on righthand side, we get

3
3 5 1 . =
3 . —XCOSTx sinTx —XCOST Xx sinTx |2
I lxsinm x|dx = + = - - =
. m T -1 T b1 !
2 1 1 3 1
==l =—4—
o 1 b n T
Example 44 Evaluate | i
ixample valuate J- :
0 g% cos® x+b*sin® x
- o b xdx x (m—x)dx B
Solution Let =j 5 =J - using
0 g cos? x+b%sin’x Y 04’ cosP(m—x)+ b7 sin’(m—x) (using F))

jrr x dx

H

ch" i

72 3 . 2
0 g’ cos’ x+b sin” x P a’cos’ x+b sin’ x

-1

2.2 2. 2
" g°cos  x+b sin” x

dx

2
0 q® cos® x+b*sin’ x

Thus  2I= fcj
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or = (using P..]

2

e SR W
) a’cos® x+b%sin® x

_j dx -E-ZJ- : dx
270 glcos® x+b%sin®x 2 (

n

% dx
_nj ] - I +_[
. 0 a-cos” x+b"sin” x

[F1E]

dx
2 ¥ e I 2
a cos” x+bsin” x

&
4

T = 5
'4‘ sec’ xdx > cosec” xdx 1
+[

u a*+b*tm’x ?xa’cot’ x+b’
&

|au+

I o F
—[tan" b—t} = l[tan“ ﬂ} = l[tan_'g + tan_'£}= .5
ab aly, ab b | ab a b 2ab

Miscellaneous Exercise on Chapter 7

0 4
[ TR j B e }(purlanx— tandcotx= u)
[Jﬂ
T

Integrate the functions in Exercises 1 to 24.

1 1 | a
K. 3 3. Hint:Putx=—
I-XJ ;X-'-ﬂ +;X+b x;]ax—xz [ f]
N = 1 w0 1
4, P | o T [Hint: = o T T put x = %]
ot 4+ x2 +x3 x2 +x3 x3{1+xﬁ]
5x ’ sin x -eﬁln.gl _e-!hgx
T —— " R r—— B S e
(x+1)(x~ +9) sin (x —a) g BE_ gllopx
’ cosx ia sin® —cos® x 11 - 1
; \4 —sin’ x " 1-2sin’ xcos” x " cos(x+a)cos (x+b)
12 x 13 —gf 14 -—I
T T 4e")(2+€Y) TR+ (P +9)
15. cos3x glossinx 16. e3lox (o + 1) ! 17. f (ax + b) [f(ax + b)]"
1 sin”! x—cos“lﬁ

. [}
- \Isin3xsm{x+|:1} kS, sin'lJ;Jrcos-i,j;"‘E [0, 1]



