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EXERCISE 7.3
Find the integrals of the functions in Exercises 1 to 22:
1. sin?(2x+)5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin*(2x + 1) 5. sin®x cos® x 6. sin x sin 2x sin 3x
1-cos x CoS X
7. sin4x sin 8x §. —— 9, ——
1+cos x 1+cos x
.2
10. sintx 11. cos* 2x 12, =%
1+cos x
— COS X — sin
13, Qs2x-coscw g, QWSXOSME s iant 2x sec ¢
COS X —COS & 1+ sin 2x
3 3 .2
sin” x +cos” x
16. tan*x 17. ————— 18. Mﬁsmx
sin” xcos” x cos” x
1 coSs 2x .
19, ——— 20, ———— 21. sin~!(cosx)
S x Cos™x (cosx+sinx)
22. !
cos (x —a) cos (x —b)
Choose the correct answer in Exercises 23 and 24.
-2 2
23. jw dx is equal to
sin? x cos® x
(A) tan x+ cotx + C (B) tan x + cosec x + C
(C) —tanx + cot x + C (D) tan x + sec x+ C
cos”(e*x)
(A) —cot (ex') + C (B) tan (xe*) + C
(C) tan (e¥) + C (D) cot (e) + C

7.4 Integrals of Some Particular Functions

In this section, we mention below some important formulae of integrals and apply them
for integrating many other related standard integrals:

(l)f d =i10g

x xX—-a
x*-a> 2

+C

X +a
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a+x
+C

=—1

a’-x*

) J- dx 1

a—Xx

dx 1 1 X
,[ 7, 7 - tan
x“+a” a a

_log|x +Vx’ —a2| +C

3) —+C

) jJ—

dx .1 X
I =sin"!=+C
a’-x? a

dx
6) |—— =10g|x +x? +a?
J.\/xz +a’

We now prove the above results:

)

+C

1 1
(1) We have xz—az_(x—a)(x+a)

_ 1| Gta)-x—a) :L[L_ 1 }
" 22| (x—a)(x+a) 2a | x—a x+a
e Fevl

= é[logl x—a)l-logl(x+a)]+C

dx
Therefore, J‘ﬁ
X —a

11
= —Io
a g

X—a

+C

X+a

(2) In view of (1) above, we have

1 :i (a+x)+(a—x) 1 1 1
a—x*> 2a| (a+x)(a—x) :Zl:a—x+a+x}




INTEGRALS 309

Therefore, J zdx > i“ dx +I dx }

a —x 2a |Ya—x a+x

1
—[-logla—xl+logla+xI]+ C
2a[ 2 2 ]

1
—log arx +C
2a

a—x

The technique used in (1) will be explained in Section 7.5.

(3) Putx =atan 6. Then dx = a sec® 0 db.

Therefore, _[ _ J‘ asec” 0do

X +a’ a’ tan’0 + a*

1 X
- -jdez—e +C=—tan"' =+ C
a a a a
(4) Letx =a sec6. Then dx = a sec6 tan6 d6.
a secH tand do

dx
Therefore, I ﬁ - I \/cT

Isece dd =log|sech + tanf| +C,

= log

’x

P

= log| x+x* —a*|-log |a|+C1
+x* -

+C, whereC =C, —loglal

1[+C,

= log| x
(5) Let x=asin6. Then dx = a cos6 de.

Therefore J. J‘ a cos do
| V \/ —a?* sin’0

- Id9=9+C=sin’1£+C
a
(6) Let x = a tanO. Then dx = a sec?6 d6.
a sec’0 do

dx
Therefore, J\/ﬁ = ,[ m

Isece dd = log|(seco +tand)| +C,
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2
X X
_10g -+ —2+1
- a a

+C,

_ log |x+ 2 +d —loglal+C,

= log |x+x* +a*|+C  where C = C, — log lal

Applying these standard formulae, we now obtain some more formulae which
are useful from applications point of view and can be applied directly to evaluate

other integrals.
To find the integral |——o— i
o find the integral |=5—— "~ we write
. { , b c} ( b jz c b
ax*+bx+c=alx +—x+—|=a||x+t— | +|———
a a 2a a 4a
b .. € b’ 2 .
Now, put x+ Z:tso that dx = dt and writing ;_F:ik . We find the

1 dt c b
integral reduced to the form ; J‘m depending upon the sign of (a 4a2 ]
and hence can be evaluated.

dx
To find the integral of the type I—, proceeding as in (7), we
2
ax” +bx+c

obtain the integral using the standard formulae.
pX+gq
ax> +bx+c

constants, we are to find real numbers A, B such that

To find the integral of the type I dx | where p. g, a, b, c are

px+q:Adi(ax2 +bx+c)+B=A (2ax+b) +B
X

To determine A and B, we equate from both sides the coefficients of x and the
constant terms. A and B are thus obtained and hence the integral is reduced to
one of the known forms.



INTEGRALS 311

. . (px +q) dx
(10) For the evaluation of the integral of the type jf , we proceed
ax” +bx+c

as in (9) and transform the integral into known standard forms.

Let us illustrate the above methods by some examples.

Example 8 Find the following integrals:

) dx . dx
R s

Solution
) dx dx 1 —
(i) We have sz Y —I e = glog 2 +C [by 7.4 (1)]
dx dx
G | =f
V2x -2 \/1—(x—1)2
Put x — 1 =¢. Then dx = dt.
dx dt o
Therefore, _[— = J =sin" ()+C [by 7.4 (5)]
2x—x2 1-¢°
=sin' @x—1)+C

Example 9 Find the following integrals :

. j dx . j dx IL
o E LT S LT T S

Solution
(i) Wehave x2—6x + 13 =x2-6x+32-32+13=(x-3)2+4

dx 1
S y = dx
? jx2—6x+13 I()5_3)2+22
Let x — 3 =t. Then dx = dt
dx dt | O
= =—tan —+C
Therefore, sz —xt13 It2 TIPS > [by 7.4 (3)]

I x
—tan  —+C
2 2
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(i) The given integral is of the form 7.4 (7). We write the denominator of the integrand,

} (completing the square)

13x 10
32 +13x-10 = 3(x2+——g)
2 2
3 (Ej (ﬂj
= 6 6
dx
Thus [——m— ==
st +13x-10 j( 13)2_(gj2
6 6
13
Put X+E:t' Then dx = dt.
dx 1 dt
Therefore, J 5 = —J. >
3x* +13x-10 3 tz_(nj

x+5

[by 7.4 (1)]

1 1
+C,+ —log-—
TR

+C _ where C C+11 !
= _0_
, Where 1 17 g3
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(1)) We have IL = _f—dx
V5x* - 2x ’S(XQ _2_Xj
5

1
= \/§j J( N (completing the square)
X

1
Put X—gzt . Then dx = dt.
Theref J‘ dx 1 J‘ dt
erefore, —_— = | T T—
V5x2—2x \/g 2 (_1)2
5

1 , (1Y
- —1 - = C
5 log 1+, (sj + [by 7.4 (4)]

Llog x—l+ xz—ﬁ
5 5 \} 5

Example 10 Find the following integrals:
] J- x+2 dx B J‘ x+3
@ 2x 4+ 6x+5 @) V5—dx+x°

Solution

+C

(i) Using the formula 7.4 (9), we express
x+2=A j (2x7 +6x+5)+B = A(4x+6)+B

Equating the coefficients of x and the constant terms from both sides, we get
1 1
4A=1and 6A+B =2 or AzzandB=5.
2 4 1
J x+ J' x+6 ot L J‘ dx

Therefore, 2% 4 6x45 2% +6x+5 2x% +6x+5

-1, += sa
A 1 9 2 y
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In I, put 2x* + 6x + 5 = ¢, so that (4x + 6) dx = dt

Therefore, I = j£= log | t| +C,
t

= log 12x* +6x+51+C,

2x2 4+ 6x+5

dx 1 dx
and L= I 5

x2+3x+§
2

1 dx
=5I

=

Put x+%= t, so thatdx = dt, we get

dt 1
J. = ] tan~'2¢+C,

= tan"'2 (x+ %j+ C, = tan"'(2x+3)+ C,

Using (2) and (3) in (1), we get

=22 gv=Liog|ox® +6x+5]+ -t (2043)+C
23 +6x+5 4 2
C
where, C= g+—2
4 2

This integral is of the form given in 7.4 (10). Let us express

d
Xx+3= AE(5—4X—X2)+B=A(—4—2x)+B

(2

[by 7.4 (3)]

. ()

Equating the coefficients of x and the constant terms from both sides, we get

1
—-2A=1land-4A+B=3,1e,A= —5 and B =1



