DIFFERENTIAL EQUATIONS 407

17. Which of the following is a homogeneous differential equation?
(A) Ux+6y+5)dy—Cy+2x+4)dx=0
(B) (xy)dx— (X +y)dy=0
©) F+2)de+2xydy=0
D) yde+ (x> —xy—-y)dy=0
9.5.3 Linear differential equations

A differential equation of the from

dy
— 4+ Py =
i y =Q

where, P and Q are constants or functions of x only, is known as a first order linear
differential equation. Some examples of the first order linear differential equation are

ol + i
- = 1
T Yy =smx

dy (1
_+ J— —pX
dx (x]y e

&y (_>y)_ L
de | xlogx | x

Another form of first order linear differential equation is

é+P1x =Q
dy

where, P, and Q| are constants or functions of y only. Some examples of this type of
differential equation are

X
—+X=cCoSYy
dv

Y

dx —2x

—t— = yze -

dy

To solve the first order linear differential equation of the type

av
—)+Py =Q . (D
dx

Multiply both sides of the equation by a function of x say g (x) to get

3

g -+ P.(g() y=Q. g () - )
X
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Choose g (x) in such a way that R.H.S. becomes a derivative of y . g (x).

) dy d
Le. gx) o P.g(x)y= I [y.g ()]
dy dy ,
or g () 7t P.gx)y=g AR ()
= P.g(x) =g’ (%)
or p_ 8 (x)
g (x)

Integrating both sides with respect to x, we get

g
_[de = _[ > dx

g
or jP-dx = log (¢ (x))
or gx) = ej R

On multiplying the equation (1) by g(x) = eI e ,the L.H.S. becomes the derivative

of some function of x and y. This function g(x) = ej P s called Integrating Factor
(L.LF.) of the given differential equation.

Substituting the value of g (x) in equation (2), we get

ejpdx Q_Fpejpdxy _ Q_ejpdx
dx

d - .
or E(yejpd"j _ erpd,x

Integrating both sides with respect to x, we get
p QP = j(Q.ef“”)dx

or y = ejpdx.f(Q.e Jr d‘)dx +C

which is the general solution of the differential equation.
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Steps involved to solve first order linear differential equation:

1

i"‘Py =Q where P, Q are

(1) Write the given differential equation in the form
constants or functions of x only.
(i) Find the Integrating Factor (LF) = ¢J?% .
(iii) Write the solution of the given differential equation as

y (LF) = J(Q x L.LF)dx+C

dx
In case, the first order linear differential equation is in the form d_y +Px=Q,

where, P, and Q, are constants or functions of y only. Then LF = , B9 and the

solution of the differential equation is given by

x.(1F) = I(QI x LF)dy +C

Example 19 Find the general solution of the differential equation ﬂ_ y = COSX-
dx

Solution Given differential equation is of the form

d M
& +Py=Q, where P=—1and Q = cosx
dx
J.—Idx —x
Therefore I.F= ¢ =e

Multiplying both sides of equation by L.E, we get

N
e ——e "y =e7Ccosx
dx
dy; _
or y(ye ’“)ze‘xcosx
dx
On integrating both sides with respect to x, we get
ye * = Ie_xcosxdx+C .. (D
Let I= Ie_x cos x dx

_ cosx(e__: ] - j (—sinx) (—e™") dx
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