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20. In a bank, principal increases continuously at the rate of r% per year. Find the
value of rif Rs 100 double itself in 10 years (log 2 = 0.6931).

21. Inabank, principal increases continuously at the rate of 5% per year. An amount
of Rs 1000 is deposited with this bank, how much will it worth after 10 years
(e" = 1.648).

22. Inaculture, the bacteria countis 1,00,000. The number is increased by 10% in 2
hours. In how many hours will the count reach 2,00,000, if the rate of growth of
bacteria is proportional to the number present?

: : : . d -
23. The general solution of the differential equation d_y = is
X
(A) er+e7=C (B) e+ =C
C) e*+e=C (D) e*+e”=C
9.5.2 Homogeneous differential equations
Consider the following functions in x and y
F (x,y) =y + 2xy, F, (x,y) = 2x - 3y,
vy .
F, (x, y) = cos Pt F, (x,y) =sinx +cosy

If we replace x and y by Ax and Ay respectively in the above functions, for any nonzero
constant A, we get

F (A, Ay) =X (> +2xy) =AM F (x, y)
F, (Ax, Ay) = A 2x - 3y) = A F, (x, y)

F3 (Ax, Ay) = cos (%j:cos (%] =A° F3 (x, y)

F, (Ax, Ay) = sin Ax + cos Ay # A" F, (x, y), for any n € N

Here, we observe that the functions F, F,, F3 can be written in the form
F(Ax, Ay) = A" F(x, y) but F, can not be written in this form. This leads to the following
definition:

A function F(x, y) is said to be homogeneous function of degree n if
F(Ax, Ay) = A" F(x, y) for any nonzero constant A.

We note that in the above examples, F, F,, F, are homogeneous functions of
degree 2, 1, O respectively but F, is not a homogeneous function.
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398  MATHEMATICS

We also observe that

or F(,y)=Y

> 2
F (x y) = x° (—7+—]= x
2

Fl(x, y) — .Xl(z— 3)7

X X
or F,(x,y) = y' [2;— 3j= y'h (;j

F.(x,y) = x° cos(ijz x° s (l]
x x

F(x,y) # x" hg (%J ,for any n € N

4 X
or F (,y) =Y hy ; ,forany n e N

Therefore, a function F (x, y) is @ homogeneous function of degree n if

n ! n X
Fx,y)= X g(l) or y h(—j
X y

d
A differential equation of the form = F (x, y) 1s said to be homogenous if

dx

F(x, y) is a homogenous function of degree zero.

To solve a homogeneous differential equation of the type

),

L oF(xy) = g(l)
dx x
We make the substitution y=V.X

Differentiating equation (2) with respect to x, we get

dy dv
— = Vv+x—
dx dx
Substituting the value of E} from equation (3) in equation (1), we get
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DIFFERENTIAL EQUATIONS 399

v+xﬂ =

X
dv
or X — :g(\})—v (4)
dx
Separating the variables in equation (4), we get
dv  dx 5
—g(v)—v = .. (5)
Integrating both sides of equation (5), we get
1
J-sz.—dx+c - (6)
gw)—v < x

Equation (6) gives general solution (primitive) of the differential equation (1) when

we replace v by Ry
X

. : .Y d
If the homogeneous differential equation is in the form d_x =F(x,y)
Y

where, F (x, y) is homogenous function of degree zero, then we make substitution

X : . : :
—=v 1.e., x = vy and we proceed further to find the general solution as discussed

}7

above by writing\ & P (. y) = h(fj.
dy y

d
Example 15 Show that the differential equation (x—y) d—y =x+ 2yis homogeneous
X

and solve it.
Solution The given differential equation can be expressed as

dy x+2y
d— —_ e (1)
X xX—y
Let F(x,y) = x+2y
X—Yy
Ax+2y
Now F(Ax, Ay) = M: ko'f(X, y)
A(x—y)
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400 MATHEMATICS

Therefore, F(x, y) is a homogenous function of degree zero. So, the given differential
equation is a homogenous differential equation.

Alternatively,
2y
I+~
|«
dx Yy
X

R.H.S. of differential equation (2) is of the form g (l

X

o)

j and so it 1s a homogeneous

function of degree zero. Therefore, equation (1) is a homogeneous differential equation.

To solve it we make the substitution

)7

VX

Differentiating equation (3) with respect to, x we get

dy

dv

— =V tx—

dx

dx

d
Substituting the value of y and Ey in equation (1) we get

dv 1+2v
vt x —
dx I—-v
dvi 14+2v
or X— -V
dx I—-v
dv vV +v+l
or X—F— = —
dx l—v
v—1 —dx
or 3 dv =
vi+v+l1 X
Integrating both sides of equation (5), we get
jzv;ldv _ - _dx
vi+v+1 X
_J'2v+1— e ] C
of v +v+1 og X+
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DIFFERENTIAL EQUATIONS 401

_J' v+l ——j;d =—log| x|+ C,
or v +v+1 vit+v+l
1 3 1
or Elog|v2+v+1|—zj N (5 2a’v:—log|x|+C1
vt— |+ —
SIEE
1 5 3 2 i 2v+1
or Elog|v“+v+1|—5.ﬁtam l( f/g = —log| x|+ C,
or %log| vitval|+ % logx® =+/3 tan™! (%) +C, (Why?)

Replacing v by R , we get
X

llo y_2+1+1 +llo xz—x/gtan_l(2y+x +C
or 5 4 x2 . 7 24 \/7)(,‘

Lo |fv? 2 2y +x

—log|| —+Z=+1|x =\/§tan — |+C,
or 7 £ [xz " J \/7X
or log'(})2 +xy+ .x2)| = 2\/5 tan”' (2£xxj+2cl
or log'(x +xy+y )‘—2 3 tan ix +C

which is the general solution of the differential equation (1)

Example 16 Show that the differential equation xcos(lj%: y cos(lj+x is
X/ dx X

homogeneous and solve it.

Solution The given differential equation can be written as

y
JCOS| — |+ X
dy _ ’ (xj

= - (1)
dx XCOS[)}}

X
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402 MATHEMATICS

It is a differential equation of the form ?:F(x, y) -
X

y
yeos| = |+x
Here F(x, y) = X
)
X COS l

Replacing x by Ax and y by Ay, we get

Alycos l)+x]

x
k(xcosy}
X

Thus, F(x, y) is a homogeneous function of degree zero.

= A"[F(x,y)]

F(Ax, Ay) =

Therefore, the given differential equation is a homogeneous differential equation.
To solve it we make the substitution

. ()

Differentiating equation (2) with respect to x, we get

— =Vv+txi— .. (3)

Substituting the value of y and Ey in equation (1), we get

dv vcosv+1
Vhx— = ————
dx cosv

dv veosv+1

or X— = ———y
dx cosvV
dv 1
or X— =
dx cosy
dx
or cosvdv=—
X
1
Therefore Icos vdy = |—dx
X
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DIFFERENTIAL EQUATIONS 403

or sin v=loglxl + logIClI

or sin v = log | Cxl|

Sin(l) = log ICxl|
x

which is the general solution of the differential equation (1).

Replacing v by 2 , we get
X

Example 17 Show that the differential equation 2y ¥ dx+ (y —oxe’ jdy =01is
homogeneous and find its particular solution, given that, x =0 when y = 1.

Solution The given differential equation can be written as

X

dx 2xe’ —y
22N (D)
2y e’
Iye? —
Let R, y) = 2 %

Then F(Ax, \y) = =A°[F(x, y)]

Al 2 ye;

Thus, F(x, y) is a homogeneous function of degree zero. Therefore, the given
differential equation is a homogeneous differential equation.

To solve it, we make the substitution
X=vy .. (2)
Differentiating equation (2) with respect to y, we get
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dx
Substituting the value of x and 2 in equation (1), we get

)7
dv  2ve —1
Vb y— = ————
dy 2¢"
dv  2ve -1
or Vy— = —V—V
dy 2e
dv 1
or y dy = 261’
—d
or 2¢¥ dv = —_—_
)7
, dy
or _|.2el dv = —_[—)
)7
or 2e'=—loglyl +C
X
and replacing v by ; , we get
2¢” +loglyl=C )

Substituting x =0 and y = 1 in equation (3), we get
2+ 1loglll=C=>C=2
Substituting the value of C in equation (3), we get
2¢? +loglyl=2
which is the particular solution of the given differential equation.

Example 18 Show that the family of curves for which the slope of the tangent at any

)
point (x, y) on it is r Yy , I1s given by x* — y*> = cx.

2xy
| . L dy
Solution We know that the slope of the tangent at any point on a curve is I
d x* 4y’
Therefore, Y _ Y
dx 2xy
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B
dy I+ x2 (1)
or - = T A ..
dx 2y
X

Clearly, (1) is a homogenous differential equation. To solve it we make substitution
}7 = VX

Differentiating y = vx with respect to x, we get

dy dv
— = V+tXxX—
dx dx
v 1+v2
or V+X— =
X 2v
xﬂ 1—-v°
or dx 2y
d
2V2dv _ ax
1—v X
2 dx
or 2V dv = —
v —1 X
Theref | 2 iy jldx
erefore = —
v &1 X
or log Iv* —11=—loglxl+logIC|
or log 1(v*=1) ()| = logIC |
or (V-1Dx==xC,

Replacing v by % , we get

¥
(_2_1}6 _:c
X

2

or 0P =x)=2xC xorx’ -y =Cx
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