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MATHEMATICS

Find |@| and |b| ,if (@+b)-(@—b)=8 and|d|=8|b]| .
Evaluate the product (3a — 5b)-(2d +7b) .

Find the magnitude of two vectors @ and b , having the same magnitude and

such that the angle between them is 60° and their scalar product is % .

Find | X |, if for a unit vector @, (x —a)-(x+a)=12.

If ﬁ=2£+2}+3]€, E=—f+2j+/€ and ¢=3i+j are such thatad+Ab is
perpendicular to ¢, then find the value of A.

Show that |d@|b+|b|d is perpendicular to |@|b—|b|a , for any two nonzero
vectors @ and A

If G-a=0 and G-b=0 , then what can be concluded about the vector b?

If 5,5,6 are unit vectors such that @+b4+c¢=0, find the value of

ab+b-c+é-a.
If either vector G=0 or 5 =0, then a-b =0. But the converse need not be
true. Justify your answer with an example.
If the vertices A, B, C of a triangle ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2),
respectively, then find ZABC. [£ZABC is the angle between the vectors BA and
BC].

Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, —1) are collinear.

Show that the vectors 2{ — j+k, { —3] —5k and 31 —4] — 4k form the vertices
of aright angled triangle.

If @ is a nonzero vector of magnitude ‘@’ and A a nonzero scalar, then Ad is unit
vector if

(A) A=1 (B) A=-1 (C) a=IrAl (D) a= 1Al

10.6.3 Vector (or cross) product of two vectors

In Section 10.2, we have discussed on the three dimensional right handed rectangular
coordinate system. In this system, when the positive X-axis is rotated counterclockwise
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into the positive y-axis, a right handed (standard) screw would advance in the direction
of the positive z-axis (Fig 10.22(1)).

In a right handed coordinate system, the thumb of the right hand points in the
direction of the positive z-axis when the fingers are curled in the direction away from
the positive x-axis toward the positive y-axis (Fig 10.22(ii)).

V/

X Y (i)
Fig 10.22 (i), (ii)
Definition 3 The vector product of two nonzero vectors @ and b, is denoted by d X b
and defined as
Gxb=|dl|b|sin®h, .
n

where, 0 is the angle between a and b, 0<O<m and A is a

unit vector perpendicular to both a and b, such that

= AL
d,b and n form a right handed system (Fig 10.23). i.e., the =7
right handed system rotated from a to » moves in the direction M
of A.

If either =0 orb =0 , then 6 is not defined and in this case, we define G xb =0 .

Observations

Fig 10.23

1. axb is a vector.

2. Let dand b be two nonzero vectors. Then dxb =0 if and only if a and b are

parallel (or collinear) to each other, i.e.,

ixb= 0sdlb
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In particular, g xd = 0 and @ x (—d) = 0, since in the first situation, 8 = 0 and

in the second one, 6 = w, making the value of sin 0 to be 0.

3. Ifezgthen axb=|a|b|. A
4. Inview of the Observations 2 and 3, for mutually perpendicular \S
unit vectors f, j and Iz (Fig 10.24), we have . A
(i = xj=iixk=0 e
IX]=K jxk=f, kKxi=] Fig 10.24

5. In terms of vector product, the angle between two vectors d and b may be

given as
_ |axb|
0= ja15)
6. Itis always true that the vector product is not commutative, as @ X b=-bxa.

Indeed, d@xb=|d||b|sin®7 , where G,b5 and 7 form a right handed system,
i.e.,0is traversed from a to 5 , Fig 10.25 (i). While, b xd =|a | b |sin0#, , where

b,dand 72, form a right handed system i.e. 8 is traversed from b to a ,

Fig 10.25(ii).
A
n
0
e
I3 g
U] (i)

Fig 10.25 (i), (ii)
Thus, if we assume & and b to lie in the plane of the paper, then fi and f, both

will be perpendicular to the plane of the paper. But, N being directed above the
paper while M, directed below the paper. i.e. fi =—A.
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Hence Gxb=|adlb|sin®n
— —|d||b|sin®h, =—bxa

In view of the Observations 4 and 6, we have

~

fxf:—lz, kx j=—i and fxl2=—j.
If d and b represent the adjacent sides of a triangle then its area is given as

1 -
—laxb].
2\0! | C

By definition of the area of a triangle, we have from
Fig 10.26, y

6
. 1 > B

Area of triangle ABC = EAB -CD. D 7

Fig 10.26

But AB=|5| (as given), and CD =|d| sin®.
. L =~ . I . =
Thus, Area of triangle ABC = E|b||a|s1n9=§|a><b|.

If @dandb represent the adjacent sides of a parallelogram, then its area is given

by |axb]|. D C

From Fig 10.27, we have
Area of parallelogram ABCD = AB. DE.

But AB=|5| (as given), and

DE =|d|sin® . I[; e
Thus, Fig 10.27
Area of parallelogram ABCD = |b||d|sin®=|dxbh]|.

We now state two important properties of vector product.

Property 3 (Distributivity of vector product over addition): If a, b and ¢
are any three vectors and A be a scalar, then

() ax(b+é)=dxb+axc

(i) M@ xb)=(Ad)xb=adx(\b)
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Let @and b be two vectors given in component form as a1f+a21+a3k and

blf +b, ]+ QIZ , respectively. Then their cross product may be given by

~
|

K -
pw@ >

= |ay
by
Explanation We have
ixb= (al +a,]+ak) x(Oi +b]+bk)
= aly (I xD)+ab, (" ) +ab, ("xk)+a,b (jxT)
+ &b, (jx )+a,by(jxk)
+ aby (kx)+ab, (kx )+ a)b, (kxk) (by Property 1)
= ab, (I x ) —ab, (kxD)—ah (' J)
+ ayby(JxK) +ayby (kx) = ab, (%K)
=xj=kxk=0 and i xk=—kxi, [xi =—x] and kx ]=-]xK)
= abk-abj-abk+abi+abj-abl
I X

~

(as j= K, ]Xk=| and k><|=])
= (a)b; —aby)i ~(ab; ~a;b) ] +(ab, —ah)k

Pk
=3 & &
b b b

Example 22 Find |a@xb |, if =2+ j+3k and b=3{+5] -2k

Solution We have

)
axb=12
3

N == ey
W x>

-2

= 1(2-15)=(=4-9) ] +(10-3)k =171 +13] + 7k

Hence |laxb| = \/(_17)2+(13)2+(7)2 =507
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Example 23 Find a unit vector perpendicular to each of the vectors (a@ +I;) and
(@-b), where G=i+j+k, b=i+2]+3k.
Solution We have a+b =2i +37+ 4k and G—b = S 2k

A vector which is perpendicular to both a+b and a—b is given by

ik
(G+b)x(d—b) = |2 3 4|=-2i+4]-2k (=¢, say)
0o -1 -2
Now 1¢l= Ja4+16+4=24=2V6
Therefore, the required unit vector is

i -1~ 2 1

R A A

There are two perpendicular directions to any plane. Thus, another unit

~ 2 o~ 1 e
—I ——— | +—=Kk. But that will

vector perpendicular to @+b and a—b will be Ve k
6 6 o

k

be a consequence of (d—b)X(d+b) .

Example 24 Find the area of a triangle having the points A(1, 1, 1), B(1, 2, 3)

and C(2, 3, 1) as its vertices.

Solution We have AB= j+2k and AC=/+2j . The area of the given triangle

s %@xm,

PR
Now, ABXAC =0 1 2/=—4i+2]-k
1 20
Therefore |ABXAC| = J16+4+1=~21

1
Thus, the required area is E\/5
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Example 25 Find the area of a parallelogram whose adjacent sides are given
by the vectors 5=3f+}'+41€ andl?zf—}#lg

Solution The area of a parallelogram with @ and bas its adjacent sides is given

by |@xb].
[ K

Now ixb=13 1 4/=5
1 1

Therefore |axb| = J25+1+16 =42

and hence, the required area is 42 .

EXERCISE 104

Find |@xb|, if a=i—7]+7kand b=3{ —2j+2k.

2. Find a unit vector perpendicular to each of the vector G+5 and d —b, where
G=3i+2j+2kand b=i+2]-2k .

3. If a unit vector d makes angles g with 1, g with ] and an acute angle 8 with

K , then find 0 and hence, the components of a.
4. Show that

(G-b)x(da+b)=2(dxb)
5. FindAand pif (27 +6]+27k)x (i + A +pk)=0 .
6. Given that @-b=0 and dxbh=0 . What can you conclude about the vectors
dand b ?
7. Let the vectors d&,b,¢ be given as a1f+a2j+a312, b1f+b2T+QI2,
i +C, ] +CK . Then show that Gx (b+¢)=adxb+adxé .

8. If either @=0 or b=0, then @xb=0. Is the converse true? Justify your
answer with an example.
9. Find the area of the triangle with vertices A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).
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10. Find the area of the parallelogram whose adjacent sides are determined by the
vectors G=i— j+3k and b=2{—7]j+k.

11. Let the vectors @ and b be such that |d|=3 and |5 |= g , then @ xb is a unit

vector, if the angle between a and bis
(A) w6 (B) 4 (C) m/3 (D) w2
12. Area of a rectangle having vertices A, B, C and D with position vectors

~ 1« Soa 1. SRS ~ ~ ~ ~ A . .
- +51 +4k, 1 +51+4k, | —%]+4k and —| —%J + 4k, respectively is

(A) % ®) 1
€ 2 (D) 4

Miscellaneous Examples
Example 26 Write all the unit vectors in XY-plane.

Solution Let 7 = xi+ y}' be a unit vector in XY-plane (Fig 10.28). Then, from the
figure, we have X = cos 6 and y = sin 0 (since |7l = 1). So, we may write the vector i as

7(=OP) = cosOl +sinb | (D

Clearly, l71'= \Jcos? B +sin’ 0 =1

Y
N P(cos6, sin0)
9 —
<"\ H OP’ = cosO?
: 6 1 PP=sind]
X ) X P X =sin0J
Fig ¥0.28

Also, as 0 varies from 0 to 27, the point P (Fig 10.28) traces the circle X*+ y* = 1
counterclockwise, and this covers all possible directions. So, (1) gives every unit vector
in the X'Y-plane.
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Example 27 If ©+j+Kk, 20 +5], 37 +2] -3k and { —6]—Kk are the position
vectors of points A, B, C and D respectively, then find the angle between AB and CD.
Deduce that AB and CD are collinear.

Solution Note that if 0 is the angle between AB and CD, then 0 is also the angle
between AB and CD.

Now AB = Position vector of B — Position vector of A
= Q45—+ ]+k=+4]-K

Therefore |ABI = \/(1)2 +(@)?+ (=) =312

Similarly CD= —2{ -8]+2K and ICD =62
AB-CD

Thus cos 9 = ‘E“C—D-|

1(2)+4(-8)+(-D(2) _-36 _
(32)(6+2) 36

Since 0 < 0 < m, it follows that 8 = 7. This shows that AB and CD are collinear.

o 1 — N, . . B, — .
Alternatively, AB= —5 CD which implies that AB and CD are collinear vectors.

Example 28 Let d@,b and ¢ be three vectors such that |d|=3,|b|=4,|¢|=5 and

each one of them being perpendicular to the sum of the other two, find |d@+b +¢|.

= |af+|bP +|cf
=9+16+25=50
Therefore la+b+¢| = 50 =52

2019-20



VECTOR ALGEBRA 457

Example 29 Three vectors &, b and ¢ satisfy the condition d+ b+¢=0 . Evaluate

e+¢-a, if |d@l=3, |bj=4 and |C|=2 .

Sy

the quantity u=a- b+

Solution Since d+b+¢=0, we have

or G-da+d-b+idc —
Therefore &-l;+c7~5=—|5|2 =-9 (D)
Again, b-G+b+¢) =0
or G-b+b-i=-|b =-16 ()
Similarly Q-c+b-¢ —_4, . (3)

Adding (1), (2) and (3), we have

2(d-b+b-¢+a-¢) =—29
_ -29
or 2u=-29ie., U= K ¢

Example 30 If with reference to the right handed system of mutually perpendicular
unit vectors f, ] and lg, o= 35—}', E: 21¢+]A'73l€ , then express B in the form
B=B, +B,, where B, is parallel to G and B, is perpendicular to G-

Solution Let B, =Aq, A is ascalar, i.e., B, =3A — .

Now B,=B-B,= Q-3 +(1+1)]-3K.

Now, since B , 18 to be perpendicular to ¢, we should have & B,=0.ie.,

32-30)—-(1+X) =0

or A=

gt
1l

Therefore

-
o | =
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Miscellaneous Exercise on Chapter 10

Write down a unit vector in XY-plane, making an angle of 30° with the positive
direction of X-axis.

Find the scalar components and magnitude of the vector joining the points
P(X;, ¥,» Z) and Q(X,, Y,, Z,).

A girl walks 4 km towards west, then she walks 3 km in a direction 30° east of
north and stops. Determine the girl’s displacement from her initial point of
departure.

Ifd=b+¢, then is it true that |a|=[b|+|¢| 2 Justify your answer.

Find the value of X for which x(i + j +K) is a unit vector.

Find a vector of magnitude 5 units, and parallel to the resultant of the vectors

G=2i+3j—k and b=i—2j+k .
If ﬁzf+}'+l€, 5=2§—}'+3l€ and E:f—2j+l€,findaunitvectorparallel

to the vector 2d — b + 3¢.
Show that the points A (1,—2,-8), B (5,0,-2) and C(11, 3, 7) are collinear, and
find the ratio in which B divides AC.

Find the position vector of a point R which divides the line joining two points

P and Q whose position vectors are (24 + b) and (G — 3b) externally in the ratio
1: 2. Also, show that P is the mid point of the line segment RQ.

The two adjacent sides of a parallelogram are 2i —4 ] + 5k and { - 2] - 3K .

Find the unit vector parallel to its diagonal. Also, find its area.
Show that the direction cosines of a vector equally inclined to the axes OX, OY

1 1 1
and OZ are | —,—,— |.
(\/5 V3 \/5]
Letﬁ=f+4j'+2/€, 5=31°—2]'+7/€ and E=25—}+4/€.Findavectorc?which
is perpendicular to both @and b, and ¢.d =15.

The scalar product of the vector | + ]+I2 with a unit vector along the sum of

vectors 2f +4 I —5K and Al + 2i +3K is equal to one. Find the value of A.
If @, b, ¢ are mutually perpendicular vectors of equal magnitudes, show that the

vector ¢-d =15 is equally inclined to @, handé¢.
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15. Provethat (@+b)-(@+b)=|al’ +|b |2, if and only if @, b are perpendicular, given
a#0,b 0.
Choose the correct answer in Exercises 16 to 19.

16. If O is the angle between two vectors d and b,then G.5>0 only when

(A) 0<6<§ (B) osesg
(C) 0<0<m (D) 0<6<™

17. Let d@and b be two unit vectors and 6 is the angle between them. Then @+ is

a unit vector if

o8 o T 21
A) 0== B) == C) 9=— D) 9="-
(A) 1 (B) 3 © 3 (D) 3
18. The value of I.(JxK) + J-( xK)+K-( x ]) is
(A) 0 (B) -1 O 1 (D) 3
19. 1If 0 is the angle between any two vectors & and b , then|a -I;\=|§ XE\ when 0
is equal to
A) 0 B T C 2 D
(A) (B) 5 © 5 (D) =

Summary

# Position vector of a point P(X, Y, 2) is given as OP(=7) = xi + yj + zk , and its

magnitude by \/x* + y* + Z* .

@ The scalar components of a vector are its direction ratios, and represent its
projections along the respective axes.

& The magnitude (r), direction ratios (a, b, ¢) and direction cosines (I, m, n) of
any vector are related as:

a b (3
l=—, m=—, n=—
r r r
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The vector sum of the three sides of a triangle taken in order is 0.

The vector sum of two coinitial vectors is given by the diagonal of the
parallelogram whose adjacent sides are the given vectors.

The multiplication of a given vector by a scalar A, changes the magnitude of
the vector by the multiple IAl, and keeps the direction same (or makes it
opposite) according as the value of A is positive (or negative).

B

For a given vector 4, the vector a =— gives the unit vector in the direction

Q)

of a.
The position vector of a point R dividing a line segment joining the points

P and Q whose position vectors are @ and b respectively, in the ratio m: n

() internally, is givenby "2X™b
m+n
(i) externally, is given by mb 2,
m-—n
The scalar product of two given vectors @ and b having angle 8 between

them is defined as
a-b=|a|b|cosH .

Also, when a-b is given, the angle ‘0’ between the vectors @ and 5 may be
determined by

Q)
S

cosO =

S

Ql

If 0 is the angle between two vectors @ and b, then their cross product is
given as

daxb=|d|b|sinOA
where f is a unit vector perpendicular to the plane containing @ and 5. Such
that a, b, 2 form right handed system of coordinate axes.

If we have two vectors dandb, given in component form as

d=ai+a,]+akandb =bi +b,]+bk and A any scalar,
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then G+b = a1+bl)f+(a2+b2)i+(a3+Q)lz;

Ad = (Aa)i +(hay) ] +(Aayk;

Historical Note

The word vector has been derived from a Latin word vectus, which means
“to carry”. The germinal ideas of modern vector theory date from around 1800
when Caspar Wessel (1745-1818) and Jean Robert Argand (1768-1822) described
that how a complex number a + ib could be given a geometric interpretation with
the help of a directed line segment in a coordinate plane. William Rowen Hamilton
(1805-1865) an Irish mathematician was the first to use the term vector for a
directed line segment in his book Lectures on Quaternions (1853). Hamilton’s
method of quaternions (an ordered set of four real numbers given as:

a+bi +q + dk, T, ], k following certain algebraic rules) was a solution to the

problem of multiplying vectors in three dimensional space. Though, we must
mention here that in practice, the idea of vector concept and their addition was
known much earlier ever since the time of Aristotle (384-322 B.C.), a Greek
philosopher, and pupil of Plato (427-348 B.C.). That time it was supposed to be
known that the combined action of two or more forces could be seen by adding
them according to parallelogram law. The correct law for the composition of
forces, that forces add vectorially, had been discovered in the case of perpendicular
forces by Stevin-Simon (1548-1620). In 1586 A.D., he analysed the principle of
geometric addition of forces in his treatise DeBeghinselen der Weeghconst
(“Principles of the Art of Weighing”), which caused a major breakthrough in the
development of mechanics. But it took another 200 years for the general concept
of vectors to form.

In the 1880, Josaih Willard Gibbs (1839-1903), an American physicist and
mathematician, and Oliver Heaviside (1850-1925), an English engineer, created
what we now know as vector analysis, essentially by separating the real (scalar)
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part of quaternion from its imaginary (vector) part. In 1881 and 1884, Gibbs
printed a treatise entitled Element of Viector Analysis. This book gave a systematic
and concise account of vectors. However, much of the credit for demonstrating
the applications of vectors is due to the D. Heaviside and P.G. Tait (1831-1901)
who contributed significantly to this subject.

4
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