Inequalities

Let a and b be real numbers. If a — b is negative, we say that ais less thanb (a<b)and ifa-b
is positive, then a is greater than b (a > b).

Important Points to be Remembered

(i) Ifa>b and b > ¢, then a > c. Generally, if a; > a5, a, > a3,... ., a,_| > a,, then a; > a,.

(i) Ifa::ﬁ,thenaic::-bj:c.‘?'ceﬁ
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(iii) (a)fa }bandmpﬂ,am}bm,m}m
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(b)ifa>bandm<0, bm<am, —<—
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(iv) fa>b>0,then
1 1
; ¢)—<~—
@ a* >b (b)]al >|b| @—<g
(v) Ifa<b<0,then
5.3
(a) a* >b° (b)|a|>|b| @©=>7

(vi) Ifa<0<b, then
(@) @ > b, if|la]>|b
(b) @’ <b*,if|a|<|b

(vi1) If a < x < b and a, b are positive real numbers then a’<x’<b’
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(viii) If a <x <band ais negative numberand b is positive number, then
(a) 0 <x* <b?, if |b|>|a]
(b)0<x* <b’,if |a|>|b]

(ix) If E >0, then

(a)a=>0, fb>0
(b)a<0,ifb<0
(x) If a, >b; >0,wherei=1,2,3,..,n then

4,0,0,...a, >bbb;...0,
(xi) If|x|<aand

(a) if a is positive, then —a<x <a.
(b) if a is negative, thenx € ¢
(xii) Ifa; >b,, wherei=1,2,3,...,n then

G+0+0+...+0,>b+b+...+D,
(xiii) If 0 <a<1and nis a positive rational number, then

(@a)0<a" <1 (b)a™">1
Important Inequality

1. Arithmetico-Geometric and Harmonic Mean Inequality

(1) Ifa, b>0 and a # b, then

a+b 2
Job
s VYT HTa+Al b

(11) if a; > 0, where 1=1,2_3.... ,n, then
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(111) If ay, a,,..., a, are n positive real numbers and m;, m,,... ,m, are n positive rational
numbers, then

1

m,Q,+ Moo +...4+m. a |
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1.e., Weighted AM > Weighted GM

(iv) If a,, a,,..., @, are n positive distinct real numbers, then

a’ +as +...+a,; . (cﬁ + @y +...+ G,

ne
) fm<0orm>1
n

rn

(a)

m

a +ag +..+ta, (a] + ay+...+a,

(b) o

+~ M
] HP<m<]
n

(c)If a;, a,....,a,and by, b,,..., b, are rational numbers and M is a rational number, then

y
m
ba'" + bas +..+ b,a, N ba, + b,a, +..-+b,a,

].ﬁoimél
b + b,+..+0b, L b+ bt +b,

bla’]m T8 hza;f +_“+.{:}“¢:11,_":I . b1'511 + hzaz +...+ bnan
b + by+..+b, b + by+..+b, |

(d) 1If0<m<1

(v) If a;, ay, a3,..., a, are distinct positive real numbers and p, ,q, r are natural numbers, then

1 2

n

pra+r preer i P P
a +a +....TQ, - a, +a, g O
n

Y q q r r '
["Lﬂz Verit S ] [“L,*“;‘*-j‘

n n

2. Cauchy — Schwartz’s inequality

If a;, a,,..., a,and by, b,,..., b, are real numbers, such that

(b +ab, + ... +ab ) <(a+a’+..,a2)* (b +b’+ .., b))
Equality holds, iffa; /b; =a, /b, =a, /b,

3. Tchebychef’s Inequality

Let a;, a,...., a, and by, by, ..., b, are real numbers, such that
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ODHfa<ay<az<. <a,andb; <b,<b3;<... <b,, then

n(a;b; + a,b, + azb;+ ...+ a,b,)=>(a; +a,+ ...+a,) (b; +b,+ ...+ b,)
(m)IfIfa,>a,>a;>... >a,andb; >b,>b;>... > b,, then

n(a;b; + a,b, + azb; + ...+ a,b,)<(a;+a,+...+a,) (b; +b,+ ...+ b,)
4. Weierstrass Inequality

(1) If a,, a,,..., a, are real positive numbers, then for n > 2
(I1+a)(l+a)...(1+ay)y>1+a;,+a+... +a,

(11) If ay, a,,..., a, are real positive numbers, then
(I-ap)(l—-a)...(Il—-ay))>1-a;—a,— ... —a,

5. Logarithm Inequality

(1) (@) Wheny >1 and logy x>z = x >y”

(b) Wheny >1andlog,x<z=0<x<Yy’

(ii) (a) WhenO0<y<1landlogyx>z=>0<x <y’
(b)henO<y<landlogyx<z=x>y"

Application of Inequalities to Find the Greatest and Least Values

(1) If x3,x,,... X, are n positive variables such that x; + x, +...+ X, = ¢ (constant), then the
product x; * x, *... * x,, is greatest when X; = X, =... =X, = ¢/n and the greatest value is (¢/n)".

(1) If x;,x,,... X, are positive variables such that x,,X,,... X, = ¢ (constant), then the sum x; +
X, +... +x, is least when x; = X, =... =x,, = ¢'/" and the least value of the sum is n (¢c'™).

(i) If xy,X,,... X, are variables and m;,m,,... ,m, are positive real number such that x; + x, +... .+
X, = ¢ (constant), then x;" 7 * X5 2 *... * X, 4 1S greatest, when

X;/m=X/m=...=Xx,/m,

=X+ X +...+Xx,/m+m+... + m,



