ANy
4 Integration is the inverse process of differentiation. In the differential calculus,
we are given a function and we have to find the derivative or differential of
this function, but in the integral calculus, we are to find a function whose

differential is given. Thus, integration is a process which is the inverse of
differentiation.

d -
Let —-F(0)= f(x). Then we write | () dx =F(x)+C. These integrals

are called indefinite integrals or general integrals, C is called constant of
integration. All these integrals differ by a constant.

# From the geometric point of view, an indefinite integral is collection of family
of curves, each of which is obtained by translating one of the curves parallel
to itself upwards or downwards along the y-axis.

4 Some properties of indefinite integrals are as follows:

L U7 )+l dv= [ f(0de+[ g (v dx

2. For any real number k, .jk f(x)dx =k_[f(x)dx

More generally, if f, f,. f;, ... . f, are functions and k, k,, ... .k, are real
numbers. Then

'j[k, [0 +ky fo(x) + o+ K, f, (0)] dx
-k [Adesk, [ fx)de+ .. +k, [f,(0dx
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4 Some standard integrals
: I." .
(6} Ia"dx=—+C_ n#— 1. Particularly, Idx=x+C
n+l

(i) [cosx dx=sinx+C Gii) [sinxdx=-cosx+C
(iv) ]scc%dx:mnx+c W) -Icosa':zxdt=—col.t+C

(vi) Ijset:xtanxdx=scc.t+c

; o dx e
(vii) jcosecxootxdx:—oosecx+c (vii) IJ1—2=5'“ x+C
-x
_dx = -1 oo =
(ix) ’[7—1_12 ==00s x+C (x) I_H-xz =tan"'x+C
o | o
(xi) Iﬁ=-cot x+C (xii) Ie dx=¢" +C
oy o odx .
(xii) [ Lol (xiv) Iqu:m Lx+C

o dv " i
(xv) =-cosec x+C (xvi) |=dr=loglxl+C
Ix_Jf -1 Ix

¢ [Integration by partial fractions

Recall that a rational function is ratio of two polynomials of the form % .
x
where P(x) and Q (x) are polynomials in x and Q (x) # 0. If degree of the
polynomial P (x) is greater than the degree of the polynomial Q (x), then we
may divide P(x) by Q(x) so that M:T(x)+2@, where T(x) is a
Q(x) Q(x)
polynomial in x and degree of P (x) is less than the degree of Q(x). T (x)
B

being polynomial can be easily integrated. m can be integrated by
X
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{5 T :
expressing T} as the sum of partial fractions of the following type:
o PEhg e
(x—a)(x-b) x-a x-b
Apx-i-q "A B

2. 2 = e
(x—a) = (x=q)

¢ pur2+qx+r A B T (&)

" (x-a)x-b)x-¢) T  x-a x-b x-c
. P +gx+r " A B L&

AT s = 3 Tt
(x—a) (x-b) x—a (x—a)" x-b

" px’ +qxtr _ A, _Bx:C

C (—a) (P +bx+e) T x—a P +bxte

where x* + bx + ¢ can not be factorised further.
4 Integration by substitution

A change in the variable of integration often reduces an integral to one of the
fundamental integrals. The method in which we change the variable to some
other vaniable is called the method of substitution. When the integrand involves
some trigonometric functions, we use some well known identities to find the

1.

integrals.

() [ranxdx=log|seex|+C (i) [cot xdx=log|sinx|+C

(iif) ‘Isccxdx=lag|sucx+ tanx|+C

(iv) -_[cosecx dx=log|cosecx —cotx|+C

# Integrals of some special functions

¢ ode 1 x=a
) | =——==—1 +C
@ "l.\‘z—2 2a = x+a
o od 1 a+x o od I X
iy |5——=— +C =— ol
(i) Iaz-f 2aog a=x ) "-.1:2+az am a+C
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T G
sin”! =+ C

: o ok

(iv) jﬁﬂoglthf—a’hc(\') Jm= a
o

i) jﬁzloglx+\}xz+azl+c

4 Integration by parts
For given functions f, and f, we have

[ A0 fo 00 de = fi(x) [ £ dv = [ [%_ﬂ(x}- | f,(x)dx]ax, i.c., the

Using substitution technique, we obtain the following standard

357

integral of the product of two functions = first function x integral of the

second function — integral of (differential coefficient of the first function x

integral of the second function}. Care must be taken in choosing the first
function and the second function. Obviously, we must take that function as

the second function whose integral is well known to us,
¢ [eTf+f (lde=[e fxydr+C

# Some special types of integrals

2
(i) _{'sz-az dx=§-\l|xz -a --aE-log |x+1}xz - |+C
(ii) I-Jx’ +a’ dx=§w}xz +a? +%Ing|x-l-\b(2 +a’ |+C

2
i) [a? =7 dx=§\’azu-xz +%sin"£+C
a

G dx dx
(iv) Integrals of the types J‘af ‘Ij can be
+hrte e ebvac

transformed into standard form by expressing

2 2
ad +hx +c= a[x’+2:+£}=a (x+i] ¥ 5_"_2
a a 2a a 4da

px+ g dx px+qdx

(v) Integrals of the types '[ﬂ-‘z"‘h"'f“;»laxz bitc

can be



transformed into standard form by expressing

px+q= ﬁdi{m" +bx+c)+B=A (2ax+b)+ B, where Aand B are
x
determined by comparing coefficients on both sides.
¢ We have defined I i f(x) dx as the area of the region bounded by the curve

y=f(x),a < x < b, the x-axis and the ordinates x =a and x=b. Letx be a

given point in [a, b]. Then I: f(x) dx represents the Area function A (x).

This concept of area function leads to the Fundamental Theorems of Integral
Calculus.
¢ First fundamental theorem of integral calculus

Let the area function be defined by A(x) = II f(x) dx for all x 2 a, where

the function fis assumed to be continuous on [a, b]. Then A" (x) = f(x) for all
x € |a, b].

4 Second fundamental theorem of integral calculus
Let f be a continuous function of x defined on the closed interval [a, b] and

d
let F be another function such that = F(x)= f(x) for all x in the domain of

f.then [ f(x) dx=[F(x)+C]’ =F (b)~F(a).

This 1s called the definite integral of f over the range [a, ], where a and b
are called the limits of integration, a being the lower limit and b the
upper limit.
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