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16. Find the position vector of the mid point of the vector joining the points P(2, 3,4)
and Q(4, 1, -2).

17. Show that the points A, B and C with position vectors, d =3f—4f—412,

b=2 - j+K and ¢ ={ — 3] — 5K, respectively form the vertices of a right angled
triangle.
18. Intriangle ABC (Fig 10.18), which of the following is not true:

(A) AB+BC+CA=0 €
(B) AB+BC-AC=0
(C) AB+BC-AC=0

(D) AB-CB+CA =0 Fig 10.18

19. Ifd and b are two collinear vectors, then which of the following are incorrect:

(C) the respective components of @ and b are not proportional

(D) both the vectors d and b have same direction, but different magnitudes.

10.6 Product of Two Vectors

So far we have studied about addition and subtraction of vectors. An other algebraic
operation which we intend to discuss regarding vectors is their product. We may
recall that product of two numbers is a number, product of two matrices is again a
matrix. But in case of functions, we may multiply them in two ways, namely,
multiplication of two functions pointwise and composition of two functions. Similarly,
multiplication of two vectors is also defined in two ways, namely, scalar (or dot)
product where the result is a scalar, and vector (or cross) product where the
result is a vector. Based upon these two types of products for vectors, they have
found various applications in geometry, mechanics and engineering. In this section,
we will discuss these two types of products.

10.6.1 Scalar (or dot) product of two vectors

Definition 2 The scalar product of two nonzero vectors @ and b, denoted bya-b, is
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defined as G.b=|d||b]|cos8, %
where, 0 is the angle between & and 5,0<6<m (Fig 10.19). 0
%
N a
If either d=00rb=0 then O is not defined, and in this case, we Fig 10.19
define @-b=0
Observations

1. - b is a real number.

2. Let dand b be two nonzero vectors, then @-5=0 if and only if @ and b are
perpendicular to each other. i.e.
i-b=0e alb

3. If0=0,then a-b=|a||b|

2

In particular, d-a=|a|’, as 0 in this case is 0.

4. If0=m, then a-b=-lallbl
In particular, -b=—|a||b|, as 0 in this case is T.
5. In view of the Observations 2 and 3, for mutually perpendicular unit vectors

I, I and R, we have

I

el

>

=j-J=kk=l

> —>
~>
-

=0

Il
—

i

6. The angle between two nonzero vectors d and b is given by

, or 6 =cos1( qa.ba }
lallb| |allb|

7. The scalar product is commutative. i.e.

Ql
S

cosf =

Sy

QU

G-b=b-a (Why?)

Two important properties of scalar product

Property 1 (Distributivity of scalar product over addition) Let @, b and ¢ be

any three vectors, then
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Property 2 Let @ and b be any two vectors, and | be any scalar. Then

(A\@)-b=(\d)-b=Ma-b)=a-(\b)

If two vectors @ and b are given in component form as a1f+a21°+a3|2 and

bi +b, j + b,k , then their scalar product is given as

a-b= (af +a,j+ak) (o1 +b,]+bk)
ail - (i +b, ]+ byk) +a,]- (i +b, ]+ byk) +ak- (B +b,j +bK)
ab (- D+ab, (- )+ab (K +ab(j-N+ab (- D+ab(j-k

Thus

+ ;b k-1 + a;b, (k- N+ a3k5(l2' k) (Using the above Properties 1 and 2)

= albl + a2b2 + a3b3

i-b= ab+ab, +ab

10.6.2 Projection of a vector on a line

(Using Observation 5)

Suppose a vector AB makes an angle 6 with a given directed line | (say), in the
anticlockwise direction (Fig 10.20). Then the projection of AB on | is a vector P
(say) with magnitude | AB | | cos 0| and the direction of p being the same (or opposite)
to that of the line |, depending upon whether cos 8 is positive or negative. The vector p

B
A
o . N
(0°<08<90°
(@
= 0
C. P —~ l
\ A
g
B
(180°< 6 < 270"

(iii)

(90'< 6 < 180")
(i)

-
p

C /

B

(270'< 8 < 360")
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is called the projection vector, and its magnitude | pl is simply called as the projection

of the vector AB on the directed line |.
For example, in each of the following figures (Fig 10.20 (i) to (iv)), projection vector

of AB along the line | is vector AC.
Observations
1. If P is the unit vector along a line |, then the projection of a vector @ on the line
| is givenbya- p.
2. Projection of a vector d@ on other vector b, is given by

a-b, or a-(i) Cor ——(@@-b)
b b
3. If 6=0, then the projection vector of AB will be AB itself and if 6 =, then the
projection vector of AB will be BA.

T 3n g . NS
4. It 0 =5 or 6 =?, then the projection vector of AB will be zero vector.

Remark If o, B and vy are the direction angles of vector d = alf +a, ]+ aSIZ, then its
direction cosines may be given as

QU
~

] a a, as

o —~ g —
CcCos o I COSB —— and COSY —
| ||l‘ a| |a| |a|

Ql

Also, note that |d|coso., |d|cosP and |d|cosy are respectively the projections of
a along OX, OY and OZ. i.e., the scalar components a,, &, and &, of the vector d, are
precisely the projections of d along X-axis, y-axis and z-axis, respectively. Further, if @
is a unit vector, then it may be expressed in terms of its direction cosines as

d = cos o + cosPj +cos YK
Example 13 Find the angle between two vectors d and b with magnitudes 1 and 2
respectively and when a - b =1.

Solution Given a-b :1,|Ez|:1and|5 |=2. We have
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A

Example 14 Find angle ‘0’ between the vectors d = i+ j —k and b=i- j +k .

Solution The angle 6 between two vectors @ and b is given by

ab
cosf = — =

lallb|

Now i-b=(@G+]-K-((-]+k)=1-1-1=-1.
-1

Therefore, we have cosO = ?

. . o 1
hence the required angle is = Cos (—g)

Example 15 If H:Sf—j’—3l€ and b=1+3] —5k , then show that the vectors
a+band d—b are perpendicular.

Solution We know that two nonzero vectors are perpendicular if their scalar product
is zero.

Here i+b=(5—]-3K)+(i+3]-5K)=6]+2] -8k

and d-b=(5—]-3k)—(T+3]-5Kk)=4f —4] +2k

So (G+5).(G—-b) =6 +2]—8K)- (4l —4] +2k)=24-8-16=0.
Hence d+b and @—b are perpendicular vectors.

Example 16 Find the projection of the vector d=2i + 3] + 2Kk on the vector
b=1+2]+k.
Solution The projection of vector & on the vector b is given by
é(ﬁ-l;) _ (2><1+3><2+2><l):£:§
5] Jo2+@?+q V6 3
Example 17 Find |d@—b|, if two vectors & and b are such that |d@|=2, |5\=3

and @-b=4.

Solution We have

|
Q
Qy
|
Qi
S
|
S
Q)
+
Sy
>~
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|@|> —2(a@-b)+|b |
(2)* =24 +(3)
Therefore la—b| = J5

Example 18 If d is a unit vector and (X —d)-(¥+d) =38, then find | X|.

Solution Since @ is a unit vector, |d@|=1. Also,

(x—a) (F+ad)=38

or X-X+X-d-a-Xx—-ada-a =8
or |XP-1=8 ie|X[ =9
Therefore | X|=3 (as magnitude of a vector is non negative).

Example 19 For any two vectors d and b, we always have |a- b|<|allb| (Cauchy-
Schwartz inequality).

Solution The inequality holds trivially when either =0 or b=0. Actually, in such a
situation we have |d@-b|=0=|a||b|. So, let us assume that |a|#0#|b|.
Then, we have

ERA
b = lcosO1<1
Therefore |a-b|<|al|b]|
- = c
Example %0 For any Ewo vectors d and b, we always 7 x b 4
have |a+b|<|a|+]|b | (triangle inequality). b
Solution The inequality holds trivially in case either @ B
G=0orb=0 (How?).So,let |@|#0+#|b|. Then,
|G+b [ =(a+b)> =(a+b)-(a+b) Fig 10.21
—d-a+a-b+b-a+b-b
= |al’ +2a-b+|b[ (scalar product is commutative)
< |aP+2la-b|+|bP (since x<Ix|Vxe R)
< |af+2lalb|+|bF (from Example 19)
= (al|+[b])’
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Hence |a+b|<|d|+|b|

Remark If the equality holds in triangle inequality (in the above Example 20), i.e.
a+b| = |al+|b],

then |AC| = |AB|+|BC|

showing that the points A, B and C are collinear.

Example 21 Show that the points A (=21 +3] +5k), B(1 +2] +3k) and C(7f —k)

are collinear.

Solution We have
AB = (1+2) +(2-3)]+(3-5)k=3 — ] -2k,
BC=(7-D)i+(0=2)]+(-1-3)k=6l —2] -4k,
AC = (7T+2){ +(0-3)j+(-1-5)k =9 —3] -6k
|AB|= /14, |BC| =214 and |AC|=3/14

Therefore |A—C|:|E|+|ﬁj|

Hence the points A, B and C are collinear.

In Example 21, one may note that although AB+BC+CA =0 but the
points A, B and C do not form the vertices of a triangle.

|EXERCISE 10.3

1. Find the angle between two vectors @ and » with magnitudes \/§ and 2,
respectively having .5 =/6 .

Find the angle between the vectors I — 2jA + 3|2 and 31— 2]A +k

Find the projection of the vector | — | on the vector | + | .

Find the projection of the vector {+3]+7k on the vector 7{ — j +8K.

n A W N

Show that each of the given three vectors is a unit vector:
1 ~ ~ A 1 ~ ~ ~ 1 ~ ~ ~
7(2| +3]+6Kk), 7(3| —6] +2k), 7(6| +2)-3k)

Also, show that they are mutually perpendicular to each other.
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10.

11.

12.
13.

14.

15.

16.
17.

18.

MATHEMATICS

Find |@| and |b| ,if (@+b)-(@—b)=8 and|d|=8|b]| .
Evaluate the product (3a — 5b)-(2d +7b) .

Find the magnitude of two vectors @ and b , having the same magnitude and

such that the angle between them is 60° and their scalar product is % .

Find | X |, if for a unit vector @, (x —a)-(x+a)=12.

If ﬁ=2£+2}+3]€, E=—f+2j+/€ and ¢=3i+j are such thatad+Ab is
perpendicular to ¢, then find the value of A.

Show that |d@|b+|b|d is perpendicular to |@|b—|b|a , for any two nonzero
vectors @ and A

If G-a=0 and G-b=0 , then what can be concluded about the vector b?

If 5,5,6 are unit vectors such that @+b4+c¢=0, find the value of

ab+b-c+é-a.
If either vector G=0 or 5 =0, then a-b =0. But the converse need not be
true. Justify your answer with an example.
If the vertices A, B, C of a triangle ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2),
respectively, then find ZABC. [£ZABC is the angle between the vectors BA and
BC].

Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, —1) are collinear.

Show that the vectors 2{ — j+k, { —3] —5k and 31 —4] — 4k form the vertices
of aright angled triangle.

If @ is a nonzero vector of magnitude ‘@’ and A a nonzero scalar, then Ad is unit
vector if

(A) A=1 (B) A=-1 (C) a=IrAl (D) a= 1Al

10.6.3 Vector (or cross) product of two vectors

In Section 10.2, we have discussed on the three dimensional right handed rectangular
coordinate system. In this system, when the positive X-axis is rotated counterclockwise
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