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Therefore, it follows that OP, =0Q+QP, =xi +y]
and O—ID:O—R+ﬁ’:xf+yj+zl€
Hence, the position vector of P with reference to O is given by
OP (or 7¥) = xf+y}+zl€
This form of any vector is called its component form. Here, x, y and z are called
as the scalar components of 7, and xi, yj and zk are called the vector components
of 7 along the respective axes. Sometimes x, y and z are also termed as rectangular

components.

The length of any vector 7 = xi+yj+ zk , is readily determined by applying the
Pythagoras theorem twice. We note that in the right angle triangle OQP, (Fig 10.14)

10P, 1= /[OQ+|QP|” = /x* + y7>
and in the right angle triangle OP P, we have
OP =J|OR P+ [P =0 +)7)+2’

Hence, the length of any vector 7 = xi +yj +2k is given by
TR RN e
If @ and b are any two vectors given in the component form alf + a2f+a312 and
blf + sz' + b3l€ , respectively, then
(1) the sum (or resultant) of the vectors a and b is given by
G+b = (a,+b)i+(a,+b,)]+(a, +b)k
(ii) the difference of the vector a and b is given by
G-b = (a,—b)i+(a,—b)j+(a,—b)k

(iii) the vectors a and b are equal if and only if

a =b,a,=b, and a, = b3

(iv) the multiplication of vector d@ by any scalar A is given by

A = (hay)i +(Aay) j+ (hay )k
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The addition of vectors and the multiplication of a vector by a scalar together give

the following distributive laws:

Let G and b be any two vectors, and &k and m be any scalars. Then

(1) kd+mad=(k+m)a
() k(ma)=(km)da
() k(G+b)=kai+kb

Remarks

(i) One may observe that whatever be the value of A, the vector Ad is always

(1)
(ii)

collinear to the vector a. In fact, two vectors a and b are collinear if and only if
there exists a nonzero scalar A such that b = Ad. If the vectors @ and b are given

in the component form, i.e. @ = @i +a,j+ask and b = b +b, ] +byk, then the
two vectors are collinear if and only if

bi+b,j+bk = Mai+a,j+ ak)

& bi+b,j+bk = (Aa)i+(Aay)j+(hay)k
= b =\a,, b, =\a,, b, =\a,

a4 a4 a
Ifd=ai+a,j+ak, thena,a, a, are also called direction ratios of a.

In case if it is given that /, m, n are direction cosines of a vector, then Ii + m} +nk

= (cosa)i +(cosP)j+(cosY)k is the unit vector in the direction of that vector,

where a,  and 7y are the angles which the vector makes with x, y and z axes
respectively.

Example 4 Find the values of x, y and z so that the vectors d = xi + 2}+ zk and

b=2i+yj+k are equal.

Solution Note that two vectors are equal if and only if their corresponding components

are equal. Thus, the given vectors a and b will be equal if and only if

x=2,y=2,z=1
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Example 5 Letd=i+2] and b =2i + j. Is|@|=| b|? Are the vectors d and b equal?
Solution We have |a|=v1? +2% =+/5 and |b|=v2> +1> =+/5

So, |@|=]|b|. But, the two vectors are not equal since their corresponding components
are distinct.

Example 6 Find unit vector in the direction of vector @ = 2{ +3] + k

| =

Solution The unit vector in the direction of a vector d is given by a = —a.

Now ld]= 22 +32 +12 =14

1

A A A 2 ~ 3 A 1 2.
2%+3j+k) = —14 +——k
a2 TR = N 4

QY

Therefore a

Example 7 Find a vector in the direction of vector g =; -2 that has magnitude
7 units.

Solution The unit vector in the direction of the given vector d is

Therefore, the vector having magnitude equal to 7 and in the direction of g is
A 1 A~ 2 A 7T, 14 4
Ta =7 —=i—— = =l——7F=]
(ﬁ 5 ’j 55
Example 8 Find the unit vector in the direction of the sum of the vectors, a = 20 + 2}' _ 5k
and b =27+ j+3k.
Solution The sum of the given vectors is

G+b(=C,say)=4i +3] -2k

and €] = 4% +3% +(<2)* =29
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Thus, the required unit vector is

| 4 . 2 -
| 3 i

6=—C=—=(4i+3]-2k)= i+ 7
1c1 /29 d J29 297" J29

Example 9 Write the direction ratio’s of the vectord =1 + j — 2k and hence calculate
its direction cosines.

Solution Note that the direction ratio’s a, b, ¢ of a vector ¥ = xi + y}'+ zk are just
the respective components x, y and z of the vector. So, for the given vector, we have
a=1,b=1 and c = -2. Further, if /, m and n are the direction cosines of the given
vector, then

e _°t

1=

171 e’

m|@

_%z_—z as |7‘|=\/6
r

1
G J6

J6 V6~ 6

10.5.2 Vector joining two points

1 1 2
Thus, the direction cosines are (— —,——j .

If P (x,y, z) and P(x,, y,, z,) are any two 7
points, then the vector joining P, and P, is the % #P3 (X352, 2)

vector PP, (Fig 10.15).
Joining the points P, and P, with the origin

A

O, and applying triangle law, from the triangle k{f
OP P, we have T e Pi(xp,01524)

12 e A O' .t )'l.\ SY

OP, + PP, = OP, i j

Using the properties of vector addition, the -

above equation becomes Fig 10.15
PP, = OP, -OP

ie. PP, = (X0 +,] + zzle) —(xi+yJ+ zlle)

= (x, _xl)f+(Y2 _y1)}+(zz _Zl)le

The magnitude of vector ﬁ is given by

PP, | = \/(xz -x)’+ (- +(2-7)
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Example 10 Find the vector joining the points P(2, 3, 0) and Q(- 1, — 2, — 4) directed
from P to Q.

Solution Since the vector is to be directed from P to Q, clearly P is the initial point
and Q is the terminal point. So, the required vector joining P and Q is the vector W) 4
given by

PQ = (—1-2)i +(-2-3)j+(-4-0)k

ie. PQ= -3i—5]—4k.

10.5.3 Section formula
Let P and Q be two points represented by the position vectors OP and OQ, respectively,
with respect to the origin O. Then the line segment
joining the points P and Q may be divided by a third
point, say R, in two ways — internally (Fig 10.16)
and externally (Fig 10.17). Here, we intend to find

the position vector OR for the point R with respect
to the origin O. We take the two cases one by one.

Case I When R divides PQ internally (Fig 10.16).
If R divides PQ such that m RQ=n PR,

Fig 10.16

where m and n are positive scalars, we say that the point R divides PQ internally in the
ratio of m : n. Now from triangles ORQ and OPR, we have

@:O—Q—O—R=E—r

and ﬁ:ﬁ—@:;—&
Therefore, we have m (b —7) =n (¥ —ad) (Why?)
_ mb + ni ) . .
or F= (on simplification)
m+n

Hence, the position vector of the point R which divides P and Q internally in the

ratio of m : n is given by

__. mb+nad
OR =

m+n
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Case II When R divides PQ externally (Fig 10.17).

We leave it to the reader as an exercise to verify

that the position vector of the point R which divides

the line segment PQ externally in the ratio
PR

m:n 1i.e e L is given b
: © OR 7 g y

—. mb-nad
OR =

Fig 10.17

m-=n
Remark If R is the midpoint of PQ , then m = n. And therefore, from Case I, the

midpoint R of ﬁ) , will have its position vector as

O—=Zi+15

Example 11 Consider two points P and Q with position vectors OP = 3G —2b and

OQ = d + b.. Find the position vector of a point R which divides the line joining P and Q
in the ratio 2:1, (i) internally, and (i1) externally.

Solution
(1) The position vector of the point R dividing the join of P and Q internally in the
ratio 2:1is
OR = 2(a+b)+(Ba—-2b) =5_a
2+1 3
(i) The position vector of the point R dividing the join of P and Q externally in the
ratio 2:11s
ﬁ _ 2(a+b)—(3a —2b) =45_5

2-1
Example 12 Show that the points A(2f — j+k), B(f —=3] —5k), C(3i —4 — 4k) are
the vertices of a right angled triangle.

Solution We have
AB = (1-2)i +(3+1)j+(-5-Dk =—1-2] -6k
BC = 3-D)i+(4+3)j+(-4+5k =20 - j+k
and CA= Q=3 +(-1+ 4]+ +Hk = +3]+5k
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Further, note that

|ABP =41=6+35=|BC|" +|CA[

Hence, the triangle is a right angled triangle.

1.

o ol o

o

10.
11.
12.

14.
15.

EXERCISE 10.2

Compute the magnitude of the following vectors:

k

-

U P S
d=i+j+k;, b=2i-7j-3k =R HBITH

Write two different vectors having same magnitude.
Write two different vectors having same direction.
Find the values of x and y so that the vectors 2i +3; and xi + )j are equal.

Find the scalar and vector components of the vector with initial point (2, 1) and
terminal point (- 5, 7).

Find the sum of the vectorsd = i —2j+ k, b=—2i +4j+5kand ¢=7 -6} —7k.
Find the unit vector in the direction of the vector @ =7 + j + 2k .

Find the unit vector in the direction of vector P—Q , where P and Q are the points
(1,2,3)and (4, 3, 6), respectively.

For given vectors, d = 2% — } +2kand b=—i + ] —k , find the unit vector in the
direction of the vector d +b.

Find a vector in the direction of vector 57 — j + 2k which has magnitude 8 units.
Show that the vectors 2f —3j+ 4k and —4i + 6] — 8k are collinear.

Find the direction cosines of the vector  + 2] + 3k .

Find the direction cosines of the vector joining the points A (1, 2, -3) and
B(-1, -2, 1), directed from A to B.

Show that the vector { + j+k is equally inclined to the axes OX, OY and OZ.
Find the position vector of a point R which divides the line joining two points P
and Q whose position vectors are ; +2j—k and —i + ] + k respectively, in the
ratio2: 1

(1) internally (1) externally
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16. Find the position vector of the mid point of the vector joining the points P(2, 3,4)
and Q(4, 1, -2).

17. Show that the points A, B and C with position vectors, a =3f—4j—4]€,

b=2i — j+k and¢ =7 — 3] — 5k , respectively form the vertices of a right angled
triangle.
18. Intriangle ABC (Fig 10.18), which of the following is not true:

(A) AB+BC+CA=0
(B) AB+BC-AC=0
(C) AB+BC-AC=0

(D) AB-CB+CA =0 Fig 10.18
19. Ifa and b are two collinear vectors, then which of the following are incorrect:

(A) b=M\a, for some scalar A
(B) d==b
(C) the respective components of @ and b are not proportional

(D) both the vectors @ and b have same direction, but different magnitudes.

10.6 Product of Two Vectors

So far we have studied about addition and subtraction of vectors. An other algebraic
operation which we intend to discuss regarding vectors is their product. We may
recall that product of two numbers is a number, product of two matrices is again a
matrix. But in case of functions, we may multiply them in two ways, namely,
multiplication of two functions pointwise and composition of two functions. Similarly,
multiplication of two vectors is also defined in two ways, namely, scalar (or dot)
product where the result is a scalar, and vector (or cross) product where the
result is a vector. Based upon these two types of products for vectors, they have
found various applications in geometry, mechanics and engineering. In this section,
we will discuss these two types of products.

10.6.1 Scalar (or dot) product of two vectors

Definition 2 The scalar product of two nonzero vectors a and b , denoted by a - b , 18
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defined as G.b=|al|b|cos6, <3
where, 6 is the angle between & and h,0<O<T (Fig 10.19). 0
9
5 a
If either d=0o0rh=0 then O is not defined, and in this case, we Fig 10.19
define d@-b=0
Observations

1. @-b is a real number.
2. Let dand b be two nonzero vectors, then @-5 =0 if and only if @ and b are
perpendicular to each other. i.e.
i-b=0e dlb
3. If0=0,then d-b=|dl|b|
|2

In particular, a-a=|a|’, as 0 in this case is 0.

4, IfO=m,then G-b=—ladllbl

In particular, @-b=—|d||b|, as 0 in this case is 7.

5. In view of the Observations 2 and 3, for mutually perpendicular unit vectors

f, } and k, we have

ii=]j=kk=1
i-j=jk=Fki=0

6. The angle between two nonzero vectors d and b is given by

, or 0 :cos_l( #a'ba )
5] |allb]

7. The scalar product is commutative. i.e.

Sy

a-

cosO =

S

a

G-b=b-d (Why?)

Two important properties of scalar product

Property 1 (Distributivity of scalar product over addition) Let @, » and ¢ be

any three vectors, then
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Property 2 Let a and b be any two vectors, and 1 be any scalar. Then

(A@)-b=(\d)-b=Ma-b)=a-(\b)

If two vectors d and b are given in component form as @i +a, ] +a;k and

blf + sz' +b, k , then their scalar product is given as

a.b= (alf+a2]'+a3l€)-(b1f+bz}+b3l€)

ai - (bi+b,j+bk)+a,j-(bi+b,j+bk) +ask-(Bi+b,]+bik)

ab (D +ab, G- D +ab,G-B)+ab (1) +ab, (G §)+aby(j k)

+ ab (ki) +asb, (k- )+ ab,(k k) (Using the above Properties 1 and 2)
=ab +ab,+ab, (Using Observation 5)
Thus i.b= ab +ab, +ab,

10.6.2 Projection of a vector on a line

Suppose a vector AB makes an angle 6 with a given directed line / (say), in the
anticlockwise direction (Fig 10.20). Then the projection of AB on [ is a vector P
(say) with magnitude | AB | | cos© ], and the direction of p being the same (or opposite)
to that of the line /, depending upon whether cos 0 is positive or negative. The vector p

2 B E
//': . 9\
o I : ®
9 B L < 9 rd
A p C cC 7 A
(0'<8<90" (90°< 6 < 180")
() (ii)
> 0 0 >
Ce P F I (P C !
S A ) ;
; Z@ N ;
B B
(180'< 6 < 270") (270'< 6 < 360")
(iif) ()

Fig 10.20
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is called the projection vector, and its magnitude | pl is simply called as the projection

of the vector AB on the directed line /.
For example, in each of the following figures (Fig 10.20 (i) to (iv)), projection vector

of AB along the line [ is vector AC.
Observations
1. If P is the unit vector along a line /, then the projection of a vector @ on the line
lis givenbyd-p .
2. Projection of a vector @ on other vector 4 , is given by
_op | b 1 . -
a-b, or a'(ﬁJ , or m(a'b)
3. If 8=0, then the projection vector of AB will be AB itself and if 6 = 7, then the
projection vector of AB will be BA.

L

T -
4. If 6 =5 or ) =g 8 then the projection vector of AB will be zero vector.

Remark If o, B and vy are the direction angles of vector d=a,i +a,j+ a3l:t, then its
direction cosines may be given as

Q
~.

— . _ 4 A @5 - )
2 ooy & -
cos o ~ COSB and COSYY
| ” z | |a | |a | | a |

INY

Also, note that |a|cosa, |d|cosP and |d|cosy are respectively the projections of
da along OX, OY and OZ. i.e., the scalar components a,, a, and a, of the vector d, are
precisely the projections of @ along x-axis, y-axis and z-axis, respectively. Further, if a
is a unit vector, then it may be expressed in terms of its direction cosines as

d = cos o +cospj + cos Yk
Example 13 Find the angle between two vectors @ and b with magnitudes 1 and 2
respectively and when @- b =1.

Solution Given d-b=1,|d|=1and|b|=2 . We have
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Example 14 Find angle ‘0’ between the vectors d = i+ —k and b=i —f+/€ .

Solution The angle 6 between two vectors a and b is given by

ab
cosf = — =
lallb|
Now i-b=(G+j-k)-(F-J+k)=1-1-1=—1.
=]
Therefore, we have cosO = —
; ’ o 1
hence the required angle is 0 = cos (—5)

Example 15 If a=5:°—j'—3l€ and b= f+3}'—51€ , then show that the vectors
d+band d—b are perpendicular.

Solution We know that two nonzero vectors are perpendicular if their scalar product
is zero.

Here G+b=(5i—]=3k)+(i+3]—5k) =61 +2] -8k

and d-b=(5i—]-3k)—(1+3]-5k)=4i -4+ 2k

So (G+b) . (G—b) = (6] +2]—8k)- (4 —4] +2k)=24—-8-16=0.
Hence d+b and @—b are perpendicular vectors.

Example 16 Find the projection of the vector d =2 + 3 + 2k on the vector
b=i+2j+k.
Solution The projection of vector g on the vector b is given by
é(a-E) _ (2x1+3x2+2x1):£:§\/€
5] JO2+@P+ap V6 3
Example 17 Find |@—b|, if two vectors G and b are such that |@|=2, |b|=3

and a-b=4.

Solution We have

I
Q
Q
I
N}
>
I
Syl
Qu
+
Syl
S
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|@|> —2(a-b)+|b [
(2)* =2(4) +(3)*
Therefore la—b| = J5

Example 18 If d is a unit vector and (¥ —ad)-(¥+d)=8 , then find | X |.

Solution Since @ is a unit vector, |d|=1 . Also,
(F—a) (F+a)=8

or X-X+x-a—a-Xx—d-a =8
or |X-1=8 ie.|X[ =9
Therefore | X|=3 (as magnitude of a vector is non negative).

Example 19 For any two vectors @ and b, we always have |@-5|<|d||b| (Cauchy-
Schwartz inequality).

Solution The inequality holds trivially when either a = 0 or b=0. Actually, in such a
situation we have |a-b|=0=|a||b|. So, let us assume that |G| 0|5 |.
Then, we have

ERA
a@lb| = lcosO1<1
Therefore |Ez-l§|§|c?||l;|
4 5 C
Example %0 For any Ewo vectors d and b, we always 7 x b 2
have |a+b|<|ad|+]|b | (triangle inequality). b
Solution The inequality holds trivially in case either @ B
G=0o0rb=0 (How?).So,let |ad|#0#|b| . Then,
|G+b [ =(G+b)’ =(G+h)-(a+h) Fig 10.21
_ G-a+ad-b+b-a+b-b
= |af* +2d-b+|b [ (scalar product is commutative)
< |af+2]a-b|+|bf (since x<Ix|VxeR)
< |af+2|d@|lb|+|b] (from Example 19)
= (al+[b)’
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Hence ld+b|<|d|+|b|

Remark If the equality holds in triangle inequality (in the above Example 20), i.e.
a+b| = |al+|b],

then |AC| = |AB|+|BC]|

showing that the points A, B and C are collinear.

Example 21 Show that the points A (27 +37+5k), B(i+2j+3k) and C(7i —k)

are collinear.
Solution We have
AB = (1+2)i+(2-3)j+(3-5k=3] - -2k,
BC= (7-1)i+(0-2)j+(-1-3)k=6] —2]— 4k
AC= (7T+2)i+(0=3)j+(-1-5k=9i —3]— 6k
|AB|= /14, | BC| =214 and |AC|=314
Therefore |R‘=|E|+|?C|

Hence the points A, B and C are collinear.

In Example 21, one may note that although AB+BC+CA =0 but the
points A, B and C do not form the vertices of a triangle.

EXERCISE 10.3

1. Find the angle between two vectors @ and b with magnitudes \/5 and 2,
respectively having G.p =+/6 .

Find the angle between the vectors i —2]A° +3k and 3i —Zj +k

Find the projection of the vector ; — 7 on the vector 7 + .

Find the projection of the vector § + 3+ 7k on the vector 77 — } + 8k .

g M P

Show that each of the given three vectors is a unit vector:
%(2? +3] +6k), %(32 —6]+2k), %(6? +27-3k)

Also, show that they are mutually perpendicular to each other.
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10.

11.

12.
13.

14.

15,

16.
17,

18.

MATHEMATICS

Find |@| and |b| ,if (@+b)-(G—b)=8 and|d[=8|h| .
Evaluate the product (3ad — 5b)-(2a+7b) .

Find the magnitude of two vectors @ and b , having the same magnitude and

such that the angle between them is 60° and their scalar product is % :

Find | X |, if for a unit vector d, (¥ —a)- (X +a)=12.

If &'=2f+2j+3/€, 5=—f+2}+1€ and 5=3f+}' are such thata+Ab is
perpendicular to ¢, then find the value of A.

Show that |@|b+|b|a is perpendicular to |@|b—|b|a , for any two nonzero
vectors d and A

If G-d=0 and G-b=0 , then what can be concluded about the vector b ?

If G,b,¢ are unit vectors such that @+bs+¢=0, find the value of

Sy

Q)

G-b+b-C+C-d.

If either vector G=0 or b=0, then d-b =0. But the converse need not be

true. Justify your answer with an example.

If the vertices A, B, C of a triangle ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2),
respectively, then find ZABC. [£ZABC is the angle between the vectors BA and
BC].

Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, —1) are collinear.

Show that the vectors 27 — j +k, i —3j—5k and 3i —4] —4k form the vertices
of aright angled triangle.

If d is a nonzero vector of magnitude ‘@’ and A a nonzero scalar, then Ad is unit
vector if

(A) A=1 B) A=—1 (C) a=IAl (D) a=1IAl

10.6.3 Vector (or cross) product of two vectors

In Section 10.2, we have discussed on the three dimensional right handed rectangular
coordinate system. In this system, when the positive x-axis is rotated counterclockwise
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