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5.3.3 Derivatives of inverse trigonometric functions
We remark that inverse trigonometric functions are continuous functions, but we will
not prove this. Now we use chain rule to find derivatives of these functions.

Example 26 Find the derivative of f given by f(x) = sin x assuming it exists.
Solution Let y = sin”! x. Then, x = sin y.

Differentiating both sides w.r.t. x, we get
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l=cosy

Q 1 1

dx oSy B cos(sin”! x)

which implies that

T T
Observe that this is defined only for cos y # 0, i.e., sin” x # —5, E e, x#=—1,1,

ie,xe (-1, 1).
To make this result a bit more attractive, we carry out the following manipulation.
Recall that for x € (- 1, 1), sin (sin™ x) = x and hence

cos’y=1—(sin y)>=1—(sin (sin'x))> = 1 — 2
Also, since y € (—g gj cos y is positive and hence cos y = ~f] — 2

Thus, forx e (-1, 1),
dy 1 1

dx cosy f1—x2

Example 27 Find the derivative of f given by f(x) = tan™! x assuming it exists.

Solution Let y = tan™' x. Then, x = tan y.

Differentiating both sides w.r.t. x, we get

& &

I=sec’y
which implies that

dy 1 1 1 1

dx  sec? y 1+ tan® y 1 +(tan(tan_l x))2 Cl+x
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Finding of the derivatives of other inverse trigonometric functions is left as exercise.

The following table gives the derivatives of the remaining inverse trigonometric functions

(Table 5.4):
Table 5.4
f(x) cos x cot™x sec”lx cosecx
—1 -1 1 -1
f(x) 1—x2 1+x2 x ’xz_l x ’xz_l
Domain of £/ | (=1, 1) R (o0, 1)U (1, ) | (=00, =1)U (1, o)

Find % in the following:

10.

11.

12.

13.

14.

15.

2x + 3y =sinx
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2. 2x+ 3y=siny

3. ax + by* =cosy

xy+y'=tanx+y 5. x2+xy+y*=100 6. x* + x%y +xy? + y’= 81
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