1 . Let ABC be an equilateral triangle inscribed in the circle
x? + y? = a%. Suppose perpendiculars from 4, B, C to the

2 2
major axis of the ellipse —2+;—2 =1,(a>b) meets the
a

ellipse respectively, at P, O, R. sothat P, O, R lie on the same
side of the major axis as 4, B, C respectively. Prove that the
normals to the ellipse drawn at the points P, Q and R are
concurrent. (2000 - 7 Marks)

Solution: -

1. LetA, B, C be the point on circle whose coordinates are
A=[acosB,asing ]

o= ams(ﬁ+~2—nJ,asin[B+g£]
i 3 3
and C = acos(ﬁ+43—n),asin(ﬁ+t—nﬂ

Further, P[acos@ ,bsing ] (Given)

Q= [acus[9+E) ,bsin [B+2—n]]
3 3
and R = [acos(9+4TﬂJ ,bsin(B + %t]]

It 1s given that P, O, R are on the same side of x-axis as
A, B, C.

So required normals to the ellipse are
ax sec® — by cosecp = a?— b? (1)



2n

axsec(ﬂ+2?“) —bycosec[6+T) =a? -b? (2)

axsec(ﬁ + 4?“] — by cosec (B + %m) e “A3)
Now, above three normals are concurrent

= A=0

secH cos ecO 1

where A = sec[9+2Tnj cusec[9+27ﬂ) 1

sec [B +4Tn] cusec(ﬂ + %] 1

Multiplying and dividing the different rows R,, R, and R,
by sin@ cosO,

sin (B + Z?ﬂ:] cus({-l + 2%)

: 4
and sin (B + 4%) cos[ﬂ + ?nj respectively, we get

A= 1 x

sin BcosBsin(B+ 23—1:] cos[9+ ZTE]

sin(ﬂ + 4?“) CoS {9 + 4?“)

sinB cosBO sin 26

sin[9+2—ﬂ) cos[ﬁ + 2—“) sin(ZH + 4—“) =0

3 3 3

sin[ﬂwz—ﬂ) Ccos [g__Zr;] sin(ZG—- 4—“]
3 3 3

[Operating R, —> R, + R, and simplyfing R, we get R, =R, |




