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5.4 Exponential and Logarithmic Functions

Till now we have learnt some aspects of different classes of functions like polynomial
functions, rational functions and trigonometric functions. In this section, we shall
learn about a new class of (related) }f

functions called exponential functions and T
logarithmic functions. It needs to be
emphasized that many statements made
in this section are motivational and precise
proofs of these are well beyond the scope
of this text.

The Fig 5.9 gives a sketch of
Y= =xy=f0)=xy=[f)=x
andy=f,(x) = x*. Observe that the curves
get steeper as the power of x increases. X'« e »X
Steeper the curve, faster is the rate of v
growth. What this means is that for a fixed Y’
increment in the value of x(> 1), the Fig 5.9
increment in the value of y = f (x) increases as n increases for n = 1, 2, 3, 4. It is
conceivable that such a statement is true for all positive values of n, where f (x) = x".
Essentially, this means that the graph of y = f (x) leans more towards the y-axis as n
increases. For example, consider f, (x) = x'* and f, (x) = x°. If x increases from 1 to
2,11 increases from 1 to 2'° whereas fis increases from 1 to 2. Thus, for the same

increment in x, f,; grow faster than f, .

=~ .3
Y=,
S

7

Upshot of the above discussion is that the growth of polynomial functions is dependent
on the degree of the polynomial function — higher the degree, greater is the growth.
The next natural question is: Is there a function which grows faster than any polynomial
function. The answer is in affirmative and an example of such a function is

y =f@) =10
Our claim is that this function f'grows faster than f (x) = x" for any positive integer n.
For example, we can prove that 10* grows faster than f,  (x) = x'*. For large values

of x like x = 10%, note that f, (x) = (10°)'® = 10 whereas f(10%) = 110" = 10!,

Clearly f(x) is much greater than f,  (x). It is not difficult to prove that for all
x> 10°, f(x) > f,,, (x). But we will not attempt to give a proof of this here. Similarly, by
choosing large values of x, one can verify that f(x) grows faster than f (x) for any

positive integer n.
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Definition 3 The exponential function with positive base b > 1 is the function

y=fx)=5b"
The graph of y = 10" is given in the Fig 5.9.
It is advised that the reader plots this graph for particular values of b like 2, 3 and 4.
Following are some of the salient features of the exponential functions:
(1) Domain of the exponential function is R, the set of all real numbers.
(2) Range of the exponential function is the set of all positive real numbers.

(3) The point (0, 1) is always on the graph of the exponential function (this is a
restatement of the fact that ° = 1 for any real b > 1).

(4) Exponential function is ever increasing; i.e., as we move from left to right, the
graph rises above.

(5) For very large negative values of x, the exponential function is very close to 0. In
other words, in the second quadrant, the graph approaches x-axis (but never
meets it).

Exponential function with base 10 is called the common exponential function. In
the Appendix A.1.4 of Class XI, it was observed that the sum of the series

1 1
I+—+—+..
11 2!
is a number between 2 and 3 and is denoted by e. Using this e as the base we obtain an
extremely important exponential function y = e*.

This is called natural exponential function.

It would be interesting to know if the inverse of the exponential function exists and
has nice interpretation. This search motivates the following definition.

Definition 4 Let b > 1 be a real number. Then we say logarithm of a to base b is x if
b* = a.

Logarithm of a to base b is denoted by log, a. Thus log, a = x if b* = a. Letus
work with a few explicit examples to get a feel for this. We know 2° = 8. In terms of
logarithms, we may rewrite this as log, 8 = 3. Similarly, 10* = 10000 is equivalent to
saying log,, 10000 = 4. Also, 625 = 5* = 25” is equivalent to saying log, 625 = 4 or
log, 625 =2.

On a slightly more mature note, fixing a base b > 1, we may look at logarithm as
a function from positive real numbers to all real numbers. This function, called the
logarithmic function, is defined by

log,: R" > R
x— log x=y ifb=x
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As before if the base b = 10, we say it

is common logarithms and if b = e, then
we say it is natural logarithms. Often
natural logarithm is denoted by [/n. In this
chapter, log x denotes the logarithm
function to base e, i.e., In x will be written
as simply log x. The Fig 5.10 gives the plots
of logarithm function to base 2, e and 10.

Some of the important observations

about the logarithm function to any base
b > 1 are listed below:

(D)

2)
3)
4

S)

(6)

Y —

4 y = log, x
y =log. x
y =log,,x

1,0
X'« >
0 X
v
YI

Fig 5.10

We cannot make a meaningful definition of logarithm of non-positive numbers
and hence the domain of log function is R*.

The range of log function is the set of all real numbers.

The point (1, 0) is always on the graph of the log function.
Y (p=¢)

The log function is ever increasing,
i.e., as we move from left to right
the graph rises above.

For x very near to zero, the value
of log x can be made lesser than
any given real number. In other
words in the fourth quadrant the
graph approaches y-axis (but never
meets it).

Fig 5.11 gives the plot of y = ¢* and
y = In x. It is of interest to observe
that the two curves are the mirror

v

Fig 5.11

images of each other reflected in the line y = x.

Two properties of ‘log’ functions are proved below:

(1) There is a standard change of base rule to obtain log p in terms of log, p. Let
log p=a,log, p=p and log, a =Y. This means a* = p, bP = p and b" = a.

Substituting the third equation in the first one, we have

(b =b"=p
Using this in the second equation, we get
bb = p= bhre
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which implies B=ayora= E But then
Y

log, p
log,a

loga p=

Another interesting property of the log function is its effect on products. Let
log, pg = . Then b* = pg. If log, p = B and log, g =, then bP = p and b = q.
But then b* = pg = bPbY = bP+7

which implies o= + v, i.e.,
log, pq =log, p + log, q

A particularly interesting and important consequence of this is when p = g. In
this case the above may be rewritten as

log, p> = log, p + log, p =2 log p
An easy generalisation of this (left as an exercise!) is

log, p" =n log p
for any positive integer n. In fact this is true for any real number n, but we will
not attempt to prove this. On the similar lines the reader is invited to verify

x
lOgb; =log, x - log, y

Example 28 Is it true that x = €'°¢* for all real x?

Solution First, observe that the domain of log function is set of all positive real numbers.
So the above equation is not true for non-positive real numbers. Now, let y = e'¢~, If
y >0, we may take logarithm which gives us log y =log (¢'¢*) =log x . log e =log x. Thus
y = x. Hence x = ¢'°¢* is true only for positive values of x.

One of the striking properties of the natural exponential function in differential

calculus is that it doesn’t change during the process of differentiation. This is captured
in the following theorem whose proof we skip.

Theorem 5%

ey

2

The derivative of e* w.r.t., x is e*; 1.e., d_ () = e
x

= | =

d
The derivative of log x w.r.t., x is l ;1.e., — (logx) =
X dx

* Please see supplementary material on Page 286.
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Example 29 Differentiate the following w.r.t. x:

D) e (ii) sin (log x), x>0 (i) cos™ (e") (iv) e

Solution
(i) Lety= e Using chain rule, we have

dy . d
— = » —_— (_ x) =—7
dx dx
@11) Lety=sin (log x). Using chain rule, we have
dy d cos (log x)
— = cos (logx)-— (logx) =————
iy (log x) T (log x)
(iii) Lety =cos™ (¢'). Using chain rule, we have
dy -1 . i e¥) = —e"
dx - 1_(6)6)2 dx 1_62x
(iv) Lety =e“ *. Using chain rule, we have
dy . :
— = %" (=sinx) =—(sinx) "
dx

EXERCISE 5.4

Differentiate the following w.r.t. x:

X
e

1. - g esin’lx 3. ex
sin x
4. sin (tan™' e™) 5. log (cos € 6. e +e" +..+e
COS X
7. \]eﬁ, x>0 8. log (log x), x> 1 9. gz x>0

10. cos (logx +e9), x>0

5.5. Logarithmic Differentiation

In this section, we will learn to differentiate certain special class of functions given in
the form

y =f) = [u(x)]"®

By taking logarithm (to base e) the above may be rewritten as

log y = v(x) log [u(x)]
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Using chain rule we may differentiate this to get
1 1
LDy — ) + v - log ()]
y dx u(x)
which implies that
d v(x) ,
LA y LiCoN w'(x) +v'(x) - log[u(x)]
dx u(x)

The main point to be noted in this method is that f(x) and u(x) must always be
positive as otherwise their logarithms are not defined. This process of differentiation is
known as logarithms differentiation and is illustrated by the following examples:

(x=3)(x* +4) Wi

t. x
3x2 +4x+5

Example 30 Differentiate \/

(x=3) (x> +4)
(3x* +4x+5)

Taking logarithm on both sides, we have

Solution Let ¥y =\/

1
logy= 5 [log (x — 3) + log (x> + 4) — log (3x> + 4x + 5)]
Now, differentiating both sides w.r.t. x, we get

1 ay l[ o, 2 6x +4

yodr  2L(=3) P+4 3 +4x+5)
dy Y 1 2x 6x+4
or =5 T a2
de 2| (x=3) x"+4 3x +4x+5]

l\/(x—3)(x2+4)[ L, 2 6x + 4 }

2\ 3% +4x+45 | (x=3) x>44 3x>+4x45

Example 31 Differentiate a* w.r.t. x, where a is a positive constant.

Solution Let y = a*. Then

logy=xloga
Differentiating both sides w.r.t. x, we have
ldy
y dx =loga
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a
or . =Yloga
d .
Thus — (@) =a*loga
dx
d d loga 4
Al ivel — (@) = — (") =e""%"—(xloga
ternatively dx( ) dx( ) dx( ga)

=e'ee log a = a* log a.
Example 32 Differentiate x*"*, x > 0 w.r.t. x.
Solution Let y = x*"*. Taking logarithm on both sides, we have

log y =sin x log x

Theref 1 sinxi(lo x)+lo xi(sinx)
erefore Y dr = I g g I
Td
or Y dx = (s1nx);+ 0g X COS X
dy y[s’iﬁ+cosxlogx}
o dx X
sin x sin x
=X [—+cosxlogx}
X
= ¥ sin x+ 2" - cosx log x

Example 33 Find il—‘;, if y"+x + x" =db.

Solution Given that y* + x* + x* = a’.
Putting u =y, v=xand w=x", we getu + v+ w =a’
du dv dw
—t—+—=
dx dx dx

Now, u = y*. Taking logarithm on both sides, we have

Therefore 0

logu=xlogy
Differentiating both sides w.r.t. x, we have
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1 du d d
—— = x—(ogy)+logy—(x
_ o = r-(ogy)+logy—-(x)
= xl-d—y+10gy-1
y dx
du x dy < x dy
— _ul——+lo =y |——+lo
“ (2 |22 ]
Alsov =x
Taking logarithm on both sides, we have
logv=ylogx
Differentiating both sides w.r.t. x, we have
1 dv d dy
—— = y—(ogx)+logx—
v dx ydx( g1)+log dx
1 dy
= y-—+logx-—
X X S dx
dv y dy}
— = v|—+logx—
So T Lc g i
B xy{z+40gxgz} e
X dx
Again w=x"

Taking logarithm on both sides, we have
logw = xlog x.
Differentiating both sides w.r.t. x, we have

1 dw d d
—— = x—(logx)+logx-—(x
w dx dx( gx) 5 dx()
1
= x-—+logx-1
X

w
=w (1 +log x)

1.e. —
dx

=x* (1 +log x) - (4)
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From (1), (2), (3), (4), we have
x dy (y dy}
|l =—+logy [+x'| = +logx— ' -
y(ydx gY) B g e +x*(1+logx)=0

d
or (x.y"+x.logx) ? =—x"(1+logx)—y.x"'—ylogy

dx
dy —[y*logy+y.x*" +x"(1+logx)]
Therefore — = Ly
dx x.y  +x'logx
EXERCISE 5.5
Differentiate the functions given in Exercises 1 to 11 w.r.t. x.
1 2x 3 2 D2
. COSX.cCos2x.cos 3x © A =3) (=) (x=5)
3. (log x)=os* 4, x* — 2sin*
0, ()
5. x+3)?%. (x+4)P.(x+5" 6. | x+—| +x* *
X
7. (log x)* + x'=* 8. (sinx)* +sin™ /x
B . XCOSX ‘xz +1
9. X™* 4+ (sin x)*** 10. x +——
x =1
1
11. (x cos x)* + (xsinx)*
o dy : o :
Find I of the functions given in Exercises 12 to 15.
12. ¥ +y'=1 13. y'=x
14. (cos x) = (cos yy 15. xy=e>Y
16. Find the derivative of the function given by f(x) = (1 +x) (1 + x%) (1 +x*) (1 + x%)
and hence find f’(1).

17. Differentiate (x* — 5x + 8) (x* + 7x + 9) in three ways mentioned below:
(1) by using product rule
(1) by expanding the product to obtain a single polynomial.
(iii) by logarithmic differentiation.

Do they all give the same answer?
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18. If u, v and w are functions of x, then show that

d du v dv
o (u. v.w) = e v.w+u. e WUV e
in two ways - first by repeated application of product rule, second by logarithmic

differentiation.

5.6 Derivatives of Functions in Parametric Forms

Sometimes the relation between two variables is neither explicit nor implicit, but some
link of a third variable with each of the two variables, separately, establishes a relation
between the first two variables. In such a situation, we say that the relation between
them is expressed via a third variable. The third variable is called the parameter. More
precisely, a relation expressed between two variables x and y in the form
x=f(t), y = g(¢) is said to be parametric form with ¢ as a parameter.

In order to find derivative of function in such form, we have by chain rule.

@ _dy dx
dt — dx dt
dy
p i
or i _ dr (Wheneverﬂ £ Oj
dx  dx dt
dt
dy g ( dy _ dx _ j .
— = as—=g'(t)and —= f'(¢ ¢
Thus dx ) & g'(t) r f(®) | [provided f'(t) # 0]

Example 34 Find %, if x=acos©,y=asin6.
X

Solution Given that
x=acos9,y=asin0

dx .
Therefore % =—qasin 0, 10 = acos 0
dy
dy g0 acosO
H — = &%= =—cot0
enee dx ~ dx  —asin®
do
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Example 35 Find ZZ, if x = af’, y = 2at.

Solution Given that x = af’, y = 2at

dx

So — =2at and @& 2a
dt dt
dy
dy a4 _2a _1
Therefore i @ car 1
dt

Example 36 Find ZZ, ifx=a (0 +sin0B),y=a (1 —cos0).

. dx dy .
Solution We have —— = a(1 + cos 0), 0 = a (sin 9)

do
day
dy 40 asin® 0
— W —:7:&11’1_
Therefore dx ~ dx  q(1+cos6) 2
dao

d
It may be noted here that ay is expressed in terms of parameter only

without directly involving the main variables x and y.

2 2 2

Example 37 Find ﬂ, if X34+y3=qa?.
dx

Solution Let x = a cos®* 6, y = a sin® 6
22
x3+y3

. Then

2 2
(acos’ 0)3 + (asin’ 0)3
2 2
a3 (cos? 0+ (sin* 0) = a3
2

2 2

Hence, x = a cos®0, y = a sin®0 is parametric equation of x3 + y3 =43

dx

N =
ow 70

—3a cos? 9 sin 9 and d_)G} = 3a sin* O cos O
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dy
dy 4o 3asin’0cos® y
Theref = - 4u_ =-—tanf=—3=
erefore dx @ —3acos’0sinO X
do
EXERCISE 5.6

If x and y are connected parametrically by the equations given in Exercises 1 to 10,

without eliminating the parameter, Find il—‘; .

1. x=2af,y=at 2. x=acosO,y=bcos0

3. x=sint, y=cos 2t 4. x:4t’y:t

5. x=cos 0 —cos 20, y=sin 0 - sin 20

sin’z cos’ t

6. x=a(®-sinB),y=a(l+cosB) 7. x=\/_2t’y:\/—5
cos cos

t
8. XZG(COSI‘FlOgtanE)y:asint 9. x=asecO,y=>btan 0

10. x=a(cosO®+06sinB), y=a (sin®—0cos 0)
P b d

11. If x=va™ ', y=va* ', show thatd—y:—l

x X

5.7 Second Order Derivative
Let y =f(x). Then

ﬂ — 4
o=l e (D)

If f’(x) is differentiable, we may differentiate (1) again w.r.t. x. Then, the left hand

d
side becomes I (aj which is called the second order derivative of y w.r.t. x and

2
is denoted by % . The second order derivative of f(x) is denoted by f”(x). It is also
X
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