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2 5
M, = ‘ 6 4‘ =8-30=-22; A, =(-1)*(=22) =22
2 -3
and M,=|¢ o|=0+18=18; A, = (-1)y*(18) = 18

Now  a,=2,a,=-3,a,=5 A, =-12,A,,=22,A, =18
SO all A3l + a12 A32 + a13 A33

=2(-12)+(-3)(22)+5(18)=-24-66+90=0

|EXERCISE 4.4
Write Minors and Cofactors of the elements of following determinants:
LG 2 —4‘ i) a c
0o 3 b d
1 00 1 0 4
2. |0 1 0 g |3 5 -1
0 01 o1 2
5 3 8
3. Using Cofactors of elements of second row, evaluate A= |2 0 1],
1 23
1 x yz
4. Using Cofactors of elements of third column, evaluate A= |1y zx|.
1 z xy

ap G ds
5. IfA=|ay; a, ay| and Aij is Cofactors of a, then value of A is given by
a3 Gz ds
(A) all A3l+ a12 A32 + a13 A33 (B) all A11+ a12 A21 + a13 A3l
(C) a21 A11+ a22 A12 + a23 A13 (D) all A11+ Cl21 A21 + a3l A3l
4.6 Adjoint and Inverse of a Matrix

In the previous chapter, we have studied inverse of a matrix. In this section, we shall
discuss the condition for existence of inverse of a matrix.

To find inverse of a matrix A, i.e., A~' we shall first define adjoint of a matrix.
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4.6.1 Adjoint of a matrix

Definition 3 The adjoint of a square matrix A = la,], .., is defined as the transpose of
the matrix [Aij]n . Where A,-,- is the cofactor of the element a,. Adjoint of the matrix A

is denoted by adj A.

A A A A Ay Ay
Then adjA=Transposeof| A, A,, A, |=|A, A,, A,
Ay Ayp Ay Az Ay Ag
. . 23
Example 23 Find adj A for A = L 4
Solution We have A =4,A =-1,A, =-3,A,=2
(A, AZI} {4 —3}
Hence adj A = =
TRZIA, Ayl -1 2
Remark For a square matrix of order 2, given by
[, 012}
A=
L 41 Ao

The adj A can also be obtained by interchanging a,, and a,, and by changing signs

ofa,and a,, ie.,
o %@ a, —day;
dj A= =
“ @‘@ — dy a

Change sign Interchange

21°

We state the following theorem without proof.

Theorem 1 If A be any given square matrix of order n, then

Aladj A) = (adj A) A = |A]T,

where [ is the identity matrix of order n
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Verification
a, dp 43 A Ay Ay
Let A=|GQy apn Gy thenadi A=|An Ayn Ay
a3 4y dsy A Ay Agy

Since sum of product of elements of a row (or a column) with corresponding
cofactors is equal to | Al and otherwise zero, we have

Al 0 o 100
A(adiA)=|0 |Al 0 |=]al |0 I 0|=|AI
0 0 |A 00 1

Similarly, we can show (adj A) A = |A| I
Hence A (adj A) = (adj A) A = |A| 1

Definition 4 A square matrix A is said to be singular if |A| =0.

1 2
For example, the determinant of matrix A = [ 4 8} is zero

Hence A is a singular matrix.

Definition 5 A square matrix A is said to be non-singular if |A| %0

3 4 3 4

Hence A is a nonsingular matrix

12 12
Let A= . Then |A|= =4-6=-2%0.

We state the following theorems without proof.

Theorem 2 If A and B are nonsingular matrices of the same order, then AB and BA
are also nonsingular matrices of the same order.

Theorem 3 The determinant of the product of matrices is equal to product of their
respective determinants, that is, |AB| = |A| |B| , where A and B are square matrices of

the same order

Al 0 0
Remark We know that (adj A) A = |A| I=(0 |A| 0|, A| #0
0 0 |A
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Writing determinants of matrices on both sides, we have

Al 0 0
(adjm)A[ =0 [A] 0
0 0 A
100
ie. \(adj A) 1Al = |AJ0 1 0 (Why?)
00 1
ie. l(adj A)I 1Al = IAP (1)
ie. ladj A)l = 1A P2

In general, if A is a square matrix of order n, then ladj(A)l = Al"~'.

Theorem 4 A square matrix A is invertible if and only if A is nonsingular matrix.
Proof Let A be invertible matrix of order n and I be the identity matrix of order .
Then, there exists a square matrix B of order n such that AB =BA =1

Now AB=1 So |AB| = I or [A| [B] =1 (since |I|=1|AB|=|A|B|)
This gives |A| # (. Hence A is nonsingular.

Conversely, let A be nonsingular. Then |A| #0

Now A (adj A) = (adj A) A = |A|1 (Theorem 1)
1 . 1 .
or A | —adiA |=| —adjA |A=1
[Al [Al
1 .
or AB =BA =1, where B = mdd]A
1 .
Thus A is invertible and A = mad] A

, then verify that A adj A = |Al L. Also find A~

B~ W W

1 3
Example 24 IfA=|1 4
1 3

Solution We have |A| =1(16-9) -3 (4 -3)+3(3-4) =10
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NowA, =7, A,=-1,A, =-1,A, =3, A, =1,A,=0,A
A33=1

=0,

7 -3 -3
Therefore adj A = -1 1 0
-1 0 1
(1 3 3|][ 7 -3 =3
Now A(adiA)=|1 4 3]|-1 1 0
13 4][-1 0 1
[7-3-3 -3+3+0 -3+0+3
=|7-4-3 -34+4+0 -34+0+3
|7-3-4 -3+3+0 -3+0+4
(1 0 0 1 0 0
=010=(1)010=|A|1
0 0 1 00 1
7 -3 -3 7 -3 -3
1
Also A_I:I—ade =I—l 1 0| =|-1 1 0
|A| -1 0 1 -1 0 1

1 =2
-1 3

i N A 2 3111 —2_—1 5
Solution We have AB = 1 —allor 3175 —1a

Since, |AB| =-11#0, (AB)! exists and is given by

1 ) 1[-14 5] 1|14 5
(AB)! = @ adj (AB)=—— —

2 3
Example 25 If A = L _4} and B ={ }, then verify that (AB)™' = B'AL.

1| s -1 1[5 1

Further, |A| =-11#0and |B| =1 #0. Therefore, A~ and B! both exist and are given by

1[-4 3] . _[3 2
[ T — =
AT=T4 2 11
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-4 - -14 -5
Therefore B"A":_i 3 2 4 3 =_i :i 145
111 1(|-1 2 11 -5 -1 1115 1
Hence (AB)! = B! A"

2 3
Example 26 Show that the matrix A = 1 2} satisfies the equation A?— 4A + 1= 0,

where I'is 2 x 2 identity matrix and O is 2 x 2 zero matrix. Using this equation, find A~.

2 312 3] [7 12
Solution We have A2=A.A:{ { }:{ }

I 21 2 4 7
5 {7 12} {8 12} {1 0} {0 0}
Hence A" —4A+1= - + = =0
4 7 4 8 01 00
Now A?-4A+1=0
Therefore AA-4A=-1
or A AA") -4 AA"=-TA" (Post multiplying by A~ because IAl # 0)
or AAAY) -4 =-A"
or Al -4 =-A"
4 0| |2 3 2 -3
o N A R
4 12 3
Hence A= {_1 5 }
| EXERCISE 4.5
Find adjoint of each of the matrices in Exercises 1 and 2.
1 -1 2
L
34 2 0 1
Verify A (adj A) = (adj A) A=1AI11in Exercises 3 and 4
1 -1 2
3. [_24 _36} 4. |3 0 2
10 3
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Find the inverse of each of the matrices (if it exists) given in Exercises 5 to 11.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

2
4

[ R

1

-2
3

o WO

|

0

oS O

0 coso

sin O

[—1

)

10.

1 2 3
0 2 4
0 0 5
1 -1

0 2
3 2

2
-3
4

6 8
= [7 9} . Verify that (AB)! = B! AL

31
IfA= [_1 2} , show that A2 — 5A + 71 = O. Hence find A"

3 2
For the matrix A = L J , find the numbers a and b such that A2 + aA + bl = O.
1 1 1
For the matrixA=|1 2 =3
2 -1 3

Show that A3- 6A%+ 5A + 11 I = O. Hence, find A"

2 -1 1
IfA=|-1 2 -1

1 -1 2

Verify that A* — 6A? + 9A — 41 = O and hence find A™!

Let A be a nonsingular square matrix of order 3 x 3. Then ladj Al is equal to

(A) 1Al (B) 1AI? (©) 1A (D) 31Al
If A is an invertible matrix of order 2, then det (A™") is equal to

1
(&) det(®) B a O] (D) 0
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