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T
Hence sin! x + cos! x = B
Similarly, we can prove the other parts.
. +
5. (i) tanx + tan™' y = tan™! rry ,xy <1
1-xy
(i) tan"x — tan"' y = tan” =2 xy>_1

+ xy

X+y
(iii) tan'x + tan!y = 7 + tan™ (l—xy] xy>1;x,y>0

Let tan' x = 0 and tan™' y = ¢. Then x = tan 0, y = tan ¢

tanO+tan¢  x+y
l-tanOtan¢ 1—xy

Now tan(0+¢) =

x+y
L TN i
This gives 0 + ¢ = tan - xy

Xty

Hence tan”! x + tan! y = tan™!
I=xy

In the above result, if we replace y by —y, we get the second result and by replacing
y by x, we get the third result as given below.

6. (i) 2tan” x = sin” _ = Ixl<1
+Xx

(ii) 2tan™! x = cos™! e x20
2x

(iii) 2 tan! x = tan™!

1 2,—1<x<1
-Xx

Let tan™! x = y, then x = tan y. Now

2x _ 2tany

1 — -1 —
=S 14 tan? y

sin! ——~
1+ x?

=sin’! (sin 2y) =2y =2tan"' x
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INVERSE TRIGONOMETRIC FUNCTIONS 45

1—x2 l—tan® y
Also cos™ i cos™! m = cos™! (cos 2y) = 2y = 2tan”! x

(i) Can be worked out similarly.

We now consider some examples.

Example 3 Show that
i) sin / 9 anly ———<x<—
(1) s1n1(2x 1_x2)—2s1n1x, \/E_x_ 5

1
i) sin (2xy1-x?) =2 cos" x, 7 <A<

Solution

(i) Let x = sin ©. Then sin™! x = 6. We have

sin™! (2x«/1—x2 ) =sin™ (2Sin6 1—sin? 9)
= sin"'(2sin0 cosb) = sin™! (sin20) = 20
=2sin!x

(i) Take x = cos 6, then proceeding as above, we get, sin™! (2 x1=x2 )= 2costx

Example 4 Show that tan! ~-+tan” == tan"' >
Xxampie Oow tha an ) 11 4
Solution By property 5 (i), we have
1 2
1 2 > 15 3
LHS. = tan" —+tan"' = =tan”' —=——=tan '—= = tan" —=R.H.S.
11 1.2 20 4
I——x—
2 11
. Cosx -3n

Example 5 Express tan™ —<x <g in the simplest form.

l-sinx =~ 2
Solution We write

X . X
COS2 *—Slnz -

[ cosx _
tan 1(1 : J =tan”’ 2 2
— X . .X . X X
S x cos® = +sin® = —2sin = cos =
2 2 2 2
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X . X X . X
COS —+S1in— || COS——SIn —
[cosgvsin o3 -sn3)

X . X |2

COS— —SIn —

[ n3)
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= tan~!
— tan™!
— tan”!
Alternatively,

COS x

—

tanl( J =tan

1—sinx

—

X .
COS—+sin— 1+ tan—
2 = tan~!
X .
COS——SIn— 1—tan—
2
T X T X
tan| —+— || =—+=
L (4 2)} 4 2
) . [T—2x
sin| ——x sin
1 2
=tan | —————

tan

tan

-1
tan

_ 1
Example 6 Write cot 1[

Solution Let x = sec 0, then

NEE|

j, x > 1 in the simplest form.

\/x2 —-1= \/se029—1 =tan0
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INVERSE TRIGONOMETRIC FUNCTIONS 47

Therefore, cot™ = cot™! (cot ) = 0 = sec”! x, which is the simplest form.

x =1

2x 3x—x°

-1

Example 7 Prove that tan™' x + tan 2= tan™! [ 2 I xl<—
— —

Solution Let x = tan 0. Then 6 = tan™! x. We have

[ 3x=x° [ 3tan6—tan> 0
R.H.S. = tan > |=tan” | —————
1-3x 1-3tan" 6

=tan™! (tan30) = 30 = 3tan'x =tan™' x + 2 tan™!' x

2x
=tan! x + tan! — 2 = L.H.S. (Why?)

Example 8 Find the value of cos (sec! x + cosec™! x), |x|>1

T
Solution We have cos (sec™ x + cosec™! x) = cos [Ej= 0

| EXERCISE 2.2 |

Prove the following:
1. 3sin™! x =sin! Bx — 4x?), x€ [—l, l}
i 2 2
1
2. 3cos! x =cos™! (4x*— 3x), xe [5, 1}

2 47 1
3. tan'-—+tan ' —tan™'—=

11 24 2

i1 i1

4. 2tan —+tan —=tan —
2 7

Write the following functions in the simplest form:

NI+ -1 S

5. tan' ———— ,x#0 6. AN ——= jx|>1
X x -1
_ 1—cosx cosx—sinx | —m 3
1 _
7. tan ,0<x<m 8. tan'| ———— | = <x< 2=
1+cosx cosx+sinx ) 4 4
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48 MATHEMATICS

> ,xl<a
a —x

[361 xX—Xx
10. tan

a—3axJ a>0; \/7 f

Find the values of each of the following:

1
11. tan™ {ZCOS[ZSinl EH 12. cot (tan"'a + cot'a)

1 2x 11_ 2

- y
1+x2+COS 1+y2]|x|<l,y>Oandxy<l

| N
tan—| sin
13. 2{

.1 _
14. If sin [sm lg"‘COS lszl,then find the value of x

-1 X— 1 —1 X + 1 T .
15. If tan +tan =— then find the value of x
x=2 x+2 4
Find the values of each of the expressions in Exercises 16 to 18.
. . 2w
16. sin 1(s1n—j 17. tan [tanS—nj
3 4

18. tan|sin” §+cot_l 3
5 2

19. cos™’ (cos%) is equal to

PR S S
() B) © 3 D) ¢
20. sin (g —sin™! (—%)) is equal to
A = B) - 0 - D) 1
) 5 B) © - (D)
21. tan™! 3—cot_1(—\/§) is equal to
(A) = ® = (©0 (D) 23
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