Chapter

(APPLICATION OF INTEGRALS)

¢ One should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. — BIRKHOFF

8.1 Introduction

In geometry, we have learnt formulae to calculate areas
of various geometrical figures including triangles,
rectangles, trapezias and circles. Such formulae are
fundamental in the applications of mathematics to many
real life problems. The formulae of elementary geometry
allow us to calculate areas of many simple figures.
However, they are inadequate for calculating the areas
enclosed by curves. For that we shall need some concepts
of Integral Calculus.

In the previous chapter, we have studied to find the
area bounded by the curve y = f (x), the ordinates x = a,
x = b and x-axis, while calculating definite integral as the
limit of a sum. Here, in this chapter, we shall study a specific
application of integrals to find the area under simple curves,
area between lines and arcs of circles, parabolas and
ellipses (standard forms only). We shall also deal with finding
the area bounded by the above said curves.

8.2 Area under Simple Curves

In the previous chapter, we have studied
definite integral as the limit of a sum and
how to evaluate definite integral using

we consider the easy and intuitive way of
finding the area bounded by the curve §
vy =f(x), x-axis and the ordinates x = a and
x = b. From Fig 8.1, we can think of area
under the curve as composed of large x=a
number of very thin vertical strips. Consider
an arbitrary strip of height y and width dx,

Fundamental Theorem of Calculus. Now, / ——

A.L. Cauchy
(1789-1857)

y=f)

/=

then dA (area of the elementary strip) = ydx, X<g P
where, y = f(x).
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This area is called the elementary area which is located at an arbitrary position
within the region which is specified by some value of x between a and b. We can think
of the total area A of the region between x-axis, ordinates x = a, x = b and the curve
vy =f (x) as the result of adding up the elementary areas of thin strips across the region
PQRSP. Symbolically, we express Y

y=d
b b b
A= IadAzjaydx=Iaf(x)dx
The area A of the region bounded by dy = \
the curve x = g (v), y-axis and the lines y = ¢, x=g0)
y =d is given by 8
d d y=c
A:L xdsz.C g(y)dy X'<5 X
Here, we consider horizontal strips as shown in Y’
the Fig 8.2 Fig 8.2

Remarlk If the position of the curve under consideration is below the x-axis, then since

f(x) <0 fromx=atox =b, as shown in Fig 8.3, the area bounded by the curve, x-axis

and the ordinates x = @, x = b come out to be negative. But, it is only the numerical

value of the area which is taken into consideration. Thus, if the area is negative, we
b

[7r 0o de

take its absolute value, i.e.,

— - =

AT
y/s

v

Y’ Fig 8.3

Generally, it may happen that some portion of the curve is above x-axis and some is
below the x-axis as shown in the Fig 8.4. Here, A, <0 and A, > 0. Therefore, the area
A bounded by the curve y = f(x), x-axis and the ordinates x = @ and x = b is given
by A=1A I +A..
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Y
3
A,
x=b
(o)
xX=a
. A,
Y'

Fig 8.4

Example 1 Find the area enclosed by the circle x> + y?>= a2

Solution From Fig 8.5, the whole area enclosed Y

by the given circle B|(0, @)
=4 (area of the region AOBA bounded by

the curve, x-axis and the ordinates x = 0 and

x = a) [as the circle is symmetrical about both

x-axis and y-axis] X’ A4, 0)

=4 J. Oa ydx (taking vertical strips)

= 4J: a’—x dx

Yl
Since x? +y? = a®> gives y=+ \/az —x2 Fig 8.5

As the region AOBA lies in the first quadrant, y is taken as positive. Integrating, we get
the whole area enclosed by the given circle

2 a
X a . | x
=4 —\/az—x2+—sm1—
2 2 X

= 4:[§><0+a—22sin"1 1}—0} = 4( %j (gjznaz
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Alternatively, considering horizontal strips as shown in Fig 8.6, the whole area of the

region enclosed by circle Y
a a B (09 a)
= 4[0 xdy = 4j0,/a2—y2 dy  (Why?)
X
a dy
=4l Lo - 4 n 2
4{2 a’ -y’ +2 s1n a} Ny A, O)X
0
(0]
( >
=4 L—x0+ |
2
T
= 4——: T['a ’
22 Y
5 , Fig8.6

Example 2 Find the area enclosed by the ellipse x_2 + y_2:1
a

Solution From Fig 8.7, the area of the region ABA’B’A bounded by the ellipse

4 area of theregion AOBA in the first quadrant bounded
- bythe curve, x — axis and the ordinates x=0,x =a

(as the ellipse is symmetrical about both x-axis and y-axis)

4 J : ydx (taking verticalstrips)

2 2
x b

Now — +Z—2 =1gives y=% p a’—x" butasthe region AOBA lies in the first
a

quadrant, y is taken as positive. So, the required area is

:4J.— a* — x*dx

2 a
i I -x* +Zsin ‘— (Why?) b
al?2 2 0 A A
X’ o X
4 2 (- a, 0) dx (, 0)
—><0+—sm 11-0
2 2

b
T a
B,(O,_b)
4b a” ©
= —— —=Tab ’
a 2 2 Y

Fig 8.7
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Alternatively, considering horizontal strips as Y
shown in the Fig 8.8, the area of the ellipse is
B| (0, b)
b
b a B B | X
=4| xd :4—\'b— dy (Why? dy|
X* 9) X
(a0 (a, 0)
- b
daly =, b . 1y K
= — —\/b -y +—sin~ =
b2 Y 2 b, B’((0,-b)
- ) Y’
_ 2l 0+ D gin -0 Fig8.8
T b|\2 2
2
b 22

8.2.1 The area of the region bounded by a curve and a line

In this subsection, we will find the area of the region bounded by a line and a circle,
aline and a parabola, a line and an ellipse. Equations of above mentioned curves will be

in their standard forms only as the cases in other forms go beyo
textbook.

nd the scope of this

Y
Example 3 Find the area of the region bounded  x'=y T
by the curve y = x? and the line y=4. 1} N ]/3 y=4
Solution Since the given curve represented by dy X /
the equation y = x? is a parabola symmetrical
about y-axis only, therefore, from Fig 8.9, the , R
required area of the region AOBA is given by X< 0 >X
4
2.[ 0 .xdy = Y,/
Fig 8.9
5 areaof theregion BONB bounded by curve, y — axis
andthelines y=0and y=4
of 2T 4 . 3
4 -
=2 dy = 2x=| y? | =—X8=— ?
[,y iy l} SX8=7 (Why?)

Here, we have taken horizontal strips as indicated in the Fig 8.9.
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Alternatively, we may consider the vertical 2 =y Y
strips like PQ as shown in the Fig 8.10 to Q _4
obtain the area of the region AOBA. To this A N B”
end, we solve the equationsx*=y and y=4
which gives x =-2 andx = 2. x=_2 L/ x=2
Thus, the region AOBA may be stated as b
the region bounded by the curve y=x y=4  y/ y >X
and the ordinates x=-2 and x = 2. o
Therefore, the area of the region AOBA Y’

_ fzz i Fig 8.10

[ v = (y-coordinate of Q) — (y-coordinate of P) = 4 — x2]

= 2[(4-2)dc (Why?)

3 2
—2|4x-% =2[4><2—§} _32
3] 3|73

Remarlk From the above examples, it is inferred that we can consider either vertical

strips or horizontal strips for calculating the area of the region. Henceforth, we shall
consider either of these two, most preferably vertical strips.

Example 4 Find the area of the region in the first quadrant enclosed by the x-axis,
the line y = x, and the circle x* + y? = 32.

Y
Solution The given equations are N
y=Xx . (1) y=x
and X +y'= 32 .. (2 3(4 4)
Solving (1) and (2), we find that the line '
and the circle meet at B(4, 4) in the first
quadrant (Fig 8.11). Draw perpendicular A

S

BM to the x-axis. X<

Therefore, the required area = area of
the region OBMO + area of the region

0 M (4\/?,(;)

BMAB.
Now, the area of the region OBMO
= [ ydv={ "xdx 3) !
o o N
Ir , 74 .
_ 2 _ Fig 8.11
- [x ]0 =8
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Again, the area of the region BMAB

- L“‘Eydx: j:‘E\/sz— ¥ dx

1 1 x TP
= [—x-\/32—x2 +—x32xsin }
2 2 42 |,
1 1 L 4 1 1
— | =42 x0+=x32xsin'1 | -] =32-16 + —x 32 x sin”' —=
2 2 2 2 V2
=8n-(8+4m)=4n-8 o (4)
Adding (3) and (4), we get, the required area = 4.

2 2

X
Example 5 Find the area bounded by the ellipse ?+Z—2=1 and the ordinates x = 0

and x = ae, where, b? =a?> (1 —e?) and e < 1.

Solution The required area (Fig 8.12) of the region BOB’RFSB is enclosed by the
ellipse and the lines x = 0 and x = ae. %

Note that the area of the region BOB'RFSB

zjgeydx = 2%!? a* — x*dx

/
B
2b| x a’ x| o
—|=Ja* —x*+—sin ' =
al?2 2 ay =
2b
—[ae\laz —a’e? +a2sin’1e} A
2a Y
Fig 8.12
ab[e'\ll — e +sin” e}

|[EXERCISE 8.1|

1. Find the area of the region bounded by the curve y» = x and the lines x = 1,
x =4 and the x-axis in the first quadrant.

2. Find the area of the region bounded by y* = 9x, x = 2, x = 4 and the x-axis in the
first quadrant.
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9.

10.
11.

MATHEMATICS

Find the area of the region bounded by x> = 4y, y =2, y =4 and the y-axis in the
first quadrant.

2 2
Find the area of the region bounded by the ellipse f—6 +%=1 .

2 2
Find the area of the region bounded by the ellipse XT +? =l.

Find the area of the region in the first quadrant enclosed by x-axis, line x = NE) y
and the circle x>+ y* = 4.

Find the area of the smaller part of the circle x*> + y* = a* cut off by the line x= 7‘% .
The area between x = y? and x = 4 is divided into two equal parts by the line
x = a, find the value of a.

Find the area of the region bounded by the parabola y = ¥and y = |4].

Find the area bounded by the curve x> = 4y and the linex = 4y — 2.
Find the area of the region bounded by the curve y* = 4x and the line x = 3.

Choose the correct answer in the following Exercises 12 and 13.

12.

13.

Area lying in the first quadrant and bounded by the circle x* + y* = 4 and the lines
x=0andx=21is

A B T C T D T
P Z Z Z
(A) (B) > © 3 (D) 1
Area of the region bounded by the curve y> = 4x, y-axis and the line y= 3 is

9 9 9
(A) 2 B) 3 © 3 (D)

8.3 Area between Two Curves

Intuitively, true in the sense of Leibnitz, integration is the act of calculating the area by
cutting the region into a large number of small strips of elementary area and then
adding up these elementary areas. Suppose we are given two curves represented by
y=f(x),y= g (x), wheref(x) > g(x) in [a, b] as shown in Fig 8.13. Here the points of
intersection of these two curves are given by x = a and x = b obtained by taking
common values of y from the given equation of two curves.

For setting up a formula for the integral, it is convenient to take elementary area in

the form of vertical strips. As indicated in the Fig 8.13, elementary strip has height
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f(x) — g (x) and width dx so that the elementary area

)? y=fx)
dx

X =a y =g

Ly =f(x) - g (x)

X\O

N\

Y’ Fig 8.13

dA = [f(x) — g(x)] dx, and the total area A can be taken as

b
A= [ Fx)-g@ld
Alternatively,

A = [area bounded by y = f (x), x-axis and the lines x = a, x = b]

— [area bounded by y = g (x), x-axis and the lines x = a, x = D]

b b b
= [ f@dx=| gndx =] Tf(0-g@)]dx, where f () 2 g (x) in [a. b]

Iff(x)=g(x)in [a, c] and f (x) < g (x) in [c, b], where a < ¢ < b as shown in the
Fig 8.14, then the area of the regions bounded by curves can be written as
Total Area = Area of the region ACBDA + Area of the region BPRQB

- [ [ e-g@]ar+] [g - f()]dx

y=gx
P
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Example 6 Find the area of the region bounded by the two parabolas y =x* and y* = x.

Solution The point of intersection of these two Y ,
parabolas are O (0, 0) and A (1, 1) as shown in y=x
the Fig 8.15. x=y
Here, we can set y2 = x or y =4/x = f(x) and y = x> @D
= g (x), where, f (x) = g (x) in [0, 1].

X X

Therefore, the required area of the shaded region (o)

- [ [f@-g]ar

[ [Va-]ax =Ex%—"—3}l v

0 Fig 8.15
2 1 1

3 3 3
Example 7 Find the area lying above x-axis and included between the circle
x*+ y* = 8x and inside of the parabola y* = 4x.

Solution The given equation of the circle x> + y? = 8x can be expressed as

(x — 47 + y?> = 16. Thus, the centre of the Y

circle is (4, 0) and radius is 4. Its intersection 0

with the parabola y* = 4x gives P4
Xt +4x =8x

or X -4 =0

or x(x-4)=0

or x=0,x=4 X<5 C 4,0 IR

Thus, the points of intersection of these
two curves are O(0,0) and P(4,4) above the
X-axis.

From the Fig 8.16, the required area of

the region OPQCO included between these v
two curves above x-axis is Y

= (area of the region OCPO) + (area of the region PCQP)
4 8
= .[ 0? dhe + .f Y de

- 2jo4ﬁdx+ [ f1/42—(x—4)2dx (Why?)

Fig 8.16
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4
2| 3| ¢
= 2x§{x2:l +I 4% —1* dt, where, x—4=t (Why?)

o O

4

= % + B\Mz — + %x42 x sin”! ﬂ

0

==+

32 [4
3

2] 3

Example 8 In Fig 8.17, AOBA is the part of the ellipse 9% +
quadrant such that OA = 2 and OB = 6. Find the area between
chord AB.

4

—><O+l><42><sin11} :2+ 0+8x 2 =3—2+4n = —(8+3m)
2 2 3 3

¥ = 36 in the first
the arc AB and the

2 2

Solution Given equation of the ellipse 9x2 + y> =36 can be expressed as T + % =1or

Y
2 2
% + % =] and hence, its shape is as given in Fig 8.17. AB 0, 6)
Accordingly, the equation of the chord AB is
6-0
-0= x—2
y o2 X'e S AR
or y=-=3(x-2)
or y=—3x+6
Area of the shaded region as shown in the Fig 8.17.
2 2
= 3j0\/4—x2dx—jo 6-3x)dx (Why?) i
Y/

2 27? Fig
=3 £J4—x2+isin1£} | 6x—3C
2 27 2 2

=3 gx0+2sin_l(1):|—[l2—£} —3X2X=—6=31-6
2 2 2

8.17
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Example 9 Using integration find the area of region bounded by the triangle whose
vertices are (1, 0), (2, 2) and (3, 1). Y

Solution Let A(1, 0), B(2,2) and C(3, 1) be
the vertices of a triangle ABC (Fig 8.18).
Area of AABC

= Area of AABD + Area of trapezium
BDEC — Area of AAEC

Now equation of the sides AB, BC and X o A(1,0) D E
CA are given by

B(2,2)

. Y Fig 8.18
y=2x-1),y=4-x,y= 5 (x — 1), respectively.

2 3 3x—1
Hence, area of A ABC = .[1 2(x—1)dX+I2(4—x) dx—Ilex
X ? X ’ 1] x? i
- [7} {47}2{7}
2{[2—2—2J—(l—lﬂ+{[4x3—3—2j—(4x2—2—2ﬂ—1[{z—3j—(l—1)}
2 2 2 2 21\ 2 2

3
2
Example 10 Find the area of the region enclosed between the two circles: x* + y* =4

and (x —2)* + y* = 4.
Solution Equations of the given circles are
X*+y =4 .. (D %
and (x=22+y*=4 .. (2)
Equation (1) is a circle with centre O at the
origin and radius 2. Equation (2) is a circle with
centre C (2, 0) and radius 2. Solving equations
(1) and (2), we have
(x =2 +y =x"+)’
or X —dx+4+y" =x*+)?

or x =1 which gives y = i\/g
Thus, the points of intersection of the given

circles are A(1, /3 ) and A’(1, — /3 ) as shown in
the Fig 8.19.
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Required area of the enclosed region O ACA’O between circles
= 2 [area of the region ODCAOQ] (Why?)
= 2 [area of the region ODAO + area of the region DCAD]

el 2
=2 J.chl)c+jl ydx}
=2 j;,/4—(x—2)2dx+j12 4—x2dx} (Why?)
_1 2 1 .1 x—2 !
=2|= (x—2)«,/4—(x—2) +=X4sin" | ——
|2 2 2 Jlo
2
+ 2{1 x4 —x? +l><4sin*1 ﬁ}
2 2 24

r 1
= | r-2)fa—(x—2)? +4sin‘1(x;2ﬂO +[X\/4—x2 +4sin_lf}

2 2]

2

- (—\B +4sin”! (_?ID —4sin‘(—1)} + [4 sin”'1—/3 —4sin™’ ﬂ

= _(—\/3—4%]+4xﬂ+[4x§—\/§—4x%}

(—ﬁ—%+2nj+(2n—\/§—2?nj

=8?n_2£

|[EXERCISE 8.2 |

1. Find the area of the circle 4x* + 4y> =9 which is interior to the parabola x*= 4y.

Find the area bounded by curves (x — 1)*+ y*=1and x*+y*=1.

3. Find the area of the region bounded by the curves y =x?+2, y=x,x =0 and
x=3.

4. Using integration find the area of region bounded by the triangle whose vertices
are (— 1, 0), (1, 3) and (3, 2).

5. Using integration find the area of the triangular region whose sides have the
equations y=2x+ 1,y=3x+ 1 and x = 4.
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Choose the correct answer in the following exercises 6 and 7.

6. Smaller area enclosed by the circle x* + y* =4 and the line x + y = 2 is

(A) 2(m-2) B) -2 ©) 2n-1

7. Area lying between the curves y> = 4x and y = 2x is
(A) 2 (B) L © 2
3 3 4

Miscellaneous Examples

D) 2(x+2)

D) 3
(D) 7

Example 11 Find the area of the parabola y* = 4ax bounded by its latus rectum.

Solution From Fig 8.20, the vertex of the parabola Y

y? = 4ax is at origin (0, 0). The equation of the |

latus rectum LSL is x = a. Also, parabola is
symmetrical about the x-axis.
The required area of the region OLLO

= 2 (area of the region OLSO) .

]J

=2J.:ydx=2j.oa\@dx -0

=2x2JZj0“\/}dx

3
8Jalaz|_ 8
3 3

Example 12 Find the area of the region bounded
by the line y = 3x + 2 the x-axis and the ordinates

x=-land x=1.
C

2 2 ¢ V,
4\/ZX§|:)C2:L Y

L ’
Fig 8.20

Solution As shown in the Fig 8.21, the line X

-2
y = 3x + 2 meets x-axis atx = ? and its graph

x=-1

lies below x-axis forx e[—l, ?j and above

x-axis for x € [_3—2 s 1] .




